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Abstract In this article, we shall obtain the boundary
state associated with a moving D p-brane in the pres-
ence of the Kalb-Ramond field B,,, an internal U(1)
gauge field A, and a tachyon field, in the compact
spacetime. According to this state, properties of the
brane and a closed string, with mixed boundary con-
ditions emitted from it, will be obtained. Using this
boundary state, we calculate the interaction amplitude
of two moving D p; and D p,-branes with above back-
ground fields in a partially compact spacetime. They are
parallel or perpendicular to each other. Properties of
the interaction amplitude will be analyzed, and contri-
bution of the massless states to the interaction will be
extracted.

Keywords Moving branes - Boundary state -
Background fields - Interaction

1 Introduction

Strings are not the only objects of string theory. Since
1995, it has been realized [1] that the theory includes
extended objects carrying charges related to special
antisymmetric fields and that the strings cannot be the
sources of these fields. The sources are D-branes (the
word “D-brane” is a contraction of “Dirichlet brane”).
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The coordinates of the attached strings satisfy Dirichlet
boundary conditions in the directions normal to the
brane and Neumann boundary conditions in the di-
rections tangent to the brane. A Dp-brane is a p-
dimensional object. In the type IIA string theory, the
branes have the even dimensions p € {0, 2, ..., 8} while
for the type IIB theory the branes dimensions are odd
pe{—1,1,...,9}. For the type I theory, there is p €
{1, 5, 9}. The D p-brane is the source of the (p + 1)-form
R-R gauge field.

The D-branes are found to be important in nonper-
turbative string theories because in the strong coupling
they become arbitrarily light and dominate the theory
at low energies [2]. They are also important because
the low-energy fluctuations of D-branes are described
by supersymmetric gauge theory, which is non-Abelian
for coincident branes.

One of the interesting aspects of the D-branes is
the interaction between them, which can be obtained
through two different procedures, which are nonethe-
less equivalent: from the one-loop diagram of an open
string and from the tree-level diagram of a closed string
[3]- Since the two D-brane interaction can be described
by the exchanging of closed strings, we here restrict
ourselves to the second approach. The state describing
the closed-string production from the vacuum is called
a boundary state. The boundary-state formalism is a
powerful method for studying branes properties and
their interactions.

Among the achievements in the subject of boundary-
state formalism is the study of the interaction of mixed
branes (branes with both Neumann and Dirichlet
boundary conditions), moving and angled branes in the
presence of background fields such as a U(1) gauge
field [4-6] and an antisymmetric field B,,, [7-16]. The
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tachyon field has also been added as a background field
in some studies [17-20].

Since D-branes are not static objects, studying their
dynamics is essential to interpret them as physical ob-
jects in string theory. Considering the velocity for a D-
brane, which is equivalent to taking into account the
scalar fields from the worldsheet point of view [21], as
well as the gauge field on the D-brane worldvolume,
is very instructive, to study D-brane dynamics. In addi-
tion, progress in the study of open-string tachyon fields,
due to the seminal work of Sen [18, 22-24] added to our
knowledge of D-branes, their instability or stability fea-
tures, and the true vacuum of tachyonic string theories,
among other issues [22, 23].

The above facts motivated us to study a system of
two moving D p; and D p,-branes in the presence of the
following background: tachyon field, Kalb—-Ramond
field B,,,, U(1) gauge fields which live in the worldvol-
umes of the branes, and a partially compacted space-
time on tori. The brane dimensions p; and p, are
arbitrary. The relative configurations of the branes
are parallel and/or perpendicular. Without fixing the
position of the branes, we study both configurations
simultaneously. We calculate the boundary state, corre-
sponding to the branes, and then obtain the interaction
amplitude between them through exchange of closed
strings. While the spacetime is allowed to have compact
directions, we observe that presence of the tachyon
field has some effects on wrapping of the closed string
around these directions. In addition, the tachyon field
also affects the interaction amplitude of the branes.
For example, the behavior of the amplitude for large
distance branes deviates substantially from what is ex-
pected in the conventional case; we present a simple
interpretation for this deviation.

2 The Boundary State

We begin with a special sigma model for the string. This
sigma-model action contains the antisymmetric field
B,.,, tachyon fields, two U(1) gauge fields living on the
world volume of the branes, and two velocity terms
corresponding to the motion of the branes

1
o (V—gg™ G, X" 0p X"
47ro{’/2 U( &8 uvma b
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where X is the worldsheet of the closed string, ex-
changed between the branes. The boundaries of this
worldsheet, i.e., (3X); and (9X),, are at Tt =0 and
T = 19, respectively. The U(1) gauge field A? lives in
the D p,-brane, and V;z is its velocity component along
X% direction. The set {X*} specifies the directions
along the D p,-brane worldvolume and { X%} shows the
directions perpendicular to it. Similar variables with the
index “1” refer to the D p,-brane.

Here, we take the background fields G,, and B,
to be constant, and the profile of the tachyon field is
definedas 72 = T, + %U w X* XY, with constant T and
constant symmetric matrix U,,,. The advantage of this
profile is that the theory will be Gaussian and, there-
fore, exactly solvable [19, 20]. Setting the variation of
this action with respect to X* (o, 7) equal to zero gives
the equation of motion of X*(o, r) and the boundary-
tate equations of the emitted (absorbed) closed string
from (by) the brane. For simplicity, we remove the
indices “1” and “2” of the variables which refer to the
Dp; and Dp,-branes. We shall restore these indices
in the interaction of these branes. Therefore, we have
the following the mixed boundary-state equations (i.e.,
a combination of Dirichlet and Neumann boundary
conditions) at T = 0:

[0, (X = VX4 F° 9, X*—U" X"]|B,, 1=0)=0,

(2)
[0: X + F* 30, X* — U® , X"]| By, T = 0) =0, (3)
(X' — VX — By, 1 =0)=0, 4)

where « refers to the spatial directions of the brane (i.e.,

a # 0), {y'} denotes the initial transverse coordinates of
the brane, and F is total field strength

.7:0,13 = 3aAt3 — BﬂAa — Baﬂ. (5)

The first two terms define the field strength of A,,
which is assumed to be constant. For simplification, we
also assumed the mixed elements of the Kalb—-Ramond
field to be zero, i.e., B, = 0.
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To solve these equations, we use the general solution
of the closed-string equation of motion

X*(0,7) = x* + 20 p't + 2L"0 + %x/ﬂ

1 —2i) — ~ —2i
x Z % (aﬁ,ﬁe im(t—o) _’_ar;:.le tm(r+o)) )
m#0
(6)

In this relation, L is zero for non-compact directions
and L* = N*R" for compact directions, where N* is
the winding number of the closed string and R" is the
radius of compactification of the compact direction X*.
Therefore, the boundary-state (2)—(4) can be written in
terms of the oscillators

[(afn - Viozfn — Foaafn — ﬁUQ Ua,‘;)
+ (&Qm—vf&ierfoaa‘jeriUO U&zm)} |By.7 = 0)
=0, (7)
[CREE s
g 5 ~ I - .
+ <(xfm+]:“,gafm+%U“vaim)] |By, T =0)

=0, (8)

[(cf, = Viap) — (&, — V'&",)]I1Bx, T =0)=0, (9)

and zero modes

I:ZO(/ (pO—lel)+ ZFOaLO(_UO va)op] |B)C7 T = 0> = 0’
(10)

0 v — —
U°, LS| By. 7 =0) =0, (11)

(20'p* +2F75LF — U x") Byt =0)=0,  (12)

U®, Ly, | By, T =0) =0, (13)
(xi — Vix® — y")OID |By, 7 =0) =0, (14)
Li|By. T =0)=0. (15)

(p' - vip")op |By, T =0) = 0. (16)

where we assumed that the time direction is non-
compact, i.e., L°=0. The index “op” identifies an
operator.

From now on, we put a restriction on the velocities
and consider both D p; and D p,-branes to move along
the common direction X, which is perpendicular to
both of them. Thus, (10), (12), and (16), lead to

2
o_ Y (1, 0_1 B
p :—<7U Mx“—f(/gLﬂ),

o \2
5[_1 1U5t w j_‘&_LB
rr= U - FE )
Vy?

a/

(%Uoﬂx“ - f05L5> : (17)

where y = 1/4/1 — V2. For the compact direction X",
we also have p* = M*/R" where M" is the momentum
number of the closed string. These equations imply
that the nonzero momentum components (momentum
numbers) of the closed string depend on its winding
numbers around the wrapped directions of the brane,
and its center-of-mass position. The former is due to
the massless background fields, while the latter is the
effect of the tachyon field.
Combining (11), (13), and (15) leads to

o B — _
U LB By, T = 0) = 0. (18)

If the p x p square sub-matrix U 5 is invertible, we
obtain

LE Byt =0) =0. (19)

Thus, the background tachyon field prevents the wrap-
ping of the closed string around the compact directions
of the brane. Equations (15) and (19) imply that the
closed string cannot wrap around any compact direc-
tion of the spacetime. Putting aside the invertibility of
the sub-matrix U? ;, the closed string can wind around
the compact directions of the brane. However, we as-
sume U? ; to be invertible.

We now solve the boundary-state equations to ob-
tain the boundary state. By using the coherent state
method [25], (7)-(9) give the oscillating part of the
boundary state as in the following expression:

o0

|Bose. T = 0) = [ ] [det M,y] ™'

n=1

oo 1 ~
X exp |:— Z <mo‘&m8(mmvaim>i| |0),

" (20)

@ Springer



180

Braz J Phys (2011) 41:177-183

where

Sm =Sm +((S—m )71)T7

{S()—J\/(I‘)lN (—m) (1)
(m) = My tVim)-

The matrix ((S_n)~ "7 appears here because S
is mode dependent and, generally, not orthogonal. The
matrices M, and N,,,, which depend on F, V, B and
U, are defined by

Mf;n)v = QN'v - ﬁuauaﬂa (22)
where
Q0 =8, — Vb, — F8%,
Qf, =8, - J-‘aﬁsﬂg, (23)
Q’M :Slﬂ— Vé§ i 6%,
and
Ng_’mm =8% — tio ot Flad )+ U0,
Né_xm)u = SQH + ]:aﬂ(?ﬂﬂo—i_ ﬁUa,u’ (24)
Ném)/t =8, + V88 4

where V¥ = V. The infinite factor in (20) can be regu-
larized as

e}
[1[det M) ™" = Vdet2 detF(% + 1>. (25)

n=1

Itis seen thatif U = 0 then (25) will be the familiar DBI
Lagrangian.

Solving the zero mode equations (10)-(16) by con-
sidering x* and p* as quantum mechanical operators
and using their commutation relations, we find the state

1Byt =0)
T o0
-3 LI
n
x {exp | —ie/ (U™ — UO"“V)_1 (PO)2

iy 2s [(1 ~ 3%5) UB&P&]
— 2 ; Z}; (UE?UBP)

PP

x 8 (x' — Vx¥ — y") 1_[ 8 (x/ =y

J#io
< [11p5 = p) [ [1p]. = Pk =0)p}
@ J#io
o
=pr=5V"t, (26)

2
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where P* = p* — Vp8%, and &, B and y take their val-
ues from the spatial directions of the brane. The index
j indicates the directions perpendicular to the brane,
except iy. Since the tachyon field prevents the closed
string from wrapping around the compact directions,
the left and right components of the momentum are
equal. This implies that closed string has zero winding
numbers, and its momentum components are not dis-
crete. We, therefore, have to integrate over them.

3 Interaction Between the Branes
3.1 Amplitude

To calculate the amplitude of the interaction, we need
the total boundary state. The result in (20) and (26)
is the matter part of it. We should also take into ac-
count the boundary state associated with the conformal
ghosts. This is due to the fact that we are working in the
covariant formalism. So the total boundary state, with
which we will calculate the amplitude, is

|B, 7 =0) = |Bose, T = 0)| By, T = 0)V| Bgn, T = 0),

27)
where the ghost part is
|tha T= O) = exp |: Z (C—mg—m - b—mg—m):|
m=1
¢o + €0 -
x—o—lg=1Ig=1). (28)

Now, we proceed to calculate the amplitude of the
interaction between the Dp;-brane and Dp,-brane
through the closed string exchanging between them.
For this purpose, we need the closed-string propaga-
tor, which is given by D = 2o’ [~ dte™"", where H is
the closed-string Hamiltonian. The overlap of the two
boundary states, corresponding to the branes, via this
propagator defines the interaction amplitude, i.e. A =
(B1|D|B,). Before calculating the interaction ampli-
tude, we have to define index conventions. The set {i}
shows directions perpendicular to both branes, except
io, {u} is for the directions along both branes, except
0, {}} is used for the directions along the Dp;-brane
and perpendicular to the D p,-brane, and {«}} indicates
the directions along the D p,-brane and perpendicular
to the Dp;-brane. We then have the relations

{an} = (@ U (e} U0},  {an} = (i} U {3} U {0},
{in} = (i} U b} U fioh,  {ia} = {i} U e} U {io}
{1} = {a1} U (i1} = {aa} U {ia). (29)
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Since the position of the branes are specified by the
running indices {a;} and {a,}, the Dp; and D p,-brane
can be parallel or perpendicular to each other.

After a long calculation, the following interaction
amplitude results

o Ve T, Tp 1 1/00
= L det[ M 1 M dt
4(27.[)01; |V1 _ V2| '1:11 ( et[ (m)14VE( )2]) A

(o]
« {e(dZ)t/6 1_[ ([det (1 _ S(m)l‘s‘({n)ze*‘lmt)]—l

m=1

d-

x(l—e74"”)2>x< %) ’
4;%2( _- _y2) H@)*

In
;c ;c L +00
Yi =2 ot / o %
X dp,*' | | dp>™
( 27‘[ R;C T (Ric)2> —00 1:][ : 1;[ ?

X [exp (—o/t (f(Hf(*) + P % p©

X exp

+ P2 pa®™ + Plupza))
X exp (iq>(12)y2"0 — D21y,
oy Ziyza’lpla'l)

ol Qno + ET70

+ 2iy,*? ps
X exp (n

+ m'Gim +7T2TG27T2)] }, (30)

where V; is the common worldvolume. i, and i, indicate
the compact and non- compact parts of X', with d;

dlm{X inyand d; = dlm{X 1. The directions X and X n
are perpendicular to both branes. In addition, R; is
the radius of compactification and d is the spacetime
dimension. We also defined

0 o)
nO: <p(1)>7 T = plﬁ 5
P> P

in which the elements of 7| and m, are (dy; + d;) and
(dy, + dg), respectively. The notations ®(12) and f )
are defined by

1
©(12) = - [(1+ Viva)ps = (14 V)R] G1)

Vo= Vi

1
[Va— Vi

x [(14+ Vi) (1+V3)pd —

f(+) —

(1+v2)(1+Vvi)pY].

(32)
By exchanging 2 < 1 in (31) we find ®(21), and by
letting V; — —V; and V, — —V; in (32) we find

f(’). The matrix elements of Q, G, and G, and of the
doublet

e=(})

are defined through by the following expressions:

= 1+ V(1 -V)?
On (VTVI)Z( 1 )( 2 )
+2ia (U® — UM V) (1= Va2),
Q22 = (Vai/;)z(l + sz)(l — V12)
Q: o (33)
_Zia/(Ugo _ U;),iovz)fl(l . V]Z)z,
Q12 - Q21 = aitz(l + V]Z)(l + V22)
( »=Vi
x (1 -V Vz),
E, = VziVl I:Y2i°(1 + V12)2 - ylif’(l + Vi Vz)] ,
E:
Ey= iy [ylio(l VP (14 V) vz)] ,
(34)
GP = 4io’ % o 158,
! 2 (Ullﬂl Uylﬂ]) ’
GU = 4ia/%,
Y5, WU
G = 4ia/$
¥, ol
iiv a0)U' -
Glf = 410/W — %CY 15",

To define G,, we exchange 1 «— 2 andi — —iin each
element of Gy. For parallel D-branes with the same di-
mension, the terms containing o] and o} disappear. The
effects of compactification are in the product of the ®3-
functions. The amplitude in the non-compact spacetime
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can, therefore, be obtained as follows: remove the ®3-
functions and let i, — i and d; — d.

Integration over the momenta simplifies the expres-
sions for the amplitude. After introducing the regular-
ization (25), we find that

o Vg Ty Ty,

= \/dtQQ det
4Qm)% |V, — (1) de

() (-

o]
_ _ —1
« 1ot z>:/al—[ ( det — Som1 8& e 4mt)]

m=1

d-

e ()
i 2 (0 =) | T

W
% Yi— W
ZJTR;L

X exp

o't 1
7(R;)? | /det Q detG; det G,

xew |~ [ B0 E+ Y (505G
anby
+ Z (yl ylz(G )az;%)

"
.6,

(36)

The tachyon, Kalb—-Ramond and gauge fields are col-
lected in the matrices Q;, Q,, S1, S2, O, Gy, G2, and
the doublet E. As expected, the amplitude is symmetric
under the exchange 1 «— 2.

The constant factors multiplying the integral show
the strength of the interaction. The third and fourth
lines in (36) reflect the portion of oscillators and confor-
mal ghosts in the interaction. The exponential factor in
the fifth line is a damping factor with respect to the dis-
tance of the branes. If all directions {X’} are compact,
then d; =0, and this exponential factor disappears.
Similarly, if they are non-compact then the ®;-factor
will be eliminated.

3.2 Behavior of the Interaction Amplitude
for Large Distances

In any interaction theory, one should verify behavior

of the amplitude at large distances, which yields the
associated long-range force. In our case, it is related

@ Springer

to the contribution of the closed-string tachyon and
massless states to the interaction. We now want to
verify this statement for our system, which contains a
special tachyon field. In other words, we intend to study
the effect of the background fields on the interaction
amplitude after long times. For this purpose, we should
take the limit lim,_, o, A. Since the matrices Q, G, and
G, are functions of time, for d = 26 the following limit
results:

lim {e4tl_[ ([det(l - 5(m>15<£1)2e_4m’)]_1 (1- e“"’”)z)

=00

1 1
X exp|—-ET _1E>
Jdet O det G, det G, P < 4 0 }
24a1/2 (1) (Pr+p2)/2 [V, — Vs
o/ (P1+p2)/2 A+ ViHa+vyH

T
Tr(S(mS(l)z) —
1+ (p1+p2)/2

|
. (37)

oM
x i A
After substitution of the limit (37) into the amplitude
(36), the massless states and tachyon contributions to

the interaction amplitude for d = 26 become

Va Ty, Tp,

40n )d v/ det(2:2)

U, U,
det| T 1) 1
* e[ <2is21 - ) (2i92+ ﬂ

i (=1)Prtp)/2 pda+1/2 1
1+ Vi) + V)

1 - -
ot Z(yﬁ” — yainy?
in

Ay =

o/ (P1+p2)/2

d-
o0 T n
X dr — ex
/ < o’ t) P

i i
Yi =)

®
Xl___[ 3( 27‘L’R;r
ic ¢

o dalt .
lim
7-[(R;C)2 —00
oM
X [1+(P1+]72)/2+

TI‘(S([)[S(Y;)Z) - 2:|

14+ (p1+p2)/2
(38)

The divergent part in the last bracket corresponds to
the tachyonic closed-string state. It differs from the
same part in the papers by the coefficient 1/¢'+(P1+r2)/2
which slows down this divergence. The other term of
the last bracket is related to the contribution of the
massless fields, which rapidly approaches zero in the
large-distance limit. It is remarkable that this damping



Braz J Phys (2011) 41:177-183

183

factor depends only on the two D-branes dimensions
not on their relative configuration. So in the presence
of the tachyon field the behavior of the interaction
amplitude has changed in such a manner that in large
distances the contribution of the graviton, dilaton and
Kalb—-Ramond fields disappears. This effect may be
understood as follows.

According to the first equation of (17) the energy p°
defines a linear potential, acting on the closed string.
This potential, due to the background tachyon, slows
down the motion of the closed-string. This is true for
all closed-string states, including the massless ones. The
exchanged closed-strings will, therefore, cease and the
long-range force, vanish.

The vanishing of the D-branes interaction after
sufficiently long time may also be interpreted as the
rolling of the tachyon field in this limit [24]. The pres-
ence of the open-string tachyon field implicates that the
D-brane is unstable, that is, in the long-time limit the
tachyon rolls down to its minimum potential, and hence
the D-brane decays to closed-string states and finally
disappears. Thus, in the long run no D-branes are left
to interact with each other.

4 Conclusions

We obtained the boundary state of a closed string,
emitted (absorbed) from (by) a moving brane in the
presence of the background fields B,,,, tachyon, and in-
ternal U(1) gauge field. By partially compactifying the
spacetime on tori, the formalism was applied to both
compact and non-compact spacetimes. We observed
that the closed string cannot wrap around the compact
directions of the spacetime, which are perpendicular
to the brane’s world volume. In addition, for a special
tachyon matrix, the tachyon prevents the closed string
from winding around the compact directions parallel to
the brane’s volume.

The interaction amplitude of two D-branes with ar-
bitrary dimensions was calculated. The D-branes are
parallel or perpendicular to each other. Due to the
tachyon field, the strength of the interaction between
the branes depends on all mode numbers of the ex-
changed closed string. The background fields, specially
the tachyon field, affect the interaction. In other words,
the background fields define an effective tension for
each D-brane. In the corresponding potential, which
is related to the interaction amplitude, the product of
these effective tensions define a coupling constant. The
value of this coupling constant determines the strength

of the interaction. By adjusting the parameters V, V5,
{UN, U AFL), F3)Y and {R*|u # 0} we can there-
fore control this strength.

If the branes are separated by large distances, the
contribution of the massless states (i.e., graviton, dila-
ton and Kalb-Ramond fields) goes to zero and the
divergence part related to the tachyonic closed-string
state slows down considerably This can be understood
as a decelerating potential, which acts on the exchang-
ing closed strings, and also by the rolling of the tachyon,
which leads to the instability of the D-branes and hence
causes them to decay.

Although in this article, we are dealing only with
bosonic string, it is worth noting that similar considera-
tion, concerning the effects of compactification, works
for the superstring case, since these effects are indepen-
dent of the fermions. The addition of fermionic degrees
of freedom to the present formalism is in progress.
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