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Abstract In three-dimensional noncommutative phase
space, the energy spectrum and wave functions for the
motion of a charged particle in a magnetic field are
derived. Due to the momentum–momentum noncommu-
tativity, the particle feels an effective magnetic field in a
new direction. When an external electric field perpen-
dicular to this effective magnetic field is applied, the
Hall conductivity can be calculated. To get the Hall
conductivity, one should define the electric currents
from the probability currents in quantum mechanics
rather than extending the classical electric currents to
quantum mechanics directly. When the electric field is
not perpendicular to the effective magnetic field, it is
difficult to define the Hall conductivity.

Keywords Noncommutative phase space .Magnetic field .

Hall effect . Electric current

1 Introduction

The idea of space–time noncommutativity has a long
history [1]. The original motivation for introducing space–
time noncommutativity is to resolve the problem of infinite
energies in quantum field theory. Renewed interest in such
an idea is mainly due to the recent discoveries in string
theory and M theory that effects of noncommutative (NC)
spaces may appear near the string scale and at higher
energies [2–4]. Recently, a lot of investigations have been

done on the theory of NC spaces [5–23] such as the
quantum Hall effects (QHE) [7–10], the harmonic oscillator
[11–14], the coherent states [15], the thermodynamics [16],
the classical–quantum transition [17], etc.. The QHE [7–10]
refers to the phenomenon that when a magnetic field
perpendicular to the electric current flowing through an
electric conductor is applied, there appears the potential
difference (Hall voltage) in the direction perpendicular to
the current and the magnetic field. For a particle confined to
a NC plane bx1;bx2ð Þ with bx1;bx2½ � ¼ im, the Hamiltonian for
QHE reads

bH2D ¼ bp1 þ qB0bx2=2ð Þ2
2m

þ bp2 � qB0bx1=2ð Þ2
2m

� q"bx1 ð1Þ

where, ε is the strength of the electric field and

�B0bx2=2;B0bx1=2ð Þ ¼ bA1; bA2

� �
is the vector potential of a

magnetic field B0 perpendicular to the plane bx1;bx2ð Þ. In (1),

the last term �q"bx1 ¼ bA0 is the scalar potential, which
corresponds to the case that the electric field is along the x-
axis. Actually, it is not necessary to take the scalar potential
as this form. The electric field can be along the y-axis and

now the scalar potential is bA0 ¼ �q"bx2. When the direction
of the electric field is arbitrary, the scalar potential takes the

form bA0 ¼ �q "1bx1 þ "1bx2ð Þ with (ε1, ε2) being the electric
field. No matter what direction of the electric field is, the
Hall electric current is perpendicular to the magnetic field
and the electric field in the Hall effect.

To discuss QHE, we should define the electric currents.
In classical physics, the electric current is J1; J2; J3ð Þ ¼
n0q dx1=dt; dx2=dt; dx3=dtð Þ, where n0 is the particle number
density and (dx1/dt, dx2/dt, dx3/dt) is the classical velocity.
Extending this definition to quantum mechanics directly,
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one obtains the components of the current operator for the
system (1)

bJx ¼ n0q
dbx1
dt

¼ qn0
ih

bx1; bHh i
¼ n0q

bp1 þ qB0bx2=2
m

1þ qB0m
2h

� �
ð2aÞ

bJy ¼ n0q
dbx2
dt

¼ qn0
ih

bx2; bHh i
¼ n0q

bp2 � qB0bx1=2
m

1þ qB0m
2h

� �
þ q"

m
h

� �
ð2bÞ

However, we can have another definition of the currents.
In commutative quantum mechanics, we have the proba-
bility density ρ=ψ*×ψ and the probability currents

bJxq ¼ y
» � bp1 þ qB0bx2=2

m
y; bJyq

¼ y
» � bp2 � qB0bx1=2

m
y ð3Þ

From these probability currents, we can define the
electric current operators for QHE

bJ1 ¼ n0q
bp1 þ qB0bx2=2

m
; bJ2 ¼ n0q

bp2 � qB0bx1=2
m

ð4Þ

In commutative space μ=0, we have bJ1 ¼ bJx;bJ2 ¼ bJy
and there is no ambiguity. In NC case, bJ 1; bJ 2� �

andbJ x; bJ y� �
are different obviously. From (2a), (2b), and (4),

we can define two different Hall conductivities σcH and σqH
as follows

bJ xD E
¼ 0; bJ yD E

¼ scH" ð5Þ

bJ 1D E
¼ 0; bJ 2D E

¼ sqH" ð6Þ

The two conductivities σcH and σqH have the relation

sqH ¼ scH � n0q
2"

m
h

� �
= 1þ qB0m

2h

� �
ð7Þ

In principle, we should detect which of σcH and σqH is
correct by experiments. However, such experiments are
difficult to carry out at present. We hope that this problem
can be judged theoretically by studying a modified system.
A simple modification to the 2D system (1) is that the
particle is allowed to move along the magnetic field and so

we are faced with a three-dimensional (3D) system. The
Hamiltonian for this 3D system reads

bH ¼ bH0 � q "1bx1 þ "2bx2ð Þ ð8aÞ

bH0 ¼ bp1 þ qB0bx2=2ð Þ2
2m

þ bp2 � qB0bx1=2ð Þ2
2m

þ bp23
2m

ð8bÞ

The scalar potential is chosen in a more general
one. How to choose the electric field (ε1, ε2) will be
given in the following. For the three-dimensional system
(8a) and (8b), the third component of the electric current

corresponding to definition (2a) and (2b) is bJz ¼ n0q dbx3=dtð Þ
and corresponding to the definition (4) is bJ3 ¼ n0qbp3=m.

Here, we make some remarks about the Hamiltonian (8a)
and (8b). Classically, the term bp23= 2mð Þ is the kinetic energy
for the particle to move along the magnetic field, which
becomes operator in quantum mechanics. In commutative
spaces, this term commutes with the rest part of the
Hamiltonian (8a) and (8b) and does not affect the Hall
effect. In NC phase space, this term does not commute with
the rest part of the Hamiltonian (8a) and (8b) and may
induce new results for the Hall currents, further the Hall
conductivity. So, we deal with the system (8a) and (8b) in
NC phase space.

When there are no momentum–momentum noncomuta-

tivity, it is shown that the quantum Hamiltonian bH bxj;bpj� �
(j=1, 2, 3) can be obtained from a classical constrained
s y s t em H xj; pj

� 	
[ 1 7 ] . Wh e n bp1; bp2½ � ¼ bp2; bp3½ � ¼bp3; bp1½ � ¼ in 6¼ 0, we can make the transformationsbp1 ¼ bp1 þ bbx2, bp2 ¼ bp2 þ bbx3 and bp3 ¼ bp3 þ bbx1 with

b ¼ ð h�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 � 4mn

p
Þ=ð2mÞ, so that bpj;bpk� � ¼ 0 (k=1,

2, 3). Using these transformations, the HamiltonianbH bxj;bpj� �
in NC phase space can be rewritten in the formbH bxj;bpj þ bbxk� 	

. Similar to the discussions in [17], one sees

that the Hamiltonian bH bxj;bpj þ bbxk� 	
can be obtained from

the corresponding classical constrained system H xj; pjþ
�

bxkÞ. Rewriting πj+βxk as pj, bH bxj;bpj� �
is derived from a

corresponding classical one H (xj, pj) even in the NC phase
space. In another word, the Hamiltonian (8a) and (8b) can
be obtained from the corresponding classical one withbxj;bpj� �

replaced by the classical variables (xj, pj).

Compared to the scalar and vector potentials in (1), an

extra condition that the component bA3 of the vector
potential along the magnetic field is zero is used in (8a)
and (8b). Choosing the symmetric gauge for the magnetic
field, this result is natural. Such a conclusion should be
derived from the noncommutative Maxwell equations too.
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To get the NC electrodynamics, the Seiberg–Witten map [2,
24, 25] is usually used. In such a theory, the field strength is

related to the potential through the relation bFmn ¼ @mbAn

�@nbAm � ig bAm»bAn � bAn»bAm

� �
, where * means the star or

Moyal product. The quantities bF12; bF23; bF31

� �
give the

magnetic field and bF01; bF02; bF03

� �
is the electric field. The

configuration of the magnetic and electric fields in (8a) and

(8b) corresponds to bF12 ¼ B0, bF23 ¼ bF31 ¼ 0, bF01 ¼
"1; bF02 ¼ "2 and bF03 ¼ 0. In such a case, it is found thatbA3 is really zero and bA0; bA1; bA2

� �
are functions of the

coordinates (x2, x2).
In the next section, we derive the energy spectrum and

wave functions for the charged particle moving in a
background magnetic field. Meanwhile, the quantum Hall
effect is discussed and the Hall conductivity is given. It is
found that the definition (4) is more reasonable. The third
section is the conclusion.

2 QHE in Three-Dimensional Noncommutative Spaces

The coordinate and momentum operators obey the com-
mutation relations in 3D noncommutative phase space

bx1; bx2½ � ¼ bx2; bx3½ � ¼ bx3; bx1½ � ¼ imbp1; bp2½ � ¼ bp2; bp3½ � ¼ bp3; bp1½ � ¼ inbx1; bp1½ � ¼ bx2; bp2½ � ¼ bx3; bp3½ � ¼ ih
ð9Þ

with μ and v being the noncommutative parameters. To

solve the stationary Schrödinger equation bH yj i ¼ E yj i,
we diagonalize the Hamiltonian H0 first. In commutative
quantum mechanics, the operator bp3 commutes with the
Hamiltonian H in (8a) and (8b) and so the momentum
along the z-axis is conserved. Replacing bp3 by its
eigenvalue, the three-dimensional problem is reduced to
that charged particle moving on a plane. Thus, the
Hamiltonian is diagonalized easily. In noncommutative
phases, the operator bp3 does not commute with H0 due to
the commutation relations (9) and the momentum along the
z-axis is not conserved.

To diagonalize the Hamiltonian H0, we first have a look
at the properties of the operators

bu1 ¼ bp1 þ qB0bx2=2
m

;bu2 ¼ bp2 � qB0bx1=2
m

;bu3 ¼ bp3
m

ð10Þ

which are named velocity operators in commutative space.
These velocity operators are the mechanical momentum
operators bp1 þ qB0bx2=2; bp2 � qB0bx1=2; bp3ð Þover the mass

of the particle. These operators satisfy the following
commutation relations

bu1;bu2½ � ¼ ih

m
weff ; bu2;bu3½ � ¼ bu3;bu1½ � ¼ ih

m
a ð11Þ

where the parameters α and ωeff take the forms

a ¼ n
mh

;weff ¼ qB0

m
1þ qB0m

4h
þ n

qB0h

� �
ð12Þ

In noncommutative phase space, is there an operator
which commutes with the Hamiltonian (8a) and (8b) and
reduces to bu3 or bp3 in the commutative limit? The answer is
yes. We write such an operator as

bV ¼ bu1 þ bu2ð Þ sin qffiffiffi
2

p þ bu3 cos q ð13Þ

Commutation of this operator with H0 gives

cos q ¼ weff =w0; sin q ¼
ffiffiffi
2

p
a=w0;w0

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2
eff þ 2a2

q
ð14Þ

In the commutative limit, α=0 and so bV ¼ bu3. In
commutative quantum mechanics, the Hamiltonian can be
diagonalized by introducing the annihilation and creation
operators

ba ¼
ffiffiffiffiffiffiffiffi
m

hwc

r bu2 � bu1
2

� i
bu2 þ bu1

2

� �
;bay

¼
ffiffiffiffiffiffiffiffi
m

hwc

r bu2 � bu1
2

þ i
bu2 þ bu1

2

� �
ð15Þ

where ωc=qB0/m. The Hamiltonian H0 is cast asbH0 ¼ hwc baybaþ 1=2
� �

þ mbu23=2. Through some investi-

gations, it is found that the annihilation and creation
operators in noncommutative spaces are deformations of
(15)

bA ¼
ffiffiffiffiffiffiffiffi
m

hw0

r bu2 � bu1
2

� i
bu2 þ bu1

2
cos q þ ibu3 sin qffiffiffi

2
p

� �
ð16Þ

bAy ¼
ffiffiffiffiffiffiffiffi
m

hw0

r bu2 � bu1
2

þ i
bu2 þ bu1

2
cos q � ibu3 sin qffiffiffi

2
p

� �
ð17Þ

One can prove the commutation relations

bA; bAy� �
¼ 1; bV ; bAh i

¼ bV ; bAy� �
¼ 0 ð18Þ

292 Braz J Phys (2011) 41:290–296



Using (13), (16), and (17), the Hamiltonian Ĥ0 is
rewritten as

bH0 ¼ hw0
bAybAþ 1=2

� �
þ mbV 2=2 ð19Þ

which is diagonalized as the operator bV commutes with bA
and bAy. We write the common eigenstates of bV and bAybA as
h; nAj i with
bV h; nAj i ¼ h h; nAj i; bAybA h; nAj i ¼ nA h; nAj i ð20Þ

From (13), one sees that the operator bV is Hermitian and
so η is a real quantity. The integer nA takes the values
0; 1; 2; 3; � � �. Eigenvalues of the Hamiltonian Ĥ0 are

E0 ¼ hw0 nA þ 1=2ð Þ þ mh2=2 ð21Þ
When η=0, the energy spectrum is discrete with equal

spacing ħω0. The operator bV in (13) can be written as the
scalar product of two vectors ðbu1;bu2;bu3Þ and *n ¼
sin q=

ffiffiffi
2

p
; sin q=

ffiffiffi
2

p
; cos q

� 	
. The above results show that

the mechanical momentum along the direction *n is conserved.

From the Heisenberg equations of motion, we can show that
*n is the direction of an effective magnetic field.

By some calculations, the Heisenberg equations of
motion for the velocity vector operator ðbu1;bu2;bu3Þ ¼ b*u are

m
db*u
dt

¼ q
*

B
a
� b*u ð22Þ

where
*

B
a
¼ qw0=mð Þ*n is an effective magnetic field

induced by the noncommutativity of the spaces. In another
word, the particle feels a magnetic field in a new direction
*n. This new direction is caused by the momentum–

momentum noncommutivity as the momentum–momentum
noncommutivity or nonzero v makes sinθ≠0.

For the 2D case, the parameter α=0 and so sinθ=0.
Now, the effective magnetic field is still along the original
magnetic field B0.

Though the energy spectrum of Ĥ0 is found, the states of
the system cannot be described by h; nAj i completely. For a
three-dimensional motion, we should use three quantum
numbers to describe the states of the system. In another
word, we should find another operator which commutes

with the operators bV and bAybA. The process to find such an
operator in noncommutative 3D phase space is a little
lengthy. At first, we define the following operators

bu1 ¼ bp1 � sbx2
m

; bu2 ¼ bp2 þ sbx1
m

ð23Þ

In commutative quantum mechanics, setting s ¼ qB0=2
and replacing bu1;bu2ð Þ by bu1;bu2ð Þ in (15), one gets new

creation and annihilation operators which commutes bu3 andbayba. In noncommutative 3D spaces, we construct the
following two operators

bB1 ¼ 1ffiffiffiffi
Λ

p bu2 � bu1
2

þ i
bu2 þ bu1

2
cos q � ibu3r sin qffiffiffi

2
p

� �
ð24Þ

bBy1 ¼ 1ffiffiffiffi
Λ

p bu2 � bu1
2

� i
bu2 þ bu1

2
cos q þ ibu3r sin qffiffiffi

2
p

� �
ð25Þ

where the parameter Λ is chosen as

Λ ¼ 2h

mw0

s
m

1� n
2sh

� sm
2h

� �
weff � ra2

� �
ð26Þ

to ensure that the two operators (24) and (25) obeybB1; bBy1h i
¼ 1. The parameters σ and ρ are determined by

the commutation of the operators (24) and (25) with bV andbAybA.
By some calculations, we have

bV ; bB1

h i
¼

iha
m2w0

ffiffiffi
Λ

p mweff � n
h � qB0

2 þ s 1þ qB0m
2h

� �h i
¼ 0

ð27Þ

When v=0, the parameter α=0 and (27) automatically
holds. From (14), one further sees that sinθ=0 and the
operator bu3 disappears from (24) and (25). In this case, the
parameter ρ is unnecessary. Commutation of the operatorsbB1; bBy1� �

with bAybA gives

s ¼ qB0=2

1þ qB0m= 2hð Þ ð28Þ

Using bB1; bBy1� �
, one can form Hermitian operators such

as bB1 þ bBy1 , bBy1 bB1. States of the system are described by the

common eigenstates of bV , bAybA and the Hermitian operator

formed by bB1; bBy1� �
. When v≠0, the situation becomes

more complex. Equation (27) determines the parameter σ as

s ¼ n=hþ qB0=2� mweff

1þ qB0m= 2hð Þ ð29Þ

Commutation of bB1 with bA gives a relation to determine
the parameter ρ

s � qB0

2
¼ 1þ rð Þ ma sin qffiffiffi

2
p

cos q
ð30Þ

Braz J Phys (2011) 41:290–296 293



Unfortunately, bB1 does not commute with bAy
bAy; bB1

� �
¼ q0

q0 ¼ r� 1ð Þ ha2

w0
ffiffiffiffiffiffiffiffiffiffi
hw0mΛ

p
ð31Þ

However, using bB1; bBy1� �
and bA; bAy� �

, we can con-

struct two set of independent annihilation and creation
operators

bA1 ¼ bAþbB1ffiffiffiffiffiffiffiffiffiffiffiffi
2 1�q0ð Þ

p ; bAy1 ¼ bAyþbBy1ffiffiffiffiffiffiffiffiffiffiffiffi
2 1�q0ð Þ

p

bA2 ¼ bA�bB1ffiffiffiffiffiffiffiffiffiffiffiffi
2 1þq0ð Þ

p ; bAy2 ¼ bAy�bBy1ffiffiffiffiffiffiffiffiffiffiffiffi
2 1þq0ð Þ

p
ð32Þ

It is not difficult to prove the following commutation
relations

bA1; bA2

h i
¼ bAy1 ; bAy2h i

¼ 0bAj; bAykh i
¼ djk

ð33Þ

with j, k=1, 2. The operators bA; bAy� �
can be rewritten as

bA ¼ 1ffiffi
2

p bA1 1� q0ð Þ þ bA2 1þ q0ð Þ
h i

bAy ¼ 1ffiffi
2

p bAy1 1� q0ð Þ þ bAy2 1þ q0ð Þ
h i ð34Þ

Through careful inspection, one may notice thatbA; bAy� �
commute with the operators

bB ¼ 1ffiffi
2

p bA1ð1þ q0Þ � bA2 1� q0ð Þ
h i

bBy ¼ 1ffiffi
2

p bAy1 1þ q0ð Þ � bAy2 1� q0ð Þ
h i ð35Þ

which satisfy bB; bBy� �
¼ 1. So in noncommutative phase

space, the states for a charged particle moving in a
magnetic field should be described by the common

eigenstates of bV , bAybA and the Hermitian operator formed

by bB; bBy� �
. For example, using bB; bBy� �

one may form a

Hermitian operator bBybB. Eigenvalues of this operator are
integers and do not appear in the energy spectrum (21),
which means the degenerate degree of the states is infinite.
Up to now, the energy spectrum and quantum states for a
charged particle moving in a magnetic field in 3D
noncommutative phase space are derived.

From (13), (16), and (17), the operators buj(j=1, 2, 3) can
be rewritten as

bu1 ¼ bV sin qffiffi
2

p � 1
2

ffiffiffiffiffiffi
hw0
m

q bA 1� i cos qð Þ þ bAy 1þ i cos qð Þ
� �

bu2 ¼ bV sin qffiffi
2

p þ 1
2

ffiffiffiffiffiffi
hw0
m

q bA 1þ i cos qð Þ þ bAy 1� i cos qð Þ
� �

bu3 ¼ bV cos q � sin qffiffi
2

p
ffiffiffiffiffiffi
hw0
m

q
i bA� bAy� �� �

ð36Þ
Recalling that *n ¼ sin q=

ffiffiffi
2

p
; sin q=

ffiffiffi
2

p
; cos q

� 	
is the

direction of the effective magnetic field
*

B
a
, we let the

electric field be perpendicular to this direction to discuss
QHE. For example, we can apply the electric field in the

direct ion *n
12

¼ 1=
ffiffiffi
2

p
;�1=

ffiffiffi
2

p
; 0

� 	
or "1; "2ð Þ ¼ " 1=ðffiffiffi

2
p

;�1=
ffiffiffi
2

p Þ. In this case, the Hamiltonian (8a) and (8b)
becomes

bH ¼ bH0 � q"ffiffiffi
2

p ðbx1 � bx2Þ ð37Þ

After diagonalization, the Hamiltonian (37) becomes

bH ¼ hw0
bAybAþ 1=2

� �
þ mbV 2

=2

� q"mffiffi
2

p
sþqB0=2ð Þ

q0
ffiffiffi
Λ

p

1þq20ð Þ cos q � rsin2q þ cos q
� 	 ffiffiffiffiffiffi

hw0
m

q� �
i bA� bAy� �

� q"mffiffi
2

p
sþqB0=2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ 1�q20ð Þp

1þq20ð Þ cos q i bBy � bB� �
þ r sin 2qffiffi

2
p � ffiffiffi

2
p

sin q
� �bV
 �

ð38Þ

Writing the eigenstates of Ĥ as D #ð Þ h; n; xj i, we find that
the states h; n; xj i satisfy

bV h; n; xj i ¼ h h; n; xj i
i bBy � bB� �

h; n; xj i ¼ x h; n; xj i

bAybA h; n; xj i ¼ n h; n; xj i

ð39Þ

where D #ð Þ ¼ exp #bAy � #
»bA� �

is a displacement opera-

tor. The parameter χ is

# ¼ �iq"mffiffiffi
2

p
hw0 s þ qB0=2ð Þ

� q0
ffiffiffiffi
Λ

p

1þ q20
� 	

cos q
� rsin2q þ cos q
� 	 ffiffiffiffiffiffiffiffi

hw0

m

r" #
ð40Þ

The direction which is perpendicular to the effective
magnetic field *n and the electric field *n

12
is

*n ¼ cos q=
ffiffiffi
2

p
; cos q=

ffiffiffi
2

p
;� sin q

� 	
. From the definition (4),
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the current operators in the direction *n
12

and *n
123

are

respectively

bJ 12 ¼ bJ 1 � bJ 2� �
=

ffiffiffi
2

p ¼ n0q bu1 � bu2ð Þ= ffiffiffi
2

p

¼ n0q
ffiffiffiffiffiffi
hw0
2m

q bAþ bAy� � ð41Þ

bJ 123 ¼ bJ 1 þ bJ 2� �
cos q=

ffiffiffi
2

p � bJ 3 sin q
¼ n0q bu1 þ bu2ð Þ cos q= ffiffiffi

2
p � bu3 sin q� �

¼ n0q
ffiffiffiffiffiffi
hw0
2m

q
i bA� bAy� � ð42Þ

The operator bV now disappears from these current
operators. Under the states D #ð Þ h; n; xj i, we have the mean
values

bJ 12D E
¼ 0bJ 123D E
¼ qn0

ffiffiffiffiffiffi
hw0
2m

q
i # � #

»� 	
¼ qn0

q"
sþqB0=2ð Þ

ffiffiffiffiffiffi
m
hw0

q
q0

ffiffiffi
Λ

p

1þq20ð Þ cos q � rsin2q þ cos q
� 	 ffiffiffiffiffiffi

hw0
m

q� �
ð43Þ

Setting bJ 123D E
¼ sqH", we obtain the Hall conductivity

sqH ¼ qn0
q

s þ qB0=2ð Þ
ffiffiffiffiffiffiffiffi
m

hw0

r

� q0
ffiffiffiffi
Λ

p

1þ q20
� 	

cos q
� rsin2q þ cos q
� 	 ffiffiffiffiffiffiffiffi

hw0

m

r" #
ð44Þ

When v=0, by similar calculations we have

sqH ¼ �qn0
q

s þ qB0=2ð Þ ð45Þ

where σ is given by (28). Further setting μ=0, we get
sqH ¼ �qn0=B0, which is just the result in commutative
space.

If we use definition (2a) and (2b), we will meet
difficulties to find the Hall conductivity. Now, the compo-
nents of the currents are

bJx ¼ n0q
dbx1
dt

¼ n0q bu1 1þ qB0m
2h

� �
þ q"mffiffiffi

2
p

h

� �
ð46aÞ

bJy ¼ n0q
dbx2
dt

¼ n0q bu2 1þ qB0m
2h

� �
þ q"mffiffiffi

2
p

h

� �
ð46bÞ

bJz ¼ qn0
dbx3
dt

¼ qn0
ih

bx3; bHh i
¼ qn0 bu3 � qB0m

2h
bu1 þ bu2ð Þ

� �
ð46cÞ

From these component currents, the electric current
perpendicular to the magnetic and electric fields is

bJ 123 ¼ bJ x þ bJy� �
cos q=

ffiffiffi
2

p � bJ z sin q ¼
¼ n0q

q"m
h cos q þ n0qbV 1þ qB0m

2h

� �
sin 2q
2 þ

ffiffi
2

p
qB0m
2h sin2q � cos q

h i
þi bA� bAy� �

n0q
ffiffiffiffiffiffi
hw0
2m

q
1þ qB0m

2h

� �
cos2qffiffi

2
p þ qB0m

4h sin 2q þ sin qffiffi
2

p
h i

ð47Þ
Its expectation value is

bJ 123D E
¼ n0q

q"m
h cos q þ n0qh 1þ qB0m

2h

� �
sin 2q
2 þ

ffiffi
2

p
qB0m
2h sin2q � cos q

h i
þ2i#n0q

ffiffiffiffiffiffi
hw0
2m

q
1þ qB0m

2h

� �
cos2qffiffi

2
p þ qB0m

4h sin 2q þ sin qffiffi
2

p
h i ð48Þ

The second term is independent of the electric field and

so the expectation value bJ 123D E
is not proportional to the

electric field, which results in that the Hall conductivity

cannot be defined though the relation bJ 123D E
¼ sH".

Calculations also show that when the electric field is
not perpendicular to the effective magnetic field

*

B
a
, the

Hall conductivity is difficult to define, no matter the
electric currents (2a) or (2b) or (4) are used. We see that
the 3D problem contains new contents compared to the 2D
case.

3 Conclusions

The motion of a charged particle in a magnetic field was
studied in three-dimensional noncommutative phase space.
In such a case, the particle feels an effective magnetic field
in a new direction due to the momentum–momentum
noncommutativity. The energy spectrum is a discrete one
with equal spacing embedded in a continuous one as shown
in (14), which is similar to that in commutative space.
Compared with the energy spectrum, the wave functions are

much more complex. To find the operators bB; bBy� �
in (35)
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proved to be the key step to get the states of the system.
From the discussions of the Hall conductivity, it was shown
that in three-dimensional noncommutative phase space we
should define the electric current from the probability
current in quantum mechanics.
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