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Abstract Angular distributions of differential cross
sections for the 12C(π±, π±)12C and 12C(π±, π±)12C∗
reactions at pion kinetic energy ranging from 50 to
260 MeV have been analyzed with the 3α-particle
model of 12C. The model provides good fits to a wide
range of data. Differential cross sections for inelastic
transitions to the (2+; 4.44 MeV) and (3−; 9.64 MeV)
states in 12C are computed and the deformation lengths
δ2 and δ3 are extracted. It is found that the extracted
deformation lengths are sensitive to the nuclear model
used and similar to the corresponding values found with
other probes and nuclear models.

Keywords Pion elastic scattering · Pion inelastic
scattering · Distorted-wave Born approximation ·
Collective models · Cluster model

1 Introduction

Pion–nucleus scattering for energies from about 100–
300 MeV can be described in terms of a simple optical
potential which is of the form of the nuclear density
multiplied by the elementary pion–nucleon off-shell T-
matrix; the first-order pion–nucleus distorted-wave im-
pulse approximation is used in the code DWPI [1]. The
success of this first-order optical potential can be under-
stood as a consequence of the dominance of the pion–
nucleon (3,3) resonance in this energy region. Due to
this resonance, the optical potential is highly absorptive
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so that the mean free path of the pion is very small
and consequently most of the scattering takes place in
the nuclear surface. Possible second-order corrections
to the optical potential necessarily involve the square of
the density, so that they are strong only in the interior of
the nucleus where the pion never gets the opportunity
to enter [2, 3]. If one moves in energy away below the
(3,3) resonance, the pion has more chance to sample
the interior region of the nucleus and, consequently,
higher-order effects could result [4, 5].

12C is a nucleus which can be described in terms of
an α-particle structure. It is considered to consist of
three α-particles which basically retain the features of a
free α-particle; each α-particle is bounded much more
weakly than a nucleon in the 12C nucleus. A local π -
nucleus optical potential can be constructed based on
the α-particle model of the 12C nucleus, where the π -α
amplitude can be directly obtained from the fitting of
the experimental data.

Two forms of potential are commonly used to de-
scribe the pion–nucleus interaction. These are the
Kisslinger [6] potential and a Laplacian [7] model. Both
explicitly contain terms which originate in the p-wave
pion–nucleon interaction, which requires, near the (3,3)
resonance, a pion kinetic energy of about 165 MeV in
the laboratory frame. The Kisslinger nonlocal potential
[6] is

UKis(R) = (�c)2

2ω

{
q(R) + ∇ · α(R)∇

}
(1)

where ω is the total energy of the pion in the center of
mass (c.m.) system, the quantities q and α(R) mainly
result from the s- and p-waves of the pion–nucleon



Braz J Phys (2011) 41:146–153 147

interaction; they are complex and energy dependent
[8].

Johnson and Satchler [8] used the Krell–Ericson
transformation [9], which leads from the Klein–Gordon
equation for pion scattering to a local potential for
the transformed wave function, equivalent to Kisslinger
nonlocal potential. This local potential was successfully
used to analyze the elastic scattering from 12C, 16O,
28Si, and 40,44,48Ca in the pion kinetic energy range of
30 to 292 MeV [10, 11]. Empirical parameters, sub-
ject to a continuous ambiguity elastic and inelastic
scattering of positive and negative pions from calcium
isotopes and 54Fe were studied using the Kisslinger
local potential, together with a zero-range distorted-
wave Born approximation (DWBA) code [12]. The
local/zero-range DWBA code DWUCK4 [13] was used
to calculate the differential cross section angular distri-
butions for elastically and inelastically scattered pions
from these targets. It was concluded that the DWUCK4
code and the local-equivalent Kisslinger potential of
Johnson and Satchler are reliable models for pion–
nucleus scattering.

The aim of the present work is to derive the optical
potential for the reaction π±-12C when the nucleus is
considered to be constructed of three alpha clusters.
The derived optical potential is used to calculate the
angular distributions of the differential cross sections
of the π± elastically and inelastically scattered to the
lowest 2+ and 3− states in 12C in the energy range of
50–260 MeV.

2 Formalism

From the point of view of the nuclear cluster struc-
ture, 12C is an example of a nucleus with an α-particle
structure. In the following, we derive an analytical
expressions of π±-12C potential with the 3α-cluster
model of 12C. The resulting potential is inserted into the
DWUCK4 [13] code to calculate the differential cross
sections for the reactions considered. The reactions are
compared with the experimental data [14, 15].

The pion-α-particle potential is taken to be the nu-
clear local transformed potential [8]:

Vα(R) = UN(R) + �UC(R), (2)

where the Coulomb correction term �UC(R) is [8]

�UC(R) = α(R) VC − (V2
C/2ω)

1 − α(R)
, (3)

and the nuclear local potential UN(R) is [8]

UN(R) = (�c)2

2ω

⎧⎨
⎩

q(R)

1 − α(R)
− k2α(R)

1 − α(R)
−

1
2∇2α(R)

1 − α(R)

−
(

1
2∇α(R)

1 − α(R)

)2
⎫⎬
⎭ . (4)

q(R) and α(R) are similar to those in (1), they can be
expressed in terms of the target nuclei density distrib-
utions and their gradients. q(R) and α(R) are complex
and energy dependent and given in detail in [8]. The
pion–nucleon scattering amplitude depends on com-
plex first- and second-order interaction parameters.

The first-order interaction parameters are related
to the free pion–nucleon scattering through the phase
shifts in the form described in [16–18], and the phase
shifts are calculated according to the relation in [19].
The second-order parameters are required only at
lower energies Tπ ≤80 MeV, but these parameters
make no differences in the calculations at higher ener-
gies, so they were set to be zero [11, 19]. Here, VC is the
Coulomb potential due to the uniform charge distribu-
tion of the target nucleus of radius RC = rC A1/3, where
A is the target mass number and rC = 1.2 fm [11].

The nuclear central optical potential of a pion inci-
dent on 12C considered as 3α-clusters can be written in
the form

V12C(R) =
∫

| ψ(r̄, ρ̄) |2

×
[

Vα

(
R̄ + 2

3
ρ̄

)
+ Vα

(
R̄ − 1

3
ρ̄ − 1

2
r̄
)

+ Vα

(
R̄ − 1

3
ρ̄ + 1

2
r̄
)]

dr̄ dρ̄, (5)

where R̄ is the separation vector between the centers of
the two colliding particles. The internal position vectors
r̄ and ρ̄ are defined by the position vectors of the three
alpha particles R̄1, R̄2 and R̄3 constituting 12C nucleus
so that

r̄ = R̄2 − R̄1 and ρ̄ = R̄3 − 1

2
(R̄1 + R̄2),

The nuclear matter density distribution for an α-
particle is

ρα(r) = ρ0 exp(−β r2), (6)

where ρ0 = 0.4229 fm−3 and β = 0.0.7014 fm−2 [20].
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The optical potential of each π -α particle in 12C is
given by Vα . The internal wave function of 12C has the
form [21]

ψ(r̄, ρ̄) =
(

2
√

3 μ

π

) 3
2

exp

(
−μ

(
2 ρ2 + 3

2
r2

))
, (7)

where μ is the range parameter of 12C. We can decom-
pose (5) into

V12C(R) = Vα1(R) + Vα2(R) + Vα3(R), (8)

where

Vα1(R) =
∫

| ψ(r̄, ρ̄) |2
[

Vα

(
R̄ + 2

3
ρ̄

)]
dr̄ dρ̄,

Vα2(R) =
∫

| ψ(r̄, ρ̄) |2
[

Vα

(
R̄ − 1

3
ρ̄ − 1

2
r̄
)]

dr̄ dρ̄,

Vα3(R) =
∫

| ψ(r̄, ρ̄) |2
[

Vα

(
R̄ − 1

3
ρ̄ + 1

2
r̄
)]

dr̄ dρ̄.

(9)

Since ψ(r̄, ρ̄) depends explicitly on the spatial co-
ordinates r̄ and ρ̄ and ψ(r̄, ρ̄) is spatially symmetric
about the exchange of nucleons [22], the integral is not
changed if the Carbon coordinate system is reoriented
each time so that the α cluster, which is being folded,
lies along the vector ρ̄. This allows the potential to be
written as

V12C(R) = 3 Vα1(R). (10)

Using (2)–(7) and (10), we get for the π±-12C potential

V12C(R)

= 3

⎡
⎣ ρ0 π3

(
s1i s3i

) 3
2

(
2
√

3 μ

π

)3
π3

(yi · 3 μ)
3
2

exp(−y2i R2)

+ ρ0

(
π

x3

) 3
2
(

2
√

3 μ

π

)3
π3

(x5 · 3 μ)
3
2

exp(−x6 R2)

]
,

(11)

where

yi = 4 μ + 4

9
s4i, (12)

y2i = s4i − 4 (s4i)
2

9 yi
, (13)

x5 = 4 μ + 4

9
x4, (14)

x6 = x4 − 4 (x4)
2

9 x5
, (15)

while

s1i = β + q(R), (16)

s2i = q(R) − (q(R))2

s1i
, (17)

s3i = α(R) + s2i, (18)

s4i = s2i − s2
2i

s3i
, (19)

and

x3 = β + α(R), (20)

x4 = α(R) −
(
α(R)

)2

x3
. (21)

The radial parts of the hadronic inelastic transition
potential used here are

Fl(R) = −γ N
l

dU12C(R)

dR
, (22)

where U12C(R) is the optical potential found to fit
the corresponding elastic scattering (11). For a given
transition, we use γ N

l with N = ± to denote the cor-
responding deformation lengths for the π± interaction,
while l(= 2 or 3) is the multipolarity; γ2 denotes the
corresponding deformation length for the transition to
the (2+; 4.44 MeV) and γ3 to the transition to the (3−;
9.64 MeV) states in 12C.

3 Results and Discussion

The DWBA calculations were performed using the
computer code DWUCK4 [13]. The radial integrals
have been carried out up to 20 fm with 0.05 steps and
100 partial waves. The Coulomb potential was obtained
using a charge distribution of the target nucleus of
radius RC [11].

We analyzed the angular distribution of differential
cross sections for the elastic and inelastic scattering of
π± from 12C in the pion kinetic energy range of 50 to
260 MeV. The central optical potential used here (9)
is integrated and inserted into the DWUCK4 program.
The complex local optical potential Vα is calculated
using the expressions from [10].

The resulting kinematic and parameter values for the
cases studied here are calculated according to equations
given in [10] and are listed in Table 1. For elastic and
inelastic scattering from 12C, the values of the first-
and second-order parameters are the same for both
beam charges. In the present calculations we used the
Ericson–Ericson Lorentz–Lorentz parameter ζ = 1.0;
this is more suitable for π±-nucleus scattering using the
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Table 1 Kinematic factors for use in a nonrelativistic
Schrödinger equation used in the present work with pion kinetic
energy Tπ . EL, Mπ , k and p1 are the effective bombarding
energy, effective pion mass, pion wave number, and kinematic
transformation factor, respectively

Tπ (MeV) EL (MeV) Mπ (u) k (fm−1) p1

50 43.63 0.20189 0.639 1.1825
150 113.30 0.30501 1.254 1.2726
180 132.20 0.33558 1.417 1.2992
220 156.32 0.37543 1.625 1.3345
260 180.66 0.41629 1.833 1.3687

Kisslinger local potential in the energy range consid-
ered here [11].

The present optical potential of 12C predicts well the
maximum and minimum positions with those calculated
in [23] for the elastic and inelastic scattering differential
cross sections at large angles according to the choice of
the wave function with μ = 0.04667 fm−2. This agrees
well with the reported results for the α-particle model

0 30 60 90 120 150
10-2

101

104

107

1010

x 103

x 106

260 MeV

180 MeV

150 MeV

π- - 12C
 elastic

θc.m.(deg)

dσ
 /d

Ω
 (

m
b/

sr
)

Fig. 1 Elastic scattering differential cross sections for 150, 180
and 260 MeV π− on 12C. Solid curves represent our potential
model calculations. Solid points represent the experimental data
taken from [14]

of 12C-12C reaction [24]. In particular, our calculations
predict two diffraction minima at 150 and 180 MeV,
but the predicted minima are much deeper than those
observed.

In Fig. 1, the measured elastic scattering differential
cross sections at forward angles and the positions of the
minima and the maxima agree well with our calcula-
tions at the three energies 150, 180, and 260 MeV (χ2 =
3.20–5.12). The short mean free path of the pion in the
�-region produces pronounced Fraunhofer diffraction
patterns in the elastic scattering from nuclei; this ap-
pears clearly in Fig. 1. Outside the resonance region
the diffractive character of the angular distributions is
still apparent, but less pronounced. In particular, the
minima are systematically more shallow both above
and below the resonance.

The present π−-12C optical potential is shown in
Fig. 2 at 190 MeV. From that figure it is seen that in
this case the real (imaginary) part is quite shallow and
everywhere attractive (absorptive). The imaginary part
is deeper and rapidly decreasing while the real part is
shallower and wider.

2 4 6 8
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Imag. potential

0 2 4 6 8
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15
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Real potential

   π-
-
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-V
 (

r)
 (

M
eV

)

Fig. 2 The optical potentials computed for 190 MeV π− scat-
tered from 3α-cluster of 12C. The solid curve represents the real
potential, and the dotted curve represents the imaginary potential
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In Fig. 3, at lower pion beam energies <100 MeV, the
second-order parameters are necessary to explain the
data. The elastic scattering differential cross sections
of π± from 12C at the pion kinetic energy 50 MeV
are calculated using the present potential model. The
present optical potential calculations are in good agree-
ment with the experimental data when the second-
order parameters are included in addition to the first-
order parameters with χ2 = 3.5 for π+ and 2.24 for π−.

As k −→ 0, the s-wave scattering length is a0 = δ0/k
and p-wave scattering volume is a1 = δ1/k3, where δ0

and δ1 are respectively the s- and p-wave phase shifts.
Here a0 and a1 are calculated at 1 keV for pions of
both signs with the Coulomb potential omitted for the
present optical potential [25]. The magnitude of a is a
measure of the strength of the interaction and its sign
indicates whether the interaction is effectively repulsive
or attractive. The scattering lengths and volumes cal-
culated from our potential model are listed in Table 2
along with the values obtained from [25, 26]. The values

0 30 60 90 120 150 180
100

101

102

103

50 MeV
elastic

π- 
X10

π+

π
+-  - 12 C

θc.m. (deg)

dσ
 /d

Ω
 (m

b/
sr

)

Fig. 3 As in Fig. 1, but for π±−12C elastic scattering differential
cross sections at 50 MeV pion kinetic energy. The experimental
data are taken from [15]

Table 2 Zero-energy pion-12C s-wave scattering lengths a0 (fm)
and p-wave scattering volumes a1 (fm3) calculated using the
present optical potential compared with other works

Present cals. Others [25, 26]

Rea0 −0.445 −0.438 −→ −0.449
Ima0 0.127 0.122 −→ 0.129
Rea1 1.85 1.88 −→ 1.93
Ima1 0.494 0.347 −→ 0.553

of a0 and a1 calculated here are in a good agreement in
sign and magnitude with those of [25, 26].

Since inelastic scattering in the collective model is
driven by the first derivative of the optical potential,
agreement with such data can be a possible tool to
remove the ambiguity from elastic scattering fits using
the local potential [27]. Here, angular distributions for
the inelastic scattering of pions leading to the lowest
2+ and 3− states in 12C are computed by the DWBA
method using the zero-range code DWUCK4 [13]. The
α-particle model optical potential may be tested, to

0 30 60 90 120 150 180

10-1

100

101

102

103

π-
X10

2

π+

π+-  - 12 C
  50 MeV

2+; 4.44 MeV

θc.m. (deg)

dσ
 /d

Ω
 (

m
b/

sr
)

Fig. 4 As in Fig. 3, but for inelastic scattering differential cross
sections of 50 MeV π± exciting the 4.44 MeV 2+ state of 12C.
The experimental data are taken from [15]
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predict observables of π± inelastically scattered from
nuclei. A collective model DWBA prediction using our
potential model adequately fits the shape and magni-
tude of 50–260 MeV pion kinetic energies leading to
the lowest 2+ and 3− states in 12C as shown in Figs. 4, 5
and 6. In the analysis presented here, the deformation
lengths are varied until agreement is obtained with π±
data.

Figure 4 displays the predictions of the inelastic scat-
tering differential cross sections of π± from 12C nucleus
excited to the lowest 2+ state at 50 MeV. The inelastic
data [15] are well represented by our calculations with
χ2 = 1.73 for π+ and 2.15 for π−, when the first and
second-order parameters are included in our potential
model.

Figures 5 and 6 display the predictions of the inelastic
scattering differential cross sections of π− from 12C
excited to the lowest 2+ and 3− states at 150, 180, and
260 MeV. Our local potential predictions seem to be
in better agreement with inelastic scattering data [14]

0 25 50 75 100 125 150
10-3

100

103

106

260 MeV

180 MeV

150 MeV

x105

x103

π- - 12C

2+; 4.44 MeV

θc.m.(deg)

dσ
 /d

Ω
 (m

b/
sr

)

Fig. 5 As in Fig. 4 but for inelastic scattering differential cross
sections of 150, 180, and 260 MeV π− exciting the 4.44 MeV 2+
state of 12C. The experimental data are taken from [14]
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Fig. 6 As in Fig. 5 but for the 9.64 MeV 3− state of 12C

at all energies considered in the present work with χ2

ranging from 3.5 to 5.29 for 2+ and 1.7 to 3.49 for 3−
states.

From the above, we note that the fits reproduced
on the basis of the α-cluster model of 12C nucleus are
more reasonable for low-energy pions than for pions of
higher energies. This may indicate that the clustering
phenomena in 12C nucleus is more dominant for low
pion energy scattering while pions of higher energies
prefer to interact with 12C nucleus as a whole. The pre-
dictions of our potential well fit the data for differential
cross sections at all energies under consideration.

The resulting deformation lengths for all collective
states from the present potential model, determined
by visually adjusting the calculations to reproduce the
data are listed in Table 3 compared with those obtained
from the corresponding ones previously extracted by
others [28–31]. It is clear from Table 3 that the defor-
mation lengths of the real potential are greater than
the corresponding ones for the imaginary potential in
all cases under consideration. Real deformation lengths
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Table 3 Deformation lengths from π± inelastic scattering on 12C calculated using the present potential model compared with those
extracted from other particles on 12C [28–31]

State 2+ 3−

Pion π+ π− π−

Tπ (MeV) 50 50 150 180 260 150 180 260

The present model
γreal (fm) 1.514 1.406 1.325 1.452 1.536 1.266 1.182 1.335
γimag (fm) 1.208 1.117 1.195 1.215 1.307 1.007 0.812 1.214
χ2 1.730 2.150 3.520 4.780 5.290 1.730 3.250 3.490

Others
γ (fm) 1.12–1.97 1.02–1.41 1.07 ± 0.05 1.50–1.21 0.65–1.23
References [28] [29] [30] [31] [28]
Reaction p-12C 3He-12C α-12C 16O-12C 12C-12C

d-12C α-12C
3He-12C 16O-12C

The corresponding χ2 values are also calculated

extracted here at 150 MeV for 2+ and 180 MeV for
3− are minimum. All values of the deformation lengths
extracted from the present work lie within or very close
to the range of the corresponding values previously
extracted from other particles on 12C [28–31]. It can
be seen from Table 3 that the values of imaginary
deformation lengths determined here using the present
potential model for the 2+ and 3− excited states in 12C
increase with increasing pion kinetic energy, except for
the case of 180 MeV π− inelastic scattering off 3− state
in 12C. This 180 MeV energy lies in the (3,3) resonance
region of pions. Table 3 also includes the calculated χ2

values corresponding to each case under consideration.
Again, it shows that χ2 is minimum for our potential
model at each of these cases except for π− inelastic
scattering of 150 MeV kinetic energy scattered to 2+
and 3− excited states in 12C.

The DWUCK4 code along with our potential model
calculates the reaction cross sections σR of pion scatter-
ing from 12C at pion kinetic energy ranging from 50 to

260 MeV. Following the same procedure the total cross
sections σT are calculated using the reported formula in
[32]. Table 4 shows the predicted σR and σT for pions of
both signs scattering on 12C at 50–260 MeV pion kinetic
energy together with the corresponding cross sections
estimated by others [14, 23, 25, 33]. The values of σR

and σT predicted by the present potential model are
very close to the corresponding cross sections estimated
by others. This result is not surprising in view of the
short mean free path of pions in nuclei in this energy
range which should make most of the scattering take
place in the nuclear surface. This is in contrast with the
situation of low-energy pions [33].

From Table 4, it is noticed for π± scattering of Tπ ≥
180 MeV from 12C that both calculated σT and σR de-
crease as the beam energy increases. At all considered
energies, values of σT for π− are greater than those for
π+ at a certain energy. This indicates that the mean free
path λ for π− is shorter than the corresponding λ for
π+. This is consistent with our previous results [12].

Table 4 Total and reaction
cross sections in mb for π±
scattering on 12C calculated
in the present work compared
with other works

Tπ Pion Present cals. Others

(MeV) σT σR σT σR References

50 π+ 265.35 159.80 228.0 160.0 [25]
248±20 152±14 [33]

180 575.5 376.2 581.0 384.0 [25]
220 525.4 319.7 521.0 318.0 [25]
50 π− 295.8 195.6 290.0 200.0 [25]
150 685.4 435.8 696±7 [14]
180 650.6 414.6 615.0 400.0 [25]

670±7 [14]
220 570.4 336.9 552.0 330.0 [25]

586.0 [23]
260 540.4 324.3 536±6 [14]
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4 Conclusions

Elastic, inelastic, total, and reaction cross sections
have been calculated, using DWBA with zero-range
DWUCK4 code using our potential, which is based
on the 3α-particle model formalisms for π -nucleus re-
actions. We have been able to obtain a good fit to
the data for the elastic and inelastic scattering of 50–
260 MeV pions from 12C. The Vα used in our potential
model emphasizes a careful treatment of the first and
second-order optical potential. This potential includes
also short-range correlations ζ .

The deformation lengths and parameters determined
from the present analysis are in agreement with the de-
formations determined using other probes. This collec-
tive model analysis is successful in its description of the
reaction dynamics and the structure of the collective,
N = Z nucleus.

Given its success, the analysis of pions scattered from
12C, based on the 3α-cluster model, with the DWUCK4
program, is being extended to compute the differential
elastic and inelastic cross sections and coupled channels
reactions for pions from other nuclei.

Acknowledgment I would like to thank Professor R.J.
Peterson, University of Colorado at Boulder, for a careful read-
ing of the manuscript and for providing me with second-order
parameters.
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