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Abstract In three-dimensional noncommutative phase
space, the energy spectrum and wave functions for the
motion of a charged particle in a magnetic field are
derived. Due to the momentum—momentum noncommu-
tativity, the particle feels an effective magnetic field in a
new direction. When an external electric field perpen-
dicular to this effective magnetic field is applied, the
Hall conductivity can be calculated. To get the Hall
conductivity, one should define the electric currents
from the probability currents in quantum mechanics
rather than extending the classical electric currents to
quantum mechanics directly. When the electric field is
not perpendicular to the effective magnetic field, it is
difficult to define the Hall conductivity.

Keywords Noncommutative phase space - Magnetic field -
Hall effect - Electric current

1 Introduction

The idea of space—time noncommutativity has a long
history [1]. The original motivation for introducing space—
time noncommutativity is to resolve the problem of infinite
energies in quantum field theory. Renewed interest in such
an idea is mainly due to the recent discoveries in string
theory and M theory that effects of noncommutative (NC)
spaces may appear near the string scale and at higher
energies [2—4]. Recently, a lot of investigations have been
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done on the theory of NC spaces [5-23] such as the
quantum Hall effects (QHE) [7—10], the harmonic oscillator
[11-14], the coherent states [15], the thermodynamics [16],
the classical-quantum transition [17], etc.. The QHE [7-10]
refers to the phenomenon that when a magnetic field
perpendicular to the electric current flowing through an
electric conductor is applied, there appears the potential
difference (Hall voltage) in the direction perpendicular to
the current and the magnetic field. For a particle confined to
a NC plane (x1,X;) with [x1,%,] = iy, the Hamiltonian for
QHE reads

5~ (it qBo%2/2)* (P, — qBo%1/2)’
Hyp = + —
2m 2m

s (1)

where, ¢ is the strength of the electric field and
(—=Box2/2,Box1/2) = (21,22) is the vector potential of a
magnetic field By perpendicular to the plane (x1,x;). In (1),

the last term —gex; = Zo is the scalar potential, which
corresponds to the case that the electric field is along the x-
axis. Actually, it is not necessary to take the scalar potential
as this form. The electric field can be along the y-axis and

now the scalar potential is 20 = —qex,. When the direction
of the electric field is arbitrary, the scalar potential takes the
form 20 = —q(e1X1 + &1%2) with (¢4, ;) being the electric
field. No matter what direction of the electric field is, the
Hall electric current is perpendicular to the magnetic field
and the electric field in the Hall effect.

To discuss QHE, we should define the electric currents.
In classical physics, the electric current is (Jy,J2,J3) =
noq(dxy /dt, dx, /dt, dxs /dt), where ng is the particle number
density and (dx,/dt, dx,/dt, dx;/dt) is the classical velocity.
Extending this definition to quantum mechanics directly,
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one obtains the components of the current operator for the
system (1)

~ dx)  qno [ o
Jo = ngg Tt =40 [ ,H}
g = T M
P +gBox2/2 qBop
= 1 2
7 m + 2h (22)
~ dx; qno [
S = " T [XLH}
D> — qBox1 /2 qBou u
= 1 - 2b
HOQ{ m + o +qe 7 (2b)

However, we can have another definition of the currents.
In commutative quantum mechanics, we have the proba-
bility density p=w* x1) and the probability currents

~ * 27\ +qBo3C\2 2~
Jeg =V XQV/,JW;
m
* 27\ —qBofl 2
_y xR gBR2, 3)

m

From these probability currents, we can define the
electric current operators for QHE

-~ ]/7\1 + ‘130552/2 j
32
m

P> — qBox1/2
J] = nogq P> qmoxl/ (4)

In commutative space u=0, we have .71 = jx,jz = jy
and there is no ambiguity. In NC case, (j 1,?2) and
(jx,j_ v) are different obviously. From (2a), (2b), and (4),

we can define two different Hall conductivities oz and o,z
as follows

<3x> =0, <.7y> = oue ()

<jl> =0, <j2> = O4HE (6)

The two conductivities 0., and o, have the relation

) )

Oun = |:GCH - noqzs%} / (1 + o

In principle, we should detect which of 0.4 and o,y is
correct by experiments. However, such experiments are
difficult to carry out at present. We hope that this problem
can be judged theoretically by studying a modified system.
A simple modification to the 2D system (1) is that the
particle is allowed to move along the magnetic field and so

we are faced with a three-dimensional (3D) system. The
Hamiltonian for this 3D system reads

~

H = Hy — q(e1%1 + &%) (8a)

~ (P, +gBo% /2 (B, — qBox1/2) P2
H():(pl 402/)+(P2 ‘101/)+P_3
2m 2m 2m

(8b)

The scalar potential is chosen in a more general
one. How to choose the electric field (g, €;) will be
given in the following. For the three-dimensional system
(8a) and (8b), the third component of the electric current
corresponding to definition (2a) and (2b) is J. = noq(dx; /dr)
and corresponding to the definition (4) is J5 = nogps /m.

Here, we make some remarks about the Hamiltonian (8a)
and (8b). Classically, the term p3/(2m) is the kinetic energy
for the particle to move along the magnetic field, which
becomes operator in quantum mechanics. In commutative
spaces, this term commutes with the rest part of the
Hamiltonian (82) and (8b) and does not affect the Hall
effect. In NC phase space, this term does not commute with
the rest part of the Hamiltonian (8a) and (8b) and may
induce new results for the Hall currents, further the Hall
conductivity. So, we deal with the system (8a) and (8b) in
NC phase space.

When there are no momentum—momentum noncomuta-

tivity, it is shown that the quantum Hamiltonian H (fﬁﬁj)

(=1, 2, 3) can be obtained from a classical constrained
system H(x;,p;)[17]. When [p}, p,] = [p,, 3] =
[Ps, P1] =iv#0, we can make the transformations
D\ =7+ %2, pp =7+ fB%; and p; =73 + fx; with
B=( h—+/ I*—4uv)/(2u), so that [z, 7] =0 (k=1,
2, 3). Using these transformations, the Hamiltonian

H (55],}5,) in NC phase space can be rewritten in the form

H (%), 7 + ). Similar to the discussions in [17], one sees
that the Hamiltonian (Xj,7; + B%;) can be obtained from
the corresponding classical constrained system H (x,», i+

Bxi). Rewriting 7+ fx as p;, H (35,,]/5]) is derived from a

corresponding classical one H (x;, p;) even in the NC phase
space. In another word, the Hamiltonian (8a) and (8b) can
be obtained from the corresponding classical one with

(fj,ﬁ]) replaced by the classical variables (x;, p)).

Compared to the scalar and vector potentials in (1), an

extra condition that the component 23 of the vector
potential along the magnetic field is zero is used in (8a)
and (8b). Choosing the symmetric gauge for the magnetic
field, this result is natural. Such a conclusion should be
derived from the noncommutative Maxwell equations too.
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To get the NC electrodynamics, the Seiberg—Witten map [2,
24, 25] is usually used. In such a theory, the field strength is

related to the potential through the relation F, = a,,A?V
73@ —ig (2#*2‘, — 2;‘2,,), where * means the star or
Moyal product. The quantities (1? 12,1?23,?731) give the

magnetic field and (I?" 01, F 02,17" 03) is the electric field. The
configuration of the magnetic and electric fields in (8a) and
(8b) corresponds to Fy» = By, Fa3 =F3 =0, Fy =
al,foz =g, and f‘():; = 0. In such a case, it is found that
23 is really zero and (24\0721,22) are functions of the

coordinates (x,, X»).

In the next section, we derive the energy spectrum and
wave functions for the charged particle moving in a
background magnetic field. Meanwhile, the quantum Hall
effect is discussed and the Hall conductivity is given. It is
found that the definition (4) is more reasonable. The third
section is the conclusion.

2 QHE in Three-Dimensional Noncommutative Spaces

The coordinate and momentum operators obey the com-
mutation relations in 3D noncommutative phase space

X1, %] = [%2, X3] = [x3, X1] = iu
&717 p2} = [EZa £3] = @3,/[\71] :.IV (9)

[56\17 27\1] = [va pZ] = [X3, P3] =ih

with p and v being the noncommutative parameters. To

solve the stationary Schrodinger equation H lw) = Ely),
we diagonalize the Hamiltonian H, first. In commutative
quantum mechanics, the operator p; commutes with the
Hamiltonian H in (8a) and (8b) and so the momentum
along the z-axis is conserved. Replacing p; by its
eigenvalue, the three-dimensional problem is reduced to
that charged particle moving on a plane. Thus, the
Hamiltonian is diagonalized easily. In noncommutative
phases, the operator p; does not commute with H, due to
the commutation relations (9) and the momentum along the
z-axis is not conserved.

To diagonalize the Hamiltonian H,, we first have a look
at the properties of the operators

~ D Box2/2 . P, —qBox1/2 .
5, = DL aB%)2 o Py —aBoi/2 o Py (10)

m m m

which are named velocity operators in commutative space.
These velocity operators are the mechanical momentum
operators (p, + qBoX2/2, D, — qBoX1/2, p;)over the mass

@ Springer

of the particle. These operators satisfy the following
commutation relations

01,0 = —@er,  [02,03] = [05,01] = — 11
[V1,,) mwet’ra [02, 03] = [V3,01] ma (11)

where the parameters v and wegr take the forms

v 9By qBou 4
= w;=-"(1 12
= % T ( RRVTRR qBoh> (12)

In noncommutative phase space, is there an operator
which commutes with the Hamiltonian (8a) and (8b) and
reduces to 3 or p3 in the commutative limit? The answer is
yes. We write such an operator as

~ . sin

V:(,ﬁ]—}—vz) \/5

Commutation of this operator with H, gives

+ 3 cos 0 (13)

oS 8 = ey /o, sin @ = \/50:/(007(00

=, /a)gﬁ- + 202 (14)

In the commutative limit, =0 and so 17:53. In
commutative quantum mechanics, the Hamiltonian can be
diagonalized by introducing the annihilation and creation
operators

G m /132—/131_i/1}2+/1}1 ZZ\T
Nho, | 2 2 |
m [V =01 .U+
_ 1
hwc{ 2 T2 } (15)

where w.=¢gBy/m. The Hamiltonian H, is cast as
Hy= ho, (aTa+ 1 /2) + mv3 /2. Through some investi-

gations, it is found that the annihilation and creation
operators in noncommutative spaces are deformations of

(15)

-~ m /1;2*/171 ,824»/1;1 . sin@
A= ,/— — 0 16
\/ha)o[ 2 T2 ¢ +w3\/§] (16)
,62—}—81 sin 6

Tt ﬂaZ_Bl o~
A—,/hwo[ 7 +i 2 \/E} (17)

cos 0 — iv3

One can prove the commutation relations

[z,ﬂ [ = [mq —0 (18)
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Using (13), (16), and (17), the Hamiltonian H, is
rewritten as

Hy = hay (jﬁ + 1/2) +mV?)2 (19)

which is diagonalized as the operator V commutes with A

and AT. We write the common eigenstates of 7V and 474 as
|T]7 n A> with

Vin,na) = nln, na), AV A0, na) = naln, na) (20)

From (13), one sees that the operator ¥ is Hermitian and
so 7 is a real quantity. The integer n, takes the values
0, 1, 2, 3, ---. Eigenvalues of the Hamiltonian A, are

Eoy = hoo(ny + 1/2) +mn* /2 (21)

When 7n=0, the energy spectrum is discrete with equal

spacing /iw,. The operator V in (13) can be written as the
scalar product of two vectors (Vy,02,03) and n=

(sin 0/ V2, sin6 / V2, cos 0). The above results show that
the mechanical momentum along the direction 7 is conserved.

From the Heisenberg equations of motion, we can show that
n is the direction of an effective magnetic field.

By some calculations, the Heisenberg equations of
motion for the velocity vector operator (D1, v,,03) = U are
v _
m—=gqB X0 22
yrik (22)

a

where Ea: (qwo/m)ii is an effective magnetic field

induced by the noncommutativity of the spaces. In another
word, the particle feels a magnetic field in a new direction
n. This new direction is caused by the momentum—

momentum noncommutivity as the momentum-momentum
noncommutivity or nonzero v makes sinf#0.

For the 2D case, the parameter =0 and so sinf=0.
Now, the effective magnetic field is still along the original
magnetic field B,.

Though the energy spectrum of Hy is found, the states of
the system cannot be described by |n,7n4) completely. For a
three-dimensional motion, we should use three quantum
numbers to describe the states of the system. In another
word, we should find another operator which commutes

with the operators ¥ and ATA. The process to find such an
operator in noncommutative 3D phase space is a little
lengthy. At first, we define the following operators

- D —0X% . _ Dyt+ox
up = , Uy =
m m

(23)

In commutative quantum mechanics, setting o = ¢gBy/2
and replacing (V1,0,) by (41,u2) in (15), one gets new

creation and annihilation operators which commutes D3 and

a'a. In noncommutative 3D spaces, we construct the
following two operators

~ 1 [w—u,  u+1 . sin@

B =—— 0 — iy 24
1 i { 5 i cos§ —ivyp \/i} (24)

A'|‘ 1 |:Zl\2 — /IZ] 5 /122 + 74\1 . sin 9:|

B, =— —1i cos 6 +iv 25
VAl 2 2 v

where the parameter A is chosen as

2h |o v  ou 2
N=—— =1 === |0y —
may [m < 20h 2h>w'/f P }

to ensure that the two operators (24) and (25) obey

(26)

[ﬁl ,EH = 1. The parameters o and p are determined by
the commutation of the operators (24) and (25) with V and
ata.

By some calculations, we have

[17,?;1} _

iha v _ 4B qBou (27)
o o~ = o (1+95)] =0

When v=0, the parameter «=0 and (27) automatically
holds. From (14), one further sees that sinf=0 and the
operator V3 disappears from (24) and (25). In this case, the
parameter p is unnecessary. Commutation of the operators

(@,,ﬁj) with AT4 gives
qBo/2

7 = T+ gBop/ (20) 2

Using (El,E}L), one can form Hermitian operators such
as lAil + ZAQT, Eirl?l States of the system are described by the
common eigenstates of 17, AT4 and the Hermitian operator
formed by (El,IAS’D. When v#0, the situation becomes
more complex. Equation (27) determines the parameter o as

_ v/h+qBo/2 — moes
1 +qBop/(2h)

(29)

Commutation of El with 4 gives a relation to determine
the parameter p

ma sin 6

_95 _ mgsin§
V2 cos 6

5 = (1+p)

(30)

@ Springer
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Unfortunately, 3’1 does not commute with At

FT,EI} _ 6,
0o = (p —

(31)
1) ho?

wovhwymA
However, using (El,gj) and (2,2T>, we can con-

struct two set of independent annihilation and creation
operators

21 — Z—f—El ZT — 4 +/3?1
2(1-6) 7 1 2(1—60) (32)
~ ~F ~

22 _ _4-B ol _ 4 B
2(1+6,) T 2 2(1+460)

It is not difficult to prove the following commutation
relations

(4,4 = [af.4f] = 0

3.]] = )

with j, k=1, 2. The operators (ljr) can be rewritten as

e L (34)

A= 5[0 - 60) + D(1+ 60)]
4 =0

ZT(I—»90)4721(14790ﬂ

Through careful inspection, one may notice that

(A,ZT) commute with the operators
(35)

which satisfy {E,ET} = 1. So in noncommutative phase

space, the states for a charged particle moving in a
magnetic field should be described by the common

eigenstates of V/, AT and the Hermitian operator formed
by (IA?, §T) For example, using (E §T) one may form a

Hermitian operator B'B. Eigenvalues of this operator are
integers and do not appear in the energy spectrum (21),
which means the degenerate degree of the states is infinite.
Up to now, the energy spectrum and quantum states for a
charged particle moving in a magnetic field in 3D
noncommutative phase space are derived.

@ Springer

From (13), (16), and (17), the operators v,(j=1, 2, 3) can
be rewritten as

(36)

Recalling that 7 = (sin@/v/2,sin6/v/2,cos6) is the
direction of the effective magnetic field Ea, we let the

electric field be perpendicular to this direction to discuss
QHE. For example, we can apply the electric field in the

(1/v2,-1/v/2,0) or (e1,e)=¢(1/

V2,—1/+/2). In this case, the Hamiltonian (8a) and (8b)
becomes

direction ﬁlz =

~ ~ £ . N
H:Ho—%()ﬂ —XQ) (37)

After diagonalization, the Hamiltonian (37) becomes

ﬁ:m(ﬂz+u0+m¢p
gqem |: 90\/Z

102 hw 9
" Val(o+4Bo/2) (1+62) cos0 - (psm 6+ cos 9) 0} ( )

- qgem A(l % ) T _ sin26
V2(c+9Bo/2) { (1+62) 050! B B+ (P V2sin 9) vV
(38

Writing the eigenstates of H as D(x)|n, n, &), we find that
the states |17, n, &) satisfy

Vin n@men@
—B) 171,m,€) = Eln, n, &) (39)

—

7,
where D(y) = exp (XZT - %*2) is a displacement opera-

tor. The parameter y is

_ —igem
x V2hwo (o + qBo/2)
8oV A

— (psin’6 + cos 6) \/@} (40)

The direction which is perpendicular to the effective
magnetic field -» and the electric field -n is

n = (cos 0/v/2,cos 8/V/2, —sin6). From the definition (4),

(1+ 65) cos®
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the current operators in the direction 7112 and 71123 are When v=0, by similar calculations we have
respectively q
OgH = —qny —————=~ (45)
~ S L (0 +qBo/2)
Ji= (Jl —Jz)/\/i: noq(V1 — 02)/V2
t (41) where o is given by (28). Further setting p=0, we get
= noq h‘”° (A +4 ) o4 = —qno/By, which is just the result in commutative
space.

Ty = (jl +.72) cos6/v/2 — Jssin6
= noq[(D1 + ») cos /2 — Dy sin 6] 42)

= noq h"’“ (2—2T)

The operator V now disappears from these current
operators. Under the states D(y)|n, n, &), we have the mean
values

<.712> =0
<3123> = qf10\/m (% X)

=qn 9¢ m_ 60v/4 —
0 TotqBo/2) \/ hen | (1463 ) cos 6

(psin’6 + cos 0) 4 /h%}

(43)

Setting <j 123> = o,n€, we obtain the Hall conductivity

q m
(O‘ + qBo/2) ha
B0V — (psin6 + cos ) 4/ hﬂ}
m

(1 + 03) cos @

OqH = qNo

(44)

<,7123> = nog L4 cos0+n0qn{<1 +"B—"”> Si“zi—&—%sinze— cose}

+2inoqy/ e (1 -+ 951 o2 4 22 sin 26 - s

If we use definition (2a) and (2b), we will meet
difficulties to find the Hall conductivity. Now, the compo-
nents of the currents are

~ dx; By
Jy = nog—— e = noq [vl ( q ﬂ) + %} (46a)
~ dx qBou qep

= = 1 _— 46b
Jy = noq—= noq[ ( + + o (46b)
G gn S _am 5., 8]

z = {qno dt i 3,
~ Bopt .
= qny {1)3 — % (1)1 -+ Uz)] (46C)

From these component currents, the electric current
perpendicular to the magnetic and electric fields is

:/\123 = (./]\\f +./]\y> COSG/\/iszSing =
= noq ¥ cos 6 + 'lot]I7 [(1 + m) sin26 | 7\/2‘13"” sin®6 — cos 9]

+i(2 — QT)noq

Its expectation value is

B 20 B 0
[(1 + Lok “”) o+ L8 $in 20 + Si;—]

(47)

(48)

The second term is independent of the electric field and
so the expectation value <j 123> is not proportional to the
electric field, which results in that the Hall conductivity
cannot be defined though the relation <7 123> = oye.

Calculations also show that when the electric fjeld is
not perpendicular to the effective magnetic field Ba, the

Hall conductivity is difficult to define, no matter the
electric currents (2a) or (2b) or (4) are used. We see that
the 3D problem contains new contents compared to the 2D
case.

3 Conclusions

The motion of a charged particle in a magnetic field was
studied in three-dimensional noncommutative phase space.
In such a case, the particle feels an effective magnetic field
in a new direction due to the momentum-momentum
noncommutativity. The energy spectrum is a discrete one
with equal spacing embedded in a continuous one as shown
in (14), which is similar to that in commutative space.
Compared with the energy spectrum, the wave functions are

much more complex. To find the operators (3’, §T> in (35)

@ Springer
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proved to be the key step to get the states of the system.

Fr

om the discussions of the Hall conductivity, it was shown

that in three-dimensional noncommutative phase space we
should define the electric current from the probability
current in quantum mechanics.
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