Brazilian Journal of Physics

BRAZILIAN JOURMAL OF

> ISSN: 0103-9733
luizno.bjp@gmail.com
Sociedade Brasileira de Fisica
Brasil

Shabbir, Ghulam; Khan, Suhail; Jamil Amir, M.
A Note on Classification of Cylindrically Symmetric Non-static Space-Times According to Their
Teleparallel Killing Vector Fields in the Teleparallel Theory of Gravitation
Brazilian Journal of Physics, vol. 41, num. 2-3, septiembre, 2011, pp. 184-194
Sociedade Brasileira de Fisica
Sao Paulo, Brasil

Available in: http://www.redalyc.org/articulo.oa?id=46421602015

How to cite é} //._‘-

.
p .

Complete issue o .
P Scientific Information System

More information about this article Network of Scientific Journals from Latin America, the Caribbean, Spain and Portugal

Journal's homepage in redalyc.org Non-profit academic project, developed under the open access initiative


http://www.redalyc.org/revista.oa?id=464
http://www.redalyc.org/articulo.oa?id=46421602015
http://www.redalyc.org/comocitar.oa?id=46421602015
http://www.redalyc.org/fasciculo.oa?id=464&numero=21602
http://www.redalyc.org/articulo.oa?id=46421602015
http://www.redalyc.org/revista.oa?id=464
http://www.redalyc.org

Braz J Phys (2011) 41:184-194
DOI 10.1007/s13538-011-0032-3

SOCHDADE BWOASE EMA DE FISICA

PARTICLES AND FIELDS

A Note on Classification of Cylindrically Symmetric
Non-static Space—Times According to Their Teleparallel
Killing Vector Fields in the Teleparallel Theory of Gravitation

Ghulam Shabbir - Suhail Khan - M. Jamil Amir

Received: 16 May 2011 /Published online: 29 July 2011
© Sociedade Brasileira de Fisica 2011

Abstract In this paper, we explored the conservation laws
of cylindrically symmetric non-static space—times by using
direct integration technique. This classification also covers
non-static plane symmetric space-times, static cylindrically
symmetric space—times and plane symmetric static space—
times. In this paper, we will only present the results of non-
static cylindrically symmetric and non-static plane symmetric
space—times. The results of static cylindrically symmetric
space—times and plane static space—times can be found in
Shabbir and Khan (Mod Phys Lett A 25:525, 2010). It turns
out that the non-static cylindrically symmetric space—times
admit four, five, or seven conservation laws. It is important
to note that the above space—times admit at least one or at the
most four extra conservation laws.

Keywords Weitzenbdck geometry- Torsion - Conservation
laws

PACS - 04.20.-q - 04.20.-Jb - 11.30.-

1 Introduction

Symmetries in general relativity plays a vital role in
exploring some crucial aspects of the space—time physics,
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for instance refer to [1] where the authors discussed the
utility of Killing vector fields in determination of cosmo-
logical and gravitational red shifts and [2] where the
authors presented a formalism which generalizes a simple
2+1 action of fluids with anisotropic stress. Symmetry
restrictions are also imposed on the space—time metrics to
solve the Einstein’s field equations. These symmetry
restrictions are well expressed in terms of Killing vector
fields, which give rise to conservation laws [3].

General relativity is not the only theory which describes
the gravitational interaction between matters. The tele-
parallel theory of gravity is an alternative theory of
gravitation which was proposed by Einstein for the
unification of general theory of relativity and quantum
gravity. Although he did not succeed in his attempt, we
study teleparallel theory of gravity as an alternative theory
of gravity without unifying it with quantum gravity. The
basic difference between general relativity and teleparallel
theory is that gravitation is attributed to curvature in general
relativity while in teleparallel theory torsion is responsible
for gravitational interaction which plays the role of a force
[4-6]. In the next section, a procedure for finding torsion in
the space—time will be discussed in detail.

A natural question in one’s mind arises about the
conservation laws in teleparallel theory of gravitation.
Keeping this point in mind, Sharif and Amir [7] introduced
the teleparallel version of the Lie derivative for Killing
vector fields and used those equations to find the tele-
parallel Killing vector fields in Einstein universe. Using the
teleparallel Lie derivative proposed in [7], we have
explored teleparallel Killing vector fields in Bianchi type I
space—times [8], Bianchi type II space-times [9], Bianchi
type III and Kantowski—Sachs space—times [10], spatially
homogenous rotating space—times[11], and cylindrically
symmetric static space—times [12]. In [13], the author
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calculated energy, momentum, angular momentum, and
teleparallel Killing vector fields for Brane world black hole
in teleparallel theory, and he showed that when the results
of energy, momentum, and angular momentum are in
agreement with the results of general relativity, teleparallel
Killing vector fields are also in agreement with the results
of general relativity. Keeping this point in mind, it will be
interesting to investigate the Killing symmetry in tele-
parallel theory, which, in turn, will help in understanding
and estimating the various physical properties of the space—
time such as energy, momentum, and angular momentum in
this alternate description of gravity. Our current study
covers the classification of static cylindrically symmetric
space—times, plane symmetric static space—times, and non-
static plane symmetric space—times. In this paper, we will
only present the results of non-static cylindrically symmet-
ric and non-static plane symmetric space—times. The results
of static cylindrically symmetric space—times and plane
static space—times can be found in [12]. The current study
will not only help to understand the geometrical and
physical properties of the space—time but the effect of
torsion on the gravitational laws can also be deduced.

2 Overview

The teleparallel covariant derivative Vp of a covariant
tensor of rank 2 is defined as [14]

ngpAvﬁa (1)

where comma denotes the partial derivative and ng are
Weitzenbdck connections defined as [14]

0
Vo Au =Auvp — T pvAue —

rY, =KJo,K;, (2)
where K} is the non-trivial tetrad field. Its inverse field is
denoted by Kj; and satisfies the relations

KiK. =36,

u’

K! K! = &¢ (3)

Throughout this paper, a,b,c,.... = 0,1,2,3 denote the
tangent space indices and u,v,p,.... = 0,1,2,3 denote the
space—time indices. The Remannian metric can be generated
from the tetrad field as

8uv = nabKZK\I;' (4)

where 7,, is the Minkowski metric given by 7, =
diag(—1, 1, 1, 1). Also the torsion of the space-time in
terms of Weitzenbdck connections is defined as

0 0 ]

w =TT, (5)
which is anti-symmetric with respect to its last two indices. It
is important to note that the curvature of the Weitzenbock

connection vanishes identically [15]. The TP Killing
equation is defined as [7]

T
% Guv = uvp X’ + 8o X"y + GupX”,

(6)
V+Xp (gBVT‘Zp +gH9T:p) = Oa

T
where I); denotes the teleparallel Lie derivative with respect
to the vector field X and 7 /?v denotes the torsion tensor.

3 Main Results

Consider cylindrically symmetric non-static space—times in
usual coordinates (¢, r, 6, z) (labeled by (xo, X!, ¥ x3),
respectively) with the line element [16]

d52 _ _82A(t,r)dtz 4 dr2 4 eZB(tJ‘) d02 4 eZC(tJ‘) dZZ, (7)

where 4, B, and C are functions of ¢ and » only. The case
when B(t,r) = C(t,r), the above space-times (7) become
plane symmetric non-static space—times. The tetrad compo-
nents and its inverse can be obtained as follows:

KZ _ diag(eA(z‘.r)7 1’ eB(t,r)7 eC(z‘,r))7

) (®)
K" = diag (efAW), 1, e B0, eiC(”r)).

The corresponding non-vanishing Weitzenbdck connec-
tions for (8) are obtained as

Dhg=4,T =4,T3=8,T3=8,T3=C,T3;=C,

©)

where “dash” denotes the derivative with respect to » and
“dot” denotes the derivative with respect to ¢ Thus, the
non-vanishing torsion components are obtained as

TIOO =A'(t,r), ng =B(t,r), Tg3 =C(t,r), T122 =B(tr),
T133 = C/(t7r)’
(10)
A vector field X is said to be a teleparallel Killing vector

field if it satisfies (6). One can write (6) explicitly using (7)
and (10) as

AX°+X( =0, (1)
X% —0, Xézo, X;:O’ (12)
2C() X% 4 ¢2B(r) X§ —0, (13)

@ Springer
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eZB(t,r)X%) _ eZA(t,r)Xg + B<eZBX2 _ 07

e2c<”’)Xf) _ eZA(t,r))(g + X3 = 0, (15)
2B(1r) le + X% + BBy — ), (16)
X3 + X} 4+ C X =0, (17)
X=X — 4 210x0 = 0. (18)

Equations (11) and (12) give

X0 =Pl 0,2), X' = PX(1,0,2), X* = P(t,r,2),
X3 =Pt,r,0),

(19)

where P'(r, 0, z), P(t, 0, z), P(t, 1, 2), and P*(¢, r, 0) are
functions of integration which are to be determined. To
avoid lengthy details here, we shall write only the results

which are:

Case Al

Case A2

@ Springer

In this case, we have A(t,r) # B(t,r),
A(t,r) # C(t,r), and B(t,r) # C(t,r). The
space—time is given in (7). Solution of (11) to
(18) is given by
XO _ e*A(t,r)cl’

X3 — e*C([.I’)C‘h

X'=¢), X?=e B¢y,

(20)

where ¢y, ¢, 3, ¢4, € R. Here the above space—

time (7) admits four linearly independent tele-

parallel Killing vector fields which are

e AN D 2o Bun) 8 and ¢=C0r) L The
Killing vector fields in general relativity are (,%
and %. Here one can see that we get two more
conservation laws in teleparallel theory.

In this case, there exist the following three

possibilities which are

(a) A=A(t,r), B=B(t,r) and C = constant.
(b)4 = A(t,r), C = C(t,r) and B = constant.
(¢) B=B(t,r), C = C(t,r) and 4 = constant.

In (a) the space—time (7) can, after a suitable
rescaling of z, be written in the form

_EZA(t.r>dt2 4 er + eZB(t,r)dHZ + dZZ
21

ds? =

Case A3

Case A4

Teleparallel Killing vector fields in this case are

XO — e*A([,r)cl’ Xl =, X2 — e*B(t,)‘)c37
X3 = C4,

(22)

where ¢y, ¢,, 3, ¢4, € R. Here the above space—
time (21) admits four linearly independent tele-
parallel Killing vector fields which can be
written as e (") 78[, %, e Blr) %, and %
The Killing vector fields in general relativity are
2 and . Here one can see that we get two
more conservation laws in teleparallel theory and
one teleparallel Killing vector field is same in
both the theories. Cases (b) and (c) are exactly the
same.

In this case, the following three possibilities

exist, which are

(d)4 =A(¢,r), and B(t,r) = C(t,r).
(e)B=B(t,r), and A(t,r)=C(t,r).
(fYC=C(t,r), and A(t,r) = B(t,r).

In (d) the space—time (7) takes the form

dSZ _ —eZA(”)dtz + er 4 eZB (t,r) (d92 + dZZ)
(23)

The teleparallel Killing vector fields in this
case are

X0 =o)X = ¢,
XZ _ e*l‘?(t,r)c3 +zes e*B(t.,r)7

X3 = e*B(tA,r)c4 —Bes efB(t,r)’

(24)

where ¢, ¢, ¢3, ¢4, ¢cs € R. Here the above
space—time (23) admits five linearly independent
teleparallel Killing vector fields which can be
written as e"‘fo")%l%, e’B(“’)a%, e B 8—82,
and e~ 80" (z- 2 — 9-2). Killing vector fields in
general relativity are -2, 2, and (zZ — 6-2).
Here one can see that we get two more
conservation laws in teleparallel theory. Cases
(e) and (f) are exactly the same.

In this case, there exist the following three

possibilities, which are

(g) A =constant and B(t,r) = C(¢,r).

(h) B=constant and A(t,r) = C(¢,r).

(i) C =constant and A(t,r) = B(t,r).
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Case A5

Case A6

In (g) the space—time (7) can, after a suitable
rescaling of z, be written in the form

ds* = —df* + d? + 517 (d6” + d2%).  (25)

Teleparallel Killing vector fields in this case are
X 0= C1, X f= 2,
XZ _ efB(t,r)CS +zes efB(t‘r)7

X3 = e*l*}(t,r)c4 — Bcs efB(t,r)7

(26)

where c¢;, ¢, ¢3, ¢4, ¢cs € R Here the above
space—time (25) admits five linearly independent
teleparallel Killing vector fields which can be
Wr}i}tten as %,%7 e”.g(t:’)a%, e’B("'")H%, arlld
e B (z 9 — 6-2). Killing vector fields in
general relativity are 5—79, %, and (z% — 9%)
Here one can see that we get two more
conservation laws in teleparallel theory. Cases
(h) and (i) are exactly the same.

In this case, there exist the following three

possibilities, which are

()4 =A(t,r) and B(t,r)
(k) B = B(t,r) and A(t,r)
() C = C(t,r) and A(¢,r) = B(t,r) = constant.

In (j) the space—time (7) can, after a suitable
rescaling of # and z, be written in the form

ds? = —d? + di? + (d6* +d2).  (27)

Teleparallel Killing vector fields in this case are

X0 =W X = ¢y, (28)

X2 = + zcs, X3 =y — Ocs,

where ¢, ¢, ¢3, ¢4, ¢s € R. Here the above
space—time (27) admits five linearly independent
teleparallel Killing vector fields which can be
Wrritten’ as e’A("’)%,O%, %, (%, and
(zZ —6L). Killing vector fields in general
relativity are %, 2. and (z-% — 6-2). Here one
can see that we get two more conservation laws in
teleparallel theory, and three teleparallel Killing
vector fields are exactly the same in both the
theories. Cases (k) and (1) are exactly the same.
In this case, we have A(¢,7) = B(t,r) = C(¢,r).
The line element takes the form

ds? = M0 (—d + d6* + d2*) + dr?. (29)

C(t,r) = constant.

C(t,r) = constant.

Case B1

Case B2

Teleparallel Killing vector fields in this case are

X0 =4 e; 4 ze4e ) 4 Gese™ ) X = ¢q,
X2 = e Ay + tese A7) 4 zege A7)
X3 =4 ey 4 gy ) — Gge )

(30)

where ¢4, ¢, ¢3, c4, C5 Cs, €7 € R. Here the above
space—time (29) admits seven linearly indepen-
dent teleparallel Killing vector fields which can
b;mnenaas e—A((;,r) é‘_at ’jsj)r 7 e—A(‘t,r) 5_‘)9 e Aw) % 7
e (5 —04), e (”’)(z%—l— t2), and
e—Altr >(0% + t%). Killing vector fields in gen-
eral relativity are %, 2, and (z & — 64). Here
one can see that we get four more conservation
laws in teleparallel theory.

In this case, we have A(t) # B(t), A(t) # C(¢),
and B(t) # C(t). The space—time is given as

dSz — _eZA(I) d[2 4 er 4 eZB(t) dez 4 eZC(t) de,
(31)

where 4, B, and C are functions of ¢ only.
Solution of (11) to (18) is

XO = eiA(t)cl, Xl X2 = eiB(l‘)C37

X3 — efc(t)cz‘7

= (2,

(32)

where ¢y, ¢, ¢3, ¢4 € R. Here the above space—
time (31) admits four linearly independent tele-
parallel Killing vector fields which are
e 0 %, (%, e B0 0%, and ¢ €0 0%. Killing
vector fields in general relativity are -, -2, and
%. Here one can see that we get one more
conservation law in teleparallel theory and one
teleparallel Killing vector field is exactly the
same in both the theories.

In this case, there exist the following three

possibilities:

(al) 4 = A(t), B=B(t) and C = constant.
(bl) A =A(¢t), C=C(t) and B = constant.
(c1) B=B(t), C=C(t) and 4 = constant.

In (al) the space—time (7) can, after a suitable
rescaling of z, be written in the form

ds? = —e¥0 d2 + dr? + B0 d6? - d2. (33)

@ Springer
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Case B3

Case B4

@ Springer

Teleparallel Killing vector fields in this case are

XO — e*A(l‘)

X3 = C4,

c, X'=c, X?=ePe,

(34)

where c¢i, ¢, ¢3, ¢4 € R. Here the above space—
time (33) admits four linearly independent tele-
parallel Killing vector ﬁelds which can be written

—A() 0.0 ,=B() 9
ase 0 g, g e d 5> and - a Kllllng Vect(())r
fields in general relativity are -, a 5> and 4.

Here one can see that we get one more
conservation law in teleparallel theory and two
teleparallel Killing vector field are exactly the
same in both the theories. Cases (bl) and (c1) are
exactly the same.

In this case, the following three possibilities
exist, which are

(d1)4=A4(¢), and B(t)=C(z)
(el) B = B(1), and A(¢) = C(2).
(f1)C=C(¢t), and A(r) =B()

In (d1) the space—time (7) takes the form

dS2 _ _eZA(t) dtz + er + eZB(t) (d92 + de)

(35)

Teleparallel Killing vector fields in this case are

X0 = A0y, X' =,
X2 = e B0y 42050 B0 X3 = o B, -B0),

(36)

—0Ocse

where c¢y,¢,¢3,c4,¢5 € R. Here the above
space—time (35) admits five linearly independent
teleparallel Killing vector fields which can be

—A(t) 0 0 —B(t) _0 —B(t) 0
written as e~ <>£)7 (;,_e_ (>%,e ()0‘—_2,
and e () (z5—0 5) Killing vector fields in
general relathlty are -, 0%, 0%, and (z % -

9%). Here one can see that we get one more
conservation law in teleparallel theory. Cases (el)
and (f1) are exactly the same.

In this case, there exist the following three
possibilities, which are

(gl) A =constant and  B(t) = C(¢).
(hl1) B =constant and  A(z) = C(7).
(il) C = constant  and  A(¢) = B(¢)

Case B5S

In (gl) the space-time (7) can, after a
suitable rescaling of ¢, be written in the form

ds® = —dP + d? + P (d6” + d7).  (37)

Teleparallel Killing vector fields in this case
are

XO =Cy, Xl = C2,
X2 =e B0 +ze5e B0, X3 =By — G5B,

(38)

where c¢;, ¢, ¢3, ¢4, 5, € R. Here the above
space—time (37) admits five linearly indepen-
dent teleparallel Killing vector fields which can
bﬁiB\E\;)ritteI(lj as %{), 2, ?*ém 2z, e*B(’).%, agd
e (z §5 — 0%>). Killing vector fields in
general relativity are 0‘—1, a(lev 5—)2, and (z 0—% -
90%), Here one can see that we get one more
conservation law in teleparallel theory and one
teleparallel Killing vector field is same in both
the theories. Cases (hl) and (i1) are exactly the
same.

In this case, there exist the following three
possibilities, which are

GnHB= B( ) and A(¢z) = C(¢t) = constant.
(kI)C=C(¢t) and A(t) = B(t) = constant.
(ml)A A(t) and B(t) = C(t) = constant.

In (j1) the space—time (7) can, after a suitable
rescaling of ¢ and z, be written in the form

ds? = —dF 4 dr? + 5046 + d2. (39)

Teleparallel Killing vector fields in this case
are

XO = C1,

X? = e_B([)C3,

X' = ¢ + zcs,
. i (40)
X" =c¢4 —rcs,

where c¢y,cs,c3,¢4,¢5 € R. Here the above
space—time (39) admits five linearly indepen-
dent teleparallel Killing vector ﬁelds which can
; 9 0 -B(t) _0_
bewrlttenas e e ® 550 o ,and( 9 _
ra; 9, Killing vector fields in general relathlty
are %, aaev & and (z § ‘9 r()z) Here one can
see that we get one more conservation law in
teleparallel theory and three teleparallel Killing
vector fields are same in both the theories. Other

cases (k1) and (m1) are exactly the same.
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Case B6 In this case, we have A(f) = B(t) = C(¢). The

Case Cl1

line element takes the form

ds? = 0 (—d? + d6* +d*) +dr?. (41)

Teleparallel Killing vector fields in this case
are

X° = e W¢) 4 ze4e™V 4+ Gese ™D, X! = ¢,
X% =0y 4 tese ™0 4 zcée_A(’)7
X3 = e 0¢; 4 tege V) — Gege ™0,

(42)

where c¢;, ¢, ¢3, ¢4, C5, C6, ¢7 € R. Here the
above space-time (41) admits seven linearly
independent teleparallel Killing vector fields
which can be written as e () 2 2 o= 0.
e A0 L oA (z 0 — 9 D) e AW (z D 41T,
and e (02 + 1+-%). Killing vector fields in
general relativity are 0—‘1, 2)%7 %, and (z oi -
0%). In this case, we get three more conserva-
tion laws in teleparallel theory and one tele-
parallel Killing vector field is same in both the
theories.

In this case, there exist the following possibilities

(a2)4 =A(t), B=B(t,r), and C=C(t,r).
(b2)B=B(t), A=A(t,r), and C=C(,r).
(c2)C=C(t), A=A(ty), and B=B(tr).

In (a2) the space—time (7) takes the form

dS2 — *€2A<t) dt2 + dr2 + eZB(t,r) del + eZC(t,r)dZZ.
(43)

The solution of (11) to (18) is given by

XO — e—A(t)C17 X2 — e—B(l‘J‘)c:;,

X3 — e—C(Lr)

Xl = (2,
C4,
(44)

where ¢y, ¢y, c3,c4 € R. Here the above space—
time (43) admits four linearly independent tele-

parallel Killing vector fields which are e~4() 2.
D e B O and e~¢") L Killing vector

ficlds in general relativity are -2 and -2 . In this
z

case, one can see that we get two more

conservation laws in teleparallel theory. Cases

(b2) and (c2) are exactly the same.

Case C2

Case D1

In this case, there exist the following three
possibilities which are

(d2) 4 = A(r) and  B(t,r) = C(t,r)
(e2) B = B(1) and  A(t,r) = C(t,r)
(f2)C=C() and  A(t,r) = B(t,r)

In (d2) the space—time (7) takes the form

ds? = =0 d7? 4 dr? + 28 (d6% + d2?).
(45)

Teleparallel Killing vector fields in this case are
X0 = eiA([)Cl7 X! = ¢,
X2 _ e—B([,r)c3 +zes e—B(t,r)7

X3 _ e*B(t,r)c4 _ 9C5 e*B(t‘r)7

(46)

where c¢y,¢3,¢3,¢4,¢5 € R. Here the above
space—time (45) admits five linearly independent
teleparallel Killing vector fields which can be
written as e 4 2 (%7 e Br) 8%7 e Br) %,
and e B0 (z & — 6-<). Killing vector fields in
general relativity are -2, -2, and (z % — 6-2).
Here one can see that we get two more
conservation laws in teleparallel theory. Cases

(e2) and (f2) are exactly the same.

In this case, there exist the following three
possibilities, which are

(a3)4 =A(t), B=B(t), and C=C(tr).
(b3)4 =A(t), B=B(tr), and C=C(r).
(c3)4=A(t,r), B=B(t), and C=C(2).

In (a3) the space—time (7) takes the form

dS2 _ _e2A(t) dtz 4 dr2 + eZB(t) dez + eZC(l‘Ar)dZZ.

(47)
Solution of (11) to (18) is given by
X0 = e_A(’)cl, X' = cy, X? = e_B<’)C3,
X3 — efc(t,r')c47
(48)

where c;, 2, c3,c4 € R. Here the above space—
time (47) admits four linearly independent
teleparallel Killing vector fields which are
e B0 o=B0) O and =€) L Killing
vector fields in general relativity are % and 0%

@ Springer



190 Braz J Phys (2011) 41:184-194
Here one can see that we get two more where ¢, ¢, ¢3,c4 € R. Here the above space—
conservation laws in teleparallel theory. Cases time (51) admits four linearly independent
(b3) and (c3) are exactly the same. teleparallel Killing vector fields which are

Case D2 In this case, there exist the following three e—Atn) %, %, e B0 %, and e €") (“)%‘ Killing
possibilities which are vector fields in general relativity are % and

. Here one can see that we get two more
— Jz
(d3)A(r) = B(r) and C(er)- conservation laws in teleparallel theory. The
(e3)A(r) =C(1) and B =B(t ( r). remaining cases (b4)—(f4) are exactly the same.
(f3)4=A(t,r) and B(t) = C(). Case E2 In this case, there exist the following six
possibilities which are
In (d3) the space—time (7) takes the form
) e , e (g4)A = A(t,r), B=B(t), and C = constant.
_ _2A(t tr
ds” = —e™(dr" +do%) +dr +e dz". (h4) A4 = A(t,r), B = constant, and C = C(¢).
49
(49) (i4) B = B(t,r), A = A(t), and C = constant.
Teleparallel Killing vector fields in this case are (j4) B = B(t,r), 4 = constant, and € = C(1).
. " " 1 (k4) C = C(t,7), A = constant, and B = B(t).
X' =e Ve +0cse ™, X' =y,
X2 =e ¢yt tese 0, X3 = g, (14)C = C(t,r), A= A(t), and B = constant.
(50)
I 4) th —ti 7 ft
where ¢y, ¢y,c3,c4,¢5 € R. Here the above | case (g ) ¢ space-time (7) can, after a
. . . . suitable rescaling of z, takes the form
space—time (49) admits five linearly independent
tel@t[t)arallel Ifjll(lt;n% Ve((:ator fEil((ti)S gvhlcljczélrr)l l;e ds? = —eMN42 4 42 + B0 d6? + d2.
WwrI1 enase( m,(m,e a4, € ? D2
and e (12 + 02 ) Killing vector fields in (53)
general relat1v1ty are 3 % and . Here one can
see that we get three more conservatlon laws in The solution of (11) to (18) is given by
teleparallel theory. Cases (e3) and (f3) are exactly o p ' 5
the same. X0 = e, X' =¢), X?=e B¢,
3 _
Case E1 In this case, there exist the following six X" =c4,
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possibilities which are

(ad4)4 = A(t,r), B=B(t), and C=C(r).
(b4)A = A(t,r), B=B(r), and C=C(z).
(c¢4)4 =A(t), B=B(,r), and C=C(r).
(d4)4 =A(r), B=B(tr),and C=C(¢)
(e4)4=A(t), B=B(r), and C=C(tr)
(f4)4 =A(r), B=B(t), and C=C(tr)

The space—time (7) in case (a4) takes the form

ds? = —eM
(51)

Solution of (11) to (18) is given by

XO — e*A([J‘)c17 Xl =, X2 — e*B(t)cj”

X3 — e*C(}”>c47

(52)

) 42 + di? + €280 46% + 242,

Case E3

(54)

where ¢1, ¢y, ¢3,¢4 € R. Here the above space—
time (53) admits four linearly independent
teleparallel Killing vector fields which are
e‘AU")%, %, e B %, and 5—72. Killing
vector fields in general relativity are 5—)9 and
%. Here one can see that we get two more
conservation laws in teleparallel theory. The
remaining cases (h4)—(14) are exactly the
same.

In this case, there exist the following six
possibilities which are

4)A = A(t,r), B=B(r), and C = constant.
n4) 4 = A(t,r), B = constant, and C = C(r).

(m:
(
(04)B = B(t,r), A= A(r), and C = constant.
(p4) B = B(t,7), A = constant, and C = C(r).
(q4) C = C(t,r), A= A(r), and B = constant.
(r4) C = C(t,r), A = constant, and B = B(r).
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Case Fl1

The space-time in (m4), after a suitable
rescaling of z, takes the form

AN AR 4 dr? + 2P d6? 4 d2.
(55)

ds? = —

Solution of (11) to (18) is given by

X0 =e W) X'=¢,), X?=e B¢y,

X3 = C4,
(56)

where c¢y,ca2,¢3,¢c4,¢5 € R. Here the above
space—time (55) admits four linearly indepen-
dent teleparallel Killing vector fields which are
e Awr) £, £, e B0) &, and . Killing
vector fields in general relativity are % and
%. Here one can see that we get two more
conservation laws in teleparallel theory and one
teleparallel Killing vector field is same in both
the theories. The remaining cases (n4)—(r4) are

exactly the same.

In this case, there exist the following three
possibilities which are

(a5)4 = A(t,r), B=B(r), and C = C(t,r).
(b5)4 = A(t,r), B= B(t,r) and C = C(r).
(c5)B =B(t,r), A=A(r), and C=C(t,r).

The space—time (7) in case (a5) takes the
form

ds* = =) d? 4 d? + 2P0 d6” + &1 d2.
(57)
Solution of (11) to (18) is given by
X0 =t X' =¢,, X?=e B¢y,
X3 _ e*C([,r)c‘h
(58)

where ¢, ¢y, ¢3,c4 € R. Here the above space—
time (57) admits four linearly independent tele-
parallel Killing vector fields which are

e Atr) 2D e=B) O and e () L Kill-
ing vector fields in general relativity are 0% and

%. Here one can see that we get two more

conservation laws in teleparallel theory. Cases
(bS) and (c5) are exactly the same.

e

Case F2

Case Gl

In this case, there exist the following three
possibilities which are

(a5)A(t,r) = B(t,r), and C=C(r)
(b5)A(t,r) = C(t,r), and B =B(r)
(c5)4=A(r) and  B(t,r) = C(t,r)

In (d5) the space—time (7) takes the form

ds? = e (42 + d6?) + dr? + &) d2.

(59)

Teleparallel Killing vector fields in this case
are
XO — e*A(ZJ”)Cl + 905 e*A([,I’)’ Xl =c,
X3 = e_C(’)C4,

(60)

X2 _ e—A(Lr)c3 +tes e—A(t,r)7

where c¢y,¢2,¢3,¢4,¢5 € R. Here the above
space—time (59) admits five linearly independent
teleparallel Killing vector fields which can be
written as e~4("") %, e ) %, e € £,
and e~ () (6 & 41 9) Killing vector fields in
general relat1v1ty are 0 i and . Here one can
see that we get three more conservatlon laws in
teleparallel theory. Cases (e5) and (f5) are
exactly the same.

In this case, there exist the following three
possibilities which are

(a6)4 = A(t,r), B(r), and C=C(r)
(b6)A4 = A(r), (t,r) and C = C(r)
(c6)4 =A(r), B= (r), and C = C(t,r)

In (a6), the space—time (7) takes the form
ds? = =X df? + di? + 250 d6?

+ &30 422, (61)

Teleparallel Killing vector fields in this case
are
XO — e—A(I,r)c17 Xl =0, XZ — e_B<r)C3,
X3 — e—C(r)c4’
(62)

where c;, c2,c3,cq4 € R. Here the above space—
time (61) admits four linearly independent
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teleparallel Killing vector fields which can be X0 =0, X' = ¢,
written as e A7) L L e B O and (66)
—C(r) 0 il i X2 = e B0y, X3 = e 0y
e 5-- Killing vector fields in general ) )
relativity are % and a—é’z. Here one can see that where cl, ¢2, ¢3, ¢4, € R. Here the above
we get two more conservation laws in tele- space—time (65) admits four linearly indepen-
parallel theory. Cases (b6) and (c6) are exactly dent teleparallel Killing vector fields which can
the same. be written as e 4 %, %, e B0) 0%, and
Case G2 In tlllis. case, there exist the following three e—C % Killing vector fields in general
possibilities which are relativity are % and %. Here one can see that
(d6) A=A(t,r) and B(r) = C(r we get two more conservation laws in tele-
parallel theory. Cases (b7) and (c7) are exactly
(e6) A(r)=C(r) and B = B(t,r. the same.
(f6) A(r) =B(r) and C=C(tr) Case H2 In this case, there exist the following three
possibilities which are
In (d6) the space—time (7) takes the form (d7) A= A(0) and  B(r) = C(r).
ds? = —e*) df? 4 dr? (e7) A(r)=C(r) and B=B(t).
1+ P50 (462 + ). (63) (f7) A(r)=B(r) and C=C(r).
Teleparallel Killing vector fields in this case .In (d7) th.e space-time (7) can, after a
are suitable rescaling of ¢, takes the form
X0 = oA, X' = o, ds? = —dF? 4+ dr? + 280 (d6* + d2).  (67)
X2 =eB0cy 4205 e’Bm, X =e B0, — G5 e’Bm,
(64) Teleparallel Killing vector fields in this case
where ¢, ¢, ¢3, ¢4, ¢cs € R. Here the above are
space—time (63) admits five linearly indepen- X0 =¢, X'=¢,,
dent teleparallel I((i%ling vector f:e)lds Whic?)can X2 = e B0y 4 ze5e B0 X3 = ¢ B0, — gogeBO),
H —A(ty) 0 0 ,—B(r) 9 ,—B(r) 0
be Writgen as 2 §0 0 e 35 € 97 (68)
and e~ 80) (z 55— 05). Killing vector fields in
general relativity are -2, £, and (z & — 6-2). where c¢i,c2,¢3,c4,c5 € R. Here the above
Here one can see that we get two more space—time (67) admits five linearly indepen-
conservation laws in teleparallel theory. Cases dent teleparallel Killing vector fields which can
(e6) and (f6) are exactly the same. be written as £, 2, e 5 & 500 Y and
B0 (z L —0-2). Killi fields i
Case H1 In this case, there exist the following three ¢ (= 7 . .‘92) (; m% V%Ctor e dsa 1n
s . general relativity are £, =5, 72, and (z 55—
possibilities which are 9 ! §
6+>). Here one can see that we get one more
(a7) A=A(t), B=B(r), and C=C(r). conservation law in teleparallel theory. Cases
ly th .
(b7) A=A(r), B=B(t), and C=C(r). (e7) and (f7) are exactly the same
(c7) A=A(r), B=B(), and C=C(r). Case Il In this case, there exist the following three
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In (a7) the space—time (7) takes the form
ds? = =0 d2 + di? + P d6?

+ &30 422, (65)

Teleparallel Killing vector fields in this case
are

possibilities which are

(a8) A=A(r), B=B(t), and C=C(z).
(b8) A=A(r), B=B(r), and C=C(r).
(c8) A=A(t), B=B(t), and C=C(r).

In (a8) the space—time (7) takes the form

dS2 — 762A(r) dt2 + dr2 4 eZB(t) d92 + eZC([) de.
(69)
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Teleparallel Killing vector fields in this case
are

XO = 6‘7/4(")(,’17 Xl = (2,
(70)
XZ — eiB(t)C:;, X3 — efc(t)czt7

where ¢y, cy,c¢3,c4 € R. Here the above space—
time (69) admits four linearly independent tele-
parallel Killing vector fields which can be
written as e 40 %, a%’ e B0 a%’ and
e~¢ 2 Killing vector fields in general rela-
tivity are -% and . Here one can see that we
get two more conservation laws in teleparallel
theory. Cases (b8) and (c8) are exactly the same.
In this case, there exist the following three

possibilities which are

Case 12

(d8) A4 =A(r) and B(t) = C(1).
(e8) A(r)=C(¢t) and B=B(r).
(f8) A(r)=B(1) and C=C(r).

In (d8) the space—time (7) takes the form

ds? = =M di? + di? + B0 (d6? + d2?).
(71)

Teleparallel Killing vector fields in this case

are
X0 = e’A(")cl7 X' =,
X2 =e B¢y 4 ze5e7 B0, X2 = B0y — Qs e B0,

(72)

where ¢, ¢, c3, ¢4, ¢cs, € R. Here the above
space—time (71) admits five linearly independent
teleparallel Killing vector fields which can be
Wri;ten as{e’A(’) 0%, a%., e.’B(’) %7 e’BQ 0%, ar.ld
e B0 (z B —92). Killing vector fields in
general relativity are -2, L, and (z & —0-2).
Here one can see that we get two more
conservation laws in teleparallel theory. Cases

(e8) and (f8) are exactly the same.

4 Conclusion

In this paper, we classified cylindrically symmetric non-
static space—times according to their teleparallel Killing
vector fields. From the above study, it is shown that the
above space—times admit four, five, or seven conservation
laws. In all the cases of four, five, or seven conservation

laws in teleparallel theory of gravitation, the above space—
times admit more conservation laws which are different
from conservation laws in general relativity. It also turns out
that the teleparallel Killing vector fields are multiple of
some specific functions (these functions are basically the
components of the inverse tetrad field). These functions
appear in the teleparallel Killing vector fields because of the
non-vanishing torsion components. From the above dis-
cussion, it is clear that the presence of the torsion in the
non-static cylindrically symmetric space—times increased
the number of conservation laws. It will be interesting to
see if these extra conservation laws affect the results of the
components of energy, momentum, and angular momentum
in the context of the teleparallel theory of gravitation as
discussed in [13]. From the present work, it can be
concluded that torsion has a stronger effect on the space—
time than curvature, as torsion produces at least one or at
the most four more conservation laws. It is important to
mention here that the significance of Killing symmetry in
the teleparallel theory is quite clear because the teleparallel
Killing vector fields can be studied to compare the results
of energy, momentum, and angular momentum in both
teleparallel and general relativity theories [13, 17].

Now it is obvious that in this paper we obtained a
different set of teleparallel Killing vector fields as compared
to Killing vector fields in general relativity. One of the
reasons which seems to us is the teleparallel Lie derivative.
If one compares the Lie derivative of metric tensor in both
the theories, one can easily see that teleparallel Lie
derivative contains some extra terms which depends upon
torsion of the space—time. These torsion components are
dependent upon the metric functions of the space—time. It is
clear from the teleparallel Killing equation that both the
theories will produce the same Killing vector fields only if
the torsion components become zero. This is only possible
when the space—time becomes Minkowski [8, 12]. One can
easily see that in Minkowski space—times [8, 12] Killing
vector fields in both the theories are same. The reasons for
compatibility of Killing vector fields other than for
Minkowski space-time in both the theories are unknown
in literature. A detailed study is needed to find some
physical reasons that why Killing vector fields are different
in the teleparallel theory as compared to general relativity.
May be this will help to study other symmetries in
teleparallel theory.
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