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Abstract We study a spin-1/2 quantum particle under
a constant force field in the presence of a uniform
distribution of parallel screw dislocations. We solve
the Schröndiger equation, exactly, and find a discrete
energy spectrum.
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1 Introduction

The description of linear topological defects in solids
with the mathematical tools of general relativity pro-
posed by Katanaev and Volovich [1] has attracted a
great deal of attention [2]. In this description, disclina-
tions, screw dislocations, and other linear topological
defects are represented by the spatial part of the line
element of the cosmic string spacetime and the cosmic
dislocation spacetime, respectively. Recently, linear
topological defects have been studied by the Katanaev–
Volovich approach [1] in such systems as circular orbits
[3–5], quantum scattering problems [6], bound states
[7–9], and in the analog of the Aharonov–Bohm effect
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for bound states [10–12]. The study of the influence
of linear topological defects has been extended to the
interaction between the topological defect and the har-
monic oscillator [13, 14], the application of the self-
adjoint extension method [15–17], geometric phases for
neutral particles [18–23], the Landau quantization for
a charged particle and a neutral particle [24–30], and
the Holonomic quantum computation [31, 32]. An in-
teresting work [33] has established an analogy between
a uniform distribution of parallel screw dislocations and
a uniform magnetic field, shown that Landau quantiza-
tion can be achieved and coined the expression “elastic
Landau quantization” [33].

In this paper, we study the influence of a uniform dis-
tribution of screw dislocations on the quantum dynam-
ics of a spin-1/2 particle under the action of a constant
force field. The motion of a spinless quantum particle
in a uniform force field was discussed in [34, 35], which
found a unique solution to the Schrödinger equation
for each fixed value of the energy. Furthermore, bound
states for a spinless quantum particles were obtained
for the quantum bouncer [36, 37] and in the interaction
with a harmonic oscillator [38]. In this work, we solve
the Schrödinger equation, exactly, and show that a dis-
crete energy spectrum for a spin-1/2 quantum particle
results from the presence of a uniform distribution of
parallel screw dislocations. Moreover, we show that the
energy levels are degenerate.

The structure of this paper is as follows: in Section 2,
we present the line element representing the uniform
distribution of parallel screw dislocations and study
the quantum dynamics of a spin-1/2 particle under
the action of a uniform force field in the presence
of this uniform distribution of topological defects. In
Section 3, we present our conclusions.
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2 Spin-1/2 Particle in a Elastic Landau System Under
the Action of a Constant Force Field

We wish to study the behavior of a spin-1/2 particle
under the action of a constant force field in an elastic
Landau system. The behavior of a spinless quantum
particle in an elastic Landau system, i.e., in an elastic
medium with a uniform distribution of parallel screw
disclinations, was studied in [33]. This uniform distrib-
ution of parallel screw dislocations can be described by
the line element [33]

ds2 = dρ2 + ρ2dϕ2 + (
dz + �ρ2dϕ

)2
. (1)

Here, � = bi A/2, where A is the two-dimensional
density of dislocations. Given the cylindrical symmetry,
we can work with curvilinear coordinates and use the
formulation of quantum field theory in curved space-
time [39] to describe this system. In this approach,
the spin of the quantum particle is defined locally
through a noncoordinate basis θ̂a = ea

μ (x) dxμ, where
the components ea

μ (x) are called triads [2, 39, 40].
The triads satisfy the relation gμν = ea

μ (x) eb
ν (x) ηab ,

where ηab = diag (+ + +). The Greek indices indicate
the cylindrical coordinates (related to the topologi-
cal defect) and the Latin indices indicate the local
reference frame of the observer (related to the flat
space, that is, the absence of defect). The inverse of
the triads is given by dxμ = eμ

a (x) θ̂a, where they sat-
isfy ea

μ (x) eμ

b (x) = δa
b and eμ

a (x) ea
ν (x) = δμ

ν . In this
work, we choose the following triad field:

θ̂1 = dρ; θ̂2 = ρ dϕ; θ̂3 = dz + �ρ2dϕ. (2)

In the formulation of the quantum field theory in
curved spacetime and in the presence of a torsion
field [39, 41], the partial derivative ∂μ becomes the
covariant derivative ∇μ = ∂μ + 
μ (x), where 
μ (x) =
i
4

[
ωμab (x) + Kμab (x)

]
�ab is called the spinorial con-

nection and �ab is defined for two-spinors in the form
�ab = i

2

[
σ a, σ b

]
, where σ 0 = I is the identity matrix.

The one-form connection Kμab (x) is related to the
contortion tensor via the expression [20, 21, 41]

Kμab (x) = Kβνμ (x)

×
[
eν

a (x) eβ

b (x) − eν
b (x) eβ

a (x)
]
. (3)

Moreover, the contortion tensor is related to the tor-
sion tensor by Kβ

νμ = 1
2

(
Tβ

νμ − T β
ν μ − T β

μ ν

)
. Note

that the torsion tensor is antisymmetric in the last two
indices, while the contortion tensor is antisymmetric

in the first two indices. Following these definitions,
it is convenient to represent the torsion tensor in
terms of three irreducible components: the trace vec-
tor Tμ = Tβ

μβ , the axial vector Sα = εαβνμ Tβνμ, and

the tensor qβνμ, which satisfies the conditions qβ

μβ = 0
and εαβνμ qβνμ = 0. In this way, the torsion tensor be-
comes Tβνμ = 1

3

(
Tν gβμ − Tμ gβν

) − 1
6 εβνμγ Sγ + qβνμ,

and we can rewrite the one-form connection (3) in
terms of these irreducible components [20, 21, 41]. We
also have that ωa

b = ω a
μ b (x) dxμ is the one-form con-

nection. Both one-form connections can be obtained
by solving the Cartan structure equations Ta = dθ̂a +
ωa

b ∧ θ̂b [40], where the operator d is the exterior
derivative, the symbol ∧ denotes the wedge product,
and Ta is the torsion two-form.

As discussed in [42, 43], we can either follow the
treatment of the Dirac equation [43] and use the ex-
pression for the covariant derivative by using the spino-
rial connection to write the Schrödinger equation in
the Minkowsky spacetime background in cylindrical
coordinates or transform the coordinates directly from
Cartesian to cylindrical coordinates (to treat the Dirac
equation in this fashion, we would have to write the
σμ matrices in cylindrical coordinates). By substitut-
ing p̂i = −i∂i for π̂i = −i∂i − i
i, we can rewrite the
Schrödinger equation in the form [20, 21]

i
∂ψ

∂t
= 1

2m

[
�p + ��

]2
ψ + 1

8
�σ · �S ψ + V (ρ) ψ, (4)

where the vector �� is defined in such a way that its com-
ponents are given in the local reference frame by �k =
+ 1

2 σ 3 eϕ

k (x) − 1
8 S0 σk. By solving the Cartan structure

equations Ta = dθ̂a + ωa
b θ̂b [40], we obtain ω 1

ϕ 2 (x) =
−ω 2

ϕ 1 (x) = −1 and T3 = 2�ρ dρ ∧ dϕ. Hence, we ob-
tain one non-null component of the axial four-vector
Sμ, which is S0 = −4�. With these information in our
hands, the Schrödinger equation (4) becomes

i
∂ψ

∂t
= − 1

2m

[
∂2

∂ρ2
+ 1

ρ

∂

∂ρ
+ 1

ρ2

∂2

∂ϕ2
− 2�

∂2

∂z∂ϕ

+ (
1 + �2ρ2) ∂2

∂z2

]
ψ + 1

2m
iσ 3

ρ2

∂ψ

∂ϕ

− iσ 3

2m
�

∂ψ

∂z
+ 1

8mρ2
ψ + �2

8m
ψ + V (ρ) ψ. (5)

From (5) we see that ψ is an eigenfunction of σ 3,
whose eigenvalues are s = ±1 and that the Hamiltonian
on the right-hand side commutes with the operators
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Ĵz = −i∂ϕ + (1/2)σ 3 and p̂z = −i∂z; thus, we can write
the solution of the Schrödinger equation (5) on the ba-
sis of the eigenfunctions of the operators Ĵz and p̂z, that
is, ψs = e−iEt ei(l+ 1

2 )ϕ eikz Rs (ρ), where l = 0, ±1, ±2, . . .

and k is a constant. Thus, substituting this general
solution into the second-order differential equation (5),
we have that

ERs = − 1

2m

[
d2 Rs

dρ2
+ 1

ρ

dRs

dρ

]
+ 1

2m
γ 2

s

ρ2
Rs

− �k
m

γs Rs + 1

2m

(
k + s

�

2

)2

Rs

+ �2k2ρ2 Rs + V (ρ) Rs, (6)

where we have defined γs = l + 1
2 (1 − s). Now, let us

consider a spin-1/2 quantum particle under the action
of a constant radial force whose modulus is F. Hence,
(6) becomes

ERs = − 1

2m

[
d2 Rs

dρ2
+ 1

ρ

dRs

dρ

]
+ 1

2m
γ 2

s

ρ2
Rs

− �k
m

γs Rs + 1

2m

(
k + s

�

2

)2

Rs + �2k2ρ2 Rs

+ F ρ Rs, (7)

The wave function of the spin-1/2 quantum particle
resulting from the solution of (7) must be regular at
the origin. To discuss a general solution including the
origin, [15–17] applied the self-adjoint extension ap-
proach. Here, we focus the functions Rs that are regular
at the origin, which allows us to write the solution of (7)
in the form:

Rs (ρ) = e− 1
2 � k ρ2

e− F
� k ρ ρ |ζs| Hs

(√
� kρ

)
, (8)

where we have considered only the positive values
for k > 0. The function Hs is the Heun biconfluent
function: Hs = H

[
2 |γs| , F

(� k)
3/2 ,

βs
�,k + F2

4�3 k3 , 0,
√

� kρ
]

[44], where in the third parameter,

βs ≡ 2mE + 2�kγs −
(

k + s
�

2

)2

. (9)

To make the radial solution finite everywhere, we then
require the Heun biconfluent series to become a poly-
nomial, a condition that will be satisfied if [44–46]

βs

�k
+ F2

4�3 k3

= 2 (n + 1) + 2 |γs| (n = 0, 1, 2, . . .). (10)

Thus, to ensure that the wave function be finite
everywhere, the energy levels for the spin-1/2 quantum
particle under a constant force field must be of the form

En, l = �k
m

[
n + |γs| + γs + 1

] − 1

2m
F2

4�2k2

− 1

2m

[
k − s

�

2

]2

(n = 0, 1, 2, . . .). (11)

Note that each energy level n is degenerate. To
obtain the energy levels of the bound states, previous
studies of the quantum bouncer [36, 37] have imposed
upon the quantum particle a new potential that restricts
its motion and hence leads to nondegenerate states, for
as shown in [34] and [35], the normalization of the wave
function for a fixed value of the energy yields a unique,
i. e., nondegenerate solution of the Schrödinger equa-
tion. Here, by contrast, we have shown that when the
spin-1/2 quantum particle is subject to a constant radial
force, the presence of a uniform distribution of screw
dislocations parallel to the z-axis yields normalized so-
lutions of the Schrödinger equation in correspondence
with a discrete spectrum comprising only degenerate
energy levels.

3 Conclusions

In this paper, we have studied the quantum dynamics
of a spin-1/2 particle under a constant force field in the
presence of a uniform distribution of screw dislocations.
We have seen that the Schröndiger equation can be
solved exactly and that a discrete spectrum constituted
of degenerate energy levels results.
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