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Abstract In the framework of collective measure-
ments, efforts have been made to reconstruct one-
qubit states. Such schemes find an obstacle in the
no-cloning theorem, which prevents full reconstruction
of a quantum state. Quantum Mechanics thus restricts
us to obtaining estimates of the reconstruction of a pure
qubit. We discuss the optimal estimate on the basis of
the Uhlmann–Josza fidelity, respecting the limitations
imposed by the no-cloning theorem. We derive a re-
alistic optimal expression for the average fidelity. Our
formalism also introduces an optimization parameter
L. Values close to zero imply full reconstruction of
the qubit (i. e., the classical limit), while larger L’s
represent good quantum optimization of the qubit es-
timate. The parameter L is interpreted as the degree of
quantumness of the average fidelity associated with the
reconstruction.

Keywords Quantum · State estimate · Tomography ·
Uhlmann–Josza fidelity · Optimization

1 Introduction

Quantum mechanical measurements being probabilis-
tic, even the assessment of measurable quantities calls
for estimation methods. In Quantum Information, state
estimation is important from both the theoretical and
the practical points of view. In many cases it results
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important to know the initial state in order to imple-
ment the specific quantum processing of an algorithm
in a quantum computer [1, 2]. The estimation relies
on physical reconstruction of the qubit state, a task to
which much work has been devoted in recent years
[3]. The common approach is to perform measurements
on an ensemble of identically prepared systems and
use such measurements for a probabilistic reconstruc-
tion of the qubit state. The greater the probability,
the better the reconstruction (estimation). With an
infinite ensemble of copies, the state would be ex-
actly determined. In practice, however, we have access
to a limited number of copies and the state can be
only approximately determined [4]. In order to achieve
the best reconstructed state, the optimal experimen-
tal strategy, readily feasible in the laboratory, is to
make individual Von Neumann measurements [5, 6].
For this protocol scarce analytical result are known.
General, simultaneous measurements on all copies of
the qubit would therefore be desirable. Unfortunately,
such collective measurements are very difficult to
implement.

In their attempt to reconstruct a qubit state these
approaches find a serious obstacle in the no-cloning
theorem [7, 8], which forbids exact reconstruction of a
quantum state [9]. Here we estimate a pure qubit [10]
in an optimal way without contravening the no-cloning
theorem.

2 Uhlmann–Josza Fidelity

Our approach is based on tomographic-inspired
schemes [11, 12]. Consequently, we are assuming that
we are given an ensemble of N copies of the qubit state,
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which we denote by | �n〉. Here �n is the unique vector on
the Bloch sphere satisfying the equality

σn =| �n〉〈�n |= (1 + �n · �σ)/2, (1)

where �σ are the usual Pauli matrices. Let us denote by
x the set of outcomes of a set of measurements on the
N copies of the qubit [13] and by | �M(x)〉 the estimate
for | �n〉.

Central to our analysis is the fidelity, which quan-
tifies the quality of the estimation. Reference [3]
defined the fidelity as the overlap |〈�n| �M(x)〉|2 =
[1 + �n · �M(x)]/2. In Quantum Information, however,
this quantity offers less confidence than the Uhlmann–
Josza fidelity [14–16]. For this reason, we shall be using
the latter quantifier, whose mathematical expression is

F =
[

Tr
(√√

ρσ
√

ρ
)]2

, (2)

where ρ and σ are two different density matrices.
The Uhlmann–Josza fidelity F is a measure between
quantum states. For a pure state |ψ〉 and an arbitrary
state ρ, it is the overlap between |ψ〉 and ρ, that is,

F =
[

Tr
(√〈ψ |ρ|ψ〉

)]2

[16].

Given any two states on the Bloch sphere | �M(x)〉
and | �n〉, if they are related through an arbitrary rota-
tion gate

| �M(x)〉 = R(θx)|�n〉, (3a)

where

R(θx) = exp
(−iθx �m · �σ/2

)|�n〉, (3b)

with �m the unit vector along the corresponding rotation
vector, so that (3a) can be written in the form

| �M(x)〉 = exp
(−iθxσz

)|�n〉, (3c)

or more explicitly,

| �M(x)〉 =
(

e−iθx/2 0
0 eiθx/2

)
|�n〉, (3d)

then the no-cloning theorem is contradicted since the
state can be reconstructed completely, i.e., F = 1.

This can be seen as follows. From (3), the density
matrix associated with | �M(x)〉 will be

ρM = | �M(x)〉〈 �M(x)|, (4a)

or

ρM =
(

e−iθx/2 0
0 eiθx/2

)
σn

(
eiθx/2 0
0 e−iθx/2

)
, (4b)

with σn as defined by (1). Since the rotational invari-
ance of the scalar product allows us to choose �n along
the z-direction, σn and ρM have the same eigenvalues,
λ1 = (1 + |�n|)/2 = 1 and λ2 = (1 − |�n|)/2 = 0. Substitu-
tion of λ1 and λ2 in (2) yields F = 1.

In a special case the overlap fidelity of [3] is repro-
duced. Indeed, if the estimate is such that

| �M(x)〉〈 �M(x)| = 1 + M3σ3

2
, (5)

then the Uhlmann–Josza fidelity is

F3 = 1 + �n · �M
2

. (6)

To see this, notice that the eigenvalues of (6) are
(1 ± M3)/2 = (1 ± cos θx)/2. The rotational invariance
of the scalar product implies that �n · �M = M3 = cos θx,
and (6) follows.

In general, however, even a unitary vector �n is in-
sufficient to make the Uhlmann–Josza fidelity equal to
the overlap fidelity in [3], as the following argument
shows. If the estimate is such that

| �M(x)〉〈 �M(x)| = 1 + M1σ1 + M2σ2

2
(7)

then the Uhlmann–Josza fidelity is

F12 = 1 + sin θx

2
, (8)

where sin θx = |�n × �M(x)|.
To prove (8), we note that the eigenvalues of

(1) are 1 and 0 while the eigenvalues of (7)

are
(

1 ±
√

M2
1 + M2

2

)
/2 = (1 ± sin θx)/2, where M1 =

sin θx cos ϕx and M2 = sin θx sin ϕx. Substitution of these
quantities in (2) then completes the proof.

The fidelity F12 in (8) has azimuthal symmetry and
hence a single degree of freedom. For realistic esti-
mates, which do not exhibit this symmetry, F12 is not
the most general fidelity. In general, the only allowed
constraint is | �M(x)| = 1, and the problem has two de-
grees of freedom. For this reason, the fidelity F123 in
[17] is redundant and was not used for the estimate
of a qubit. In the more general case, the estimate is
such that

| �M(x)〉〈 �M(x)| = 1 + M1σ1 + M3σ3

2
. (9)

The fidelity then becomes

F13 = 1

2

(
1 +

√
M2

1 + M2
3

)
= 1

2

(
1 +

√
1 − M2

2

)
(10)
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or

F13 = 1

2

(
1 +

√
1 − sin2 θx sin2 ϕx

)
.

Equation (10) follows from (6), since the eigenvalues
of (1) are 1 and 0, while the eigenvalues of (9) are λ1,2 =
1
2

(
1 ±

√
M2

1 + M2
3

)
.

It is instructive to discuss the implications of this
result. We recall that the fidelity is a real parameter
satisfying 0 ≤ F ≤ 1 [18, 19]. From Eq. (10), since 0 ≤
M2 ≤ 1, it then follows that the more general fidelity
lies in the interval

1

2
≤ F13 ≤ 1. (11)

From (10) we also see that M2 = 0 implies F13(M2 =
0) = 1, in contradiction with the no-cloning theorem,
since the qubit state would then be fully reconstructed.
We will deal with this difficulty in Section 4.

3 Average Fidelity

Our goal then becomes to optimize the average fidelity
over the initial probability and all possible outcomes

〈F〉 =
2N∑

x=000···00

F13(θx, ϕx)pn(x), (12)

where F13(θx, ϕx) is given by (10).
Within the approaches of [20–23] the expression for

〈F〉 differs from (12). The difference arises because the
authors do not use the Uhlmann–Josza fidelity. Instead,
they search to reconstruct the qubit state on the basis of
a measurement scheme. This task is nontrivial, due to
the no-cloning theorem. Furthermore, to maximize 〈F〉
it would be necessary to make N = ∞ measurements,
which is impossible in practice. This understood, we try
to optimize (12), in lieu of maximizing the fidelity. This
amounts to making 1 � N < ∞ measurements.

On the other hand, we observe that quantum
probability distribution function must satisfy pn(M2 =
0) = pn(F13 = 1) = 0, while a classical one should sat-
isfy pn(M2 = 0) = pn(F13 = 1) = 1 (the latter equality
would contradict the no-cloning theorem since F13 = 1
implies a fully reconstructed quantum state). Further-
more, for a large enough number of measurements a
gaussian distribution peaked around M2 = 0 subtracted
from unity becomes a reasonable assumption. Thus,
account taken of these two arguments, we consider a
consistent quantum probability function given by the
following expression

Definition 1 The probability function associated with
the average fidelity in (12) is

pn(θx, ϕx) = A(x)
(

1 − e−M2
2

)
(13a)

= A(x)
(

1 − e− sin2 θx cos2 ϕx

)
(13b)

where A(x) is a statistical weight for each string ikik−1 ·
· · i2i1 of measurements.

This equation is consistent with Quantum Mechan-
ics, since pn(M2 = 0) = 0. A semiclassical approxima-
tion corresponds to a distribution function peaked
around M2 � 1, which brings the fidelity F13 close to
unity. In fact, the above approximation is an optimiza-
tion process, rather than the maximization F13 = 1.
Consequently, we can see that the semiclassical average
fidelity is

〈F〉 ∼ 2π
∑

x

δx,nnn···nn

(
1 − 1

4
M2

2

) (
1 + M2

2

)
(14)

where the Kronecker-delta function is centered around
the desired qubit state. Equation (14) follows from
substituting in (12) the Taylor expansions of (10) and
(13) to next-to-leading order in powers of M2

2.

4 Optimization of the Average Fidelity

Definition 2 The following one-to-one and onto map-
ping between the set of strings x ∈ Z N

2 and the discrete
unitary vectors �xk ∈ �N is defined

ikik−1 · · · i2i1 ↔ �xk = 1

|�xk| (ik, ik−1, · · ·i2, i1), (15)

where im = 0, 1 for m = 1, 2, · · · , k − 1, k.

With the above definitions the average fidelity in
(14) becomes

〈F〉 =
2N−1∑
k=0

A(�xk)
1

2

(
1 +

√
1 − M2(�xk)2

)(
1 − e−M2(�xk)2

)
,

(16)

where M2(�xk) = sin θxk cos ϕxk .
The value M2(�xk) = 0, which contravenes the no-

cloning theorem, has a vanishing probability. Val-
ues of M2(�xk) close to zero have small probabilities.
We have thus optimized the Uhlmann–Josza average
fidelity. The no-cloning theorem bars maximization of
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Fig. 1 The function f (θ, ϕ, L) in (17) for L = 0.1

this quantity, which would make the probability peak
around M2 = 0 (i. e., F13 = 1). In order to complete
the optimization process we introduce the optimization
parameter L through the following

Definition 3 The statistical weight for each outcome x
of N measurements is

A(�xk) = e
(�xk−�xn)2

2L , (17)

where L is the optimization parameter.

From (17) we see that in the limit 2L −→ 0 the
function A(�xk) becomes a Dirac delta function peaked
around the state we want to estimate.

5 Theoretical Limit: N → ∞

Before concluding we consider the case of N → ∞
measurements of the qubit state. The sum on the right-

Fig. 2 The function f (θ, ϕ, L) in (17) for L = 0.5

Fig. 3 The function f (θ, ϕ, L) in (17) for L = 2

hand side of (16) the becomes the following integral of
a distribution function

lim
N→∞

〈F〉 →
∫

d
f (θ, ϕ, L)

= 1

2

∫
dϕ sin θ dθe

sin2 θ
L

(
1 +

√
1 − sin2 θ cos2 ϕ

)

×
(

1 − e− sin2 θ cos2 ϕ
)
, (18)

where we have assumed that �x · �xn ∼ cos θ .
Figures 1, 2 and 3 show the theoretical distribution

functions, i. e., the distributions for N → ∞ in the
integrand of (18) for L = 0.1, 0.5, and 2, respectively.
From Fig. 1 we can see that with a very small opti-
mization parameter L = 0.1 the distribution function is
peaked around the classical value. Figures 2 and 3 show
that quantum effects become more important for larger
optimization parameters.

6 Comparison with Collective Schemes

The distribution function for collective-measurement
schemes [6, 21, 22] is always calculated with the one-
degree-of-freedom fidelity F3 (6), which is less general
than F13—the most general fidelity. The corresponding
expression for the average fidelity is, then,

〈F〉CM −→
∫ 1

0
dx F13(x) + F13(1) − F13(0)

2N

+ F ′
13(1) − F ′

13(0)

12N2
− · · ·. (19)

This expression is more general than the one used by
the common collective schemes, which shed no light on
the no-cloning theorem.
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7 Conclusions

We have discussed the optimal estimate of a pure qubit
state on the basis of the Uhlmann–Josza fidelity. Our
analysis respects the limitations imposed by the no-
cloning theorem. In order to accomplish our objectives
we derived a realistic expression for the average fidelity
given by (16). In addition, an optimization parameter L
was introduced in our formalism. With L close to zero
we obtained a fully reconstructed qubit, while larger
values represent good quantum optimization of the
estimate for the qubit. Thus, L is interpreted as the de-
gree of quantumness of the average fidelity associated
with the optimization of the approximate estimation
of the qubit-state reconstruction. Quantum Mechanics
preventing full reconstruction of a pure qubit state,
only estimates of its reconstruction can be obtained.
We have therefore used the Uhlmann–Josza fidelity to
obtain an optimized estimate of the reconstruction of
a qubit.
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