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Abstract In the present paper the magnetization of a
high density relativistic fluid of elementary particles is
studied. At very high densities, such as may be found
in the interior of a neutron star, when the external
magnetic field is gradually increased, the energy of
the normal phase of the fluid remains practically
constant before extremely high magnetic fields are
reached. However, if pion condensation occurs, the
energy decreases linearly while the magnetic field
strength increases, so that a non vanishing magneti-
zation, independent of the magnetic field, is present.
The expression of the magnetization is derived by first
considering and solving the Dirac equation of a fermion
in interaction with a magnetic field and with a chiral
sigma-pion pair. The solution provides the energies
of single-particle states. The energy of the system is
found by summing up contributions from all particles
in the particle fluid. For nuclear densities above 2 to
3p0, where pg is the equilibrium nuclear density, the
resulting magnetic field turns out to be rather huge, of
the order of 10'7 Gauss.
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1 Introduction

The properties of a highly compressed fermion fluid,
especially with respect to magnetization, are of great
interest since they are relevant for stellar objects such
as neutron stars and, possibly, quark stars [1]. Recently,
magnetars, which are a kind of neutron stars exhibiting
extremely powerful magnetic fields, have been discov-
ered [2] and are still being found [3]. We investigate
the magnetization of a quark (or nucleon) fluid due
to neutral pion condensation under the breaking of
chiral symmetry, according to an ansatz which has been
proposed in [4] and further investigated in [5, 6]. The
main result of this note consists of Egs. (16) and (19)
for the magnetization density. In the Introduction and
in Section 2, we follow closely [6].

We consider the Lagrangian density for the fermion
field

L=ipy" D,y —g¥(o +iyst - m)Y, (1)

where D, =9, —iQA,, with A* = (0, By/2,—Bx/2,0).
This Lagrangian describes a Dirac Fermion (quark or
nucleon, with electric charge Q) in interaction with a
magnetic field and with a chiral o, = pair. The corre-
sponding single-particle hamiltonian reads

h=—ie-V—Qa«a-A+gop+iByst - ).

The components of the vector 7 are the familiar isospin
Pauli matrices. The charge operator Q is given by
O = (a+ bt3)/2, with 13 = diag(1l, —1), beinga =b =
le| for nuclear matter and a = |e|/3, b = |e| for quark
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matter with flavor SU(2) symmetry. By e we denote
the charge of the electron. For simplicity, the coupling
with the anomalous magnetic moment of the nucleon
is neglected throughout. Its effect is important only for
fields stronger than 5 x 10'8G [7]. We will be concerned
with weaker fields. In order to simplify the notation, no
distinction will be made between the operator Q and
the respective eigenvalues.

In the Section 2, we study a quark fluid in interaction
with a pion condensate, and, therefore, we consider o =
o cos(q-r), m; = mp, =0, w3 = & sin(q - r). The symbols
q and g = |q| refer to the wave vector associated with
pion condensation. Then, & becomes

1 ‘
h=—ia-V — EQB(xcxy — yo) + Bgoers ey,

Under the transformation h — e/3%55@D pe=irrsu@n)
and for q = (0,0, g) directed along the z axis, & re-
duces to

. 1 1 _
h=—ia -V — Eqazygg — EQB(xay — yoy) + pgo.

We have used the relations

ﬁei%)/sfz(q-l‘) — e—i%}/sf,%(q'l')ﬁ’ ajei%)/sfz(l]'l‘) — ei%ysfz(ql‘)aj'

We use the chiral representation, throughout,

s (01 (o 0 (10
“\10) “T\o-6) T \o-1)

so that the Dirac equation reduces to

—%C]T3Uz—iO’/Dj—E M
M —1qv0, +io;D;— E
x (:Z) —o0, 2)

where je({x, y, z}, Dx=8x+%iQBy, Dy, =9, - %iQBx,
D, =0, =ik;, E is the energy eigenvalue. The mass
M = g& is generated dynamically (all of it). The effect
under investigation disappears for M = 0, that is, after
chiral symmetry has been restored. From (2) it fol-
lows that

1
<M2 — D} — D} + ki — QBo; — (54m0: + E)?
+(]T3(O’ny - Uny)) ¢ =0,

1 /1
V= Y (Eqnaz +io Dy +ioyDy — ok, + E) ¢. (3)

The operator (¢, D, — 0, D,), which acts on 2-spinors,
may be represented as a 2 x 2 matrix,

_ 0 —iD,—- D,
(0yDy —0,Dy) = (li D, 0 ) .

We have [iD,— D,,iD,+ D,]=20QB. Assuming
OB > 0, we may define the boson operators

oL __ ' up._
a' = \/QQ_B(IDX+Dy)’ a= «/ZQ_B(le D,)
1 . +
= WOD]{ + Dy) .
Thus,

—-D;-D; = QBQd'a+1),
iD,— D, =+20Ba.

Since ¢ is a 2-spinor, (3) may be written as

iD,+ D,=+20Ba,

ay+Baa  —da o1\ _
( Sa a_ +p a"'a) ((]52) =0, (QB>0), 4

where,
@ = M+ K~ Gau+ B, =208
8 = qr3v/208B,
a- =M +20B+ki— (%q@ — E).
The system

(ar +Ba'ayp —8a' ¢y =0,
Sag+(a_+paday,=0 (5)

is equivalent to (4) and leads to

(Ol+ +ﬂllTCl) ¢] +6(le5 d¢l :0,
which is equivalent to

t — 5% =0.
(oz++/3a a+a_+ﬂ(m‘a—1) a a>¢1

The upper component ¢, is an eigenstate of a’a. The
lower component ¢, is easily expressed in terms of ¢;.
Denotingby v =0, 1,2, - - - , the eigenvalues of a'a, the
dispersion relation is the solution of

(ay 4+ BV)(a_+ B (v—1) +8v=0.
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The solutions of this equation read

E® (k;,v) =

1 1
+ \/Zq2 +k:+ M2+ 20By £2,/2¢7 (k3 + M?).

The case v = 0 deserves special attention. We investi-
gate when ¢, = |v), for v = 0, leads to a solution of (4).
Consider the levels

EP (k,,v) =

1 /1
\/Zq2 +k24+ M>4+20Bv -2 Zqz(kg + M?),

with the — sign. For v =0, we have E™ (k;,0) =
VK2 + M? — %|q|. Now, for v =0, ¢; = |v) leads to a
solution of (4) if ¢, = 0 and ;. = 0. The last condition
implies E = \/k2 + M? — %qm, so that g, 73 should be
such that gz; = |g|. Obviously, this condition deter-
mines the spin polarization of the lowest Landau level
(LLL) (see Appendix A). The symbol 3 is throughout
used to denote either the Pauli matrix or the rele-
vant eigenvalue. Assuming Q > 0, B > 0, we must have
73 =1 so that g > 0. Since ¢, =0, ¢; # 0, the spin
polarization is also positive. The case QB < 01is treated
similarly. The only difference is that iD, 4 D, behaves
now as the annihilation operator a and iD, — D, as the
creation operator a', except for normalization, so that
the expressions for a,a’ are essentially interchanged.
Moreover, in the dispersion relation, QB should be
replaced by —OB =|0QB| and (4) should be re-
placed by

a,+paa —da d\
( Sat a_ + 8 a"'a) (qbz) =0, (@B<0), (6)

where

1 2
oy =M2_2QB+k§— (E(]Tz-I-E) y ﬂ:—ZQB,
8 =qr3/—208B,

1 2
o= M2+k§ — <§qr3 — E) .
It follows that, for the LLL, instead of g3 = |gq|, now
we have gt; = —|q|, so that the roles played by the
components ¢, ¢,, are interchanged and spin polar-

ization is inverted with respect to the previous case. We
have shown that the spin polarization of the LLL has

@ Springer

the direction of the polarizing magnetic field B if the
charge of the fermion is positive and has the opposite
direction if that charge is negative. The flavors u, d
have opposite charges and in a spin polarized phase
they have also opposite spin polarizations, but they
have concordant magnetization.

Pion condensation only occurs in the phase with
broken chiral symmetry. It has been argued that the
presence of a strong external magnetic field tends to
increase the dynamically generated vacuum mass of
quarks [8, 9] so that such field might hinder chiral
symmetry restoration and stabilize the hadronic fluid
[10]. The interplay between an external strong magnetic
field and pion condensation is a challenging topic.

2 Magnetized Phase

In this section we study the magnetized phase and
we compute the magnetization density, which is the
negative slope of the energy density as function of
B for constant baryon density. Denoting by M the
magnetization density, we have, by definition

ML = — <%)N. (7)

We assume that the Fermi energy p is such that only
levels of the type E(f)(kz, v) are filled up. The LLL
with v =0 belongs to this set of levels. The pion-
condensation wave vector q insures that the levels of
the type ES:”) (k;, v) satisfy the condition Ef) (k;,v) >
w1 so that they remain empty. Explicitly, M + |q|/2 >
w > M —|q|/2 = 0. The energy of quark matter reads

2__ 2
e Los Y
- 27
ky=—A/W2—M?
Lot~ L) +3° (v L) +2108
x| = —= —= v
AU A AN 24 :
= A& + &, (®)

where M, = ,/M?+ k2, and we have separated the
contribution from the LLL, A&, from the other terms.
The upper limit of the sum on the Landau levels (LL)
in (8) is

Lo | (M — 519)?
max 2|QB| .
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To evaluate & (which excludes the LLL) we consider
magnetic fields which give rise to a large number of

LL. In other words, the ratio (kg)z/(2| QO BJ), where k%
denotes the Fermi momentum of quark @, must be
larger than 1 by at least one order of magnitude. From
this point of view, a field is considered to be strong if
the number of involved Landau levels is small. Under
these conditions, we may replace the sum over v by an
integral over the variable x = 2| Q B|v plus a term linear

in |Q B|, A&, which may be found using the formula for
the sum

N Na 1
oY fan~ [ def + atfNe) - 1O
v=1

1
+ Eaz(f’(Na)—f’(O)H- o )

The contribution of the LLv=1,---
ergy of quark matter reads

, Vmax to the en-

LZlQBl max R
br=—p Z > <Mk——|q|> +2/QBI,
e J I =]
SENRY BEPIP Ygl + 1+ Glal + w? - M NI E SR BV
T 20n)? 12| (Igl”+ M) log + (Zlql + - la"M = SlalPp = 3M°p

1
+ lqli® + 6#3)\/(5|q| + 1) — M2 | + AE,

(10)

where the correction linear in | Q B|, associated with the

levelsv =1, -, vy, reads
L3
AE = — B
2(2n)2|Q |
1 1 2 M2
o Sal it gl + w2 -
x | M~ log

M

+ (u - %|q|>\/(%|q| + u>2 - M2) .

The calculation has been performed as follows: first,
for a fixed v, we have performed the sum over
k, by replacing it by an integral, as usual; second,
we have approximated the sum over v, from 1 to
[(1® — (M — L1g)?)/(2IQB], by an integral over v
from 0 to (u? — (M — 11g)*) /(2| QBJ), plus the correc-
tion AE.

The contribution of the LLL v =0 to the energy
reads

A& = IQBI

(@n)?

Sgl+ 1+ /Glgl + 1 — M2
M

(o 3) (=) <)

x | M?1log

Next we determine the quark number, in the same
limit, e.g. when a large number of LL is involved.
We have

N =N+ AN, (12)
where the first term contains the contribution of the LL

v=1,-, Unax

N = 108 s,

k, v=I1

L 1o 1 2 2
BRI —Z|C]| +§|CI|M—2M +2n

) 2
X <§|C]| +M> - M?

Lgl + - \/%Iql-i-u e

3
+ E|q|M210

+ AN, (13)

the ranges of the summations and integrations being as

in (10). The correction linear in |QB|, AN analogous
to the one obtained for the energy, reads

L 1 2
— 2

(14)

@ Springer
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and the contribution of the Landau level v = 0 to the
quark number reads

L 1 S
A./\/()Zzw|QB| (5|‘]|+M) - M=

In order to compute the magnetization density (7),
while B increases, u must be allowed to change in a well
defined way, since ' must remain fixed. The variations
A& (11) and AN (14), associated to a non-vanishing
| O B|, have been computed keeping p fixed. Let Ap,
be the variation of p which insures that the number
of fermions does not change when B is introduced.
Clearly, Ap must satisfy

AN + ANy + 9, N A = 0.

aE
A€+A€0+8—AM = —L>M|B|
nw

L Ygl+ o+ /Gl + w2 — M2

Since

N _ L Lot e
we find

2uAp = —|0QB.

To compute the magnetization for a fixed quark
number we must take into account the change in the
energy of the system (8) due to the required change in
the chemical potential, namely, 9,£ Ap, where

A€ L3 1 2
3, = — = 42 [ = — M2
L oL 20n) M \/<2|q| +M>

The terms of the total energy (8) linear in the magnetic
field, which define the magnetization density, give

|OB| | M?log

~ 202n)?

i - (s ) () e

(15)

The contribution of the fermions with charge Q to the
magnetization density, absolute value of the slope of
the energy density for constant baryon density, reads,
therefore

10l
M= 2(2m)?

Sal+ i+ Glal + 2 — M2
M

+ (u + %Iql> \/(%Iql + u)z - Mz) - (16)

Clearly,M > 0, as is appropriate for a ferromagnetic
phase. A negative slope, indicating a positive magne-

x | =M 1log

@ Springer

tization, is typical of a ferromagnetic phase. We recall
that the potential energy of a magnetic moment m
subject to an external magnetic field B is —m - B. If the
phase was paramagnetic, the slope would have been
proportional to the applied magnetic field. The argu-
ment in favor of a ferromagnetic phase is in line with
the findings in [6] where the spontaneous generation
of the magnetic field was obtained. We have assumed
that M # 0, so that u should not be so high that chiral
symmetry has been restored. The spin polarization of
the LLL v =0 is such that the spin polarizations of
quarks u and d are opposite, so that each flavor is
in agreement with the other one with respect to the
orientation of the corresponding magnetization.

Under the approximation, which has been adopted,
of neglecting the coupling to the anomalous magnetic
moment, the expressions in (10) and (13) also apply to
the proton component of a nucleon fluid, as may be
easily seen, using the standard treatment.
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For completeness, we present the thermodynami-
cal potential Q = & — uN = & + A& — n(N + AN),
which reads
L i st i e 29 + o+ Glgl+ w2 — M2
=2ane |~ (Iq1” + 2lqIn” + M?) log i
1 L’ OB|
+ (IgF + 13191 M + 41q P + 20Mp — 4iq|® — 8u°) \/(—|q| + 2 - M2 - .
2 2(27)
1l . 2|q|+u+\/(%|q|+u)2—M2
(w4 =) ( gl + w)?* — M?> — M~ 1 i
It is well known that the magnetization may equiva-  The term linear in |Q BJ, coming from the & 4 and &

lently be obtained either from the thermodynamical
potential or from the energy,

082 o0&
oe-(5) - ()
9B/, 0B )

confirming (16).

3 Normal Phase

In the absence of pion condensation, the contribu-
tion to the energy coming from all LL with a specific
spin orientation (either 1 or |) will have to be taken
into account. If we consider anly the LL with v > 1 we
have

L1es)

g, =&, = ZZ\/k2+M2+2|QB|v
k, v=1
a2 4
= 7oy (u( W= MY = M2~ M
AVt =M\ LOB T p
log M )_ 2027)? (“ w-M

+M?log

u+\/u2—MZ>
M b

the ranges of the summations and integrations being as
in (10). The total energy is

E=&,+&,+& 17)

where the contribution from the LLL is

L3 B /2 — M2
g =112 |<u\/m+leog—M+ = )

(27)?

terms, cancels the contribution of the LLL to the energy
of the quark gas. Also for the quark number a similar
effect occurs. The contribution to the quark number
coming from all LL with a specific spin orientation
(either 4 or |) with v > 1 reads

L? IQBI Z%l

k, v=1

L} (2 3
oy (§<u2 - M*): — |QBIV? - M2) :

T Qn)?

N =N =

The term linear in | Q B| cancels the contribution of the
LLL to the quark number, which reads

213
No = |OB|V > — M?.

@n)?

We conclude that, in the normal phase, when the mag-
netic field intensity is such that very many LL con-
tribute to the total energy, the energy of the quark gas
is practically independent of |Q B|, which means that
practically no magnetization arises, even for quite large
magnetic fields. The same conclusion applies to leptons.
In that case, the mass M is not dynamically generated,
but is the actual lepton mass. However, as has been
observed in [10], if the external field is so large that
for the density under consideration the number of rele-
vant Landau levels is too small, then the magnetization
becomes actually noticeable. Strictly speaking, formula
(9) does not fully apply to the present situation because
the coefficient of a* diverges, for k > 2. One easily
verifies that the derivatives f®(x) behave as €/>7*
for x = Na — €. Numerical experiments indicate that
to obtain the total energy of unpolarized quark matter

@ Springer
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when 2|QB|/(u* — M?) is very small, the correction
term

2|10B| \?
—0.4u ([ ==
a <u2 - M2>

1w

must be added to & , + &} |. This implies a very weak
magnetization behaving as /| B|.

4 Polarized Hadronic Matter

We are primarily concerned with magnetization, but
not with the mechanism responsible for it and for spin-
polarization of hadronic matter. Pion condensation,
which has been considered in the previous sections, is
only one possibility. Other possibilities have been de-
scribed in the literature, as, for instance, those proposed
in refs. [11, 12]. The occurrence, in these works, of per-
manent magnetization at quite low densities appears to
be related to the use of non-relativistic Skyrme forces.
However, a relativistic counterpart of these forces,
involving a 4-fermion tensor-tensor interaction, may
easily be found, and it would probably lead to a similar
behavior. The relativistic, chiral invariant analog of
the Skyrme interaction, which is appropriate for an
effective QCD approach, reads

Lrr = Grrl(y"y uy) Uy o ticlr)
—Wy y s Wy vsi)].

If we postulate this interaction, the mean field ap-
proximation leads to the Lagrangian density
— — F?
Lura =iy 9,9) = F(USsny) = 25,
Fy = Gy Z3neyp),

which in turn leads to the Dirac equation
(=it -V 4+ €, FBE)Y = e,

where e, = 1 for quarks u and ¢, = —1 for quarks d
denote the eigenvalues of 73. At very high density we
may assume that chiral symmetry has been restored,
so that the current quark mass may be neglected. The
eigenvalues of the Dirac equation read

2
&p =i\/<IF|i\/p?+p§) +pi.

Let us assume, for simplicity, that |F| > u. Then
the system is fully polarized and only the levels

@ Springer

\/ (|F| —/ P} + p3)?* + p3 are filled up so that the Fermi

surface is not spherical but doughnut shaped and, tak-
ing into account that 6 is the color-flavor degeneracy,
the particle number and the energy read

6V 3 nv .,
= oy /d POy — 1) = s Il
6V 3 VF> 8V ., .
= — _— F
) fd po(ep, — ey, + G =" | Flp
V F?
2G

where the term V F?/(2G) comes from the standard
mean field approximation. Notice that —u < p; < pu
and F —pu <,/pt+ p5 < F + p. The thermodynami-
cal potential becomes

4V VF?
d=E—-Npu=-— NP+ ——
2 (271)377' | + G
implying that
w2’
F=4G——.
(2n)?

The condition | F| > u implies 47(72273’3*2 > 1 (Gu? > 6.28)
which may occur, depending on the G value, if u is
high enough. Obviously, quarks u and d are oppositely

polarized.

4.1 Magnetization of Polarized Matter

In the absence of pion condensation, we find for the
partial contribution of the fermions of charge Q to the
energy of totally polarized quark (or proton) matter,

L3 1
202m)2 2

4o b= M

Q) =

L
+ Qe = MV = M) + |0B]
2(2m)?
/ 2_M2
X (leog'u—i_ﬂ—_u /M2_M2>+...
m

(18)
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Fig. 1 M/M, versus p/pyg, for spin-polarized symmetric
hadronic matter. Here, My = |Q|k%0/(8n2) =18.683 x 10°G, pg
is the equilibrium nuclear matter density, k, is the correspond-
ing Fermi momentum and 10l = |Qul + | Qql is the sum of the
absolute charges, symmetric hadronic matter being assumed, that
is, kr is the same for both flavors. The curves are for several
values of the parameter x = M/ k. The upper curveis for x =0,
the middle curve for x = 1/2 and lower curve for y = 1.

JM?+ k% is the Fermi
energy. For B — 0 the partial contribution of the
Fermions of charge Q to the magnetization becomes

where, as previously, u =

10l ,
2(2n)2kF

M(Q) =
1+ /1 + (M/kp)?

(M/kr)

[—(M/kmzlog

+V1+ (M/kF)Z:I : (19)
For reasonable values of kr and M, a magnetization of
the order of 10! G is found. By reasonable values of
kr and M we mean values of the Fermi energy and of
the effective mass for nuclear densities above 2 to 3p,
where py is the equilibrium nuclear density. Fig.1 shows
the magnetization for a spin-polarized flavor symmetric
fluid of quarks (or nucleons).

5 Conclusions

The magnetization of a high density hadronic fluid
of nucleons or quarks has been studied. Pion con-
densation, which has been proposed as a mechanism
of spin-polarization of hadronic matter, is discussed.
For nuclear densities above 2 to 3py, where pg is the
equilibrium nuclear density, the magnetic field due to

spin-polarization of hadronic matter turns out to be
rather high, close to 10'” Gauss. Such a field is regarded
to be “small" if, for the relevant density, the number
of involved Landau levels is large enough, that is, if
kZF/(2|QB|) is larger than 1 by at least an order of
magnitude. Our conclusions are in line with the findings
in [6], except that we present an explicit expression for
the magnetization of hadronic matter. We also suggest
that other mechanism, beyond the pion condensation
considered in [6], such as the relativistic analogues of
those described in [11, 12], may lead to the occurrence
of a ferromagnetic phase in hadronic matter, at high
densities.
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Appendix A

The eigenfunctions associated with (2) read

_ _ W _
$r=1v), ¢ = a,—{—ﬂ(v—l)'v 1), v#0,
11 520Bv
Wl—z\—4<§|61|—kz+E—m>lv),
1 (lgl + k. + E)$
wz—ﬁ</@——a+ﬁ(v_l) )ﬁ|v—1>.

We wish to investigate the spin of the lowest
branch  of positive energy states, E™ =

\/(%léﬂ - Vki+ M2)2 + 2Q Bv. We may write

V2lqI>QBv

¢ =
—(3lgl — E)* + K2+ M?> +20Bv

[v—1).

The contribution of v, ¥, to the average spin is the
same as the contribution of ¢y, ¢,,

(1ld1) — (Dalpa)  (Yln) — (Yalya)

Tk, v) = = )
(P1ld1) + (P2ld2)  (Ynlvn) + (Valv)
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We find that the average spin reads,

VEZ+ M2 - i|q|
JWRTIE ~ Lig)? +20B

f(ku V) =

so that

L*|OB| x~—~—
“om) %: X(k;,v)

3
8 M?

~

1
e (1o =

1
= lglw) \/(EICII + 1) — M2+ 6M*(|q] + )

1 1 2
x |log Elq|+u+\/<§|ql+u> —M?|—log M

Although the eigenfunctions of the Dirac hamiltonian
are not eigenfunctions of spin (except for the lowest
Landau level), the average spin is determined by the
components ¢, ¢,. We might expect that the mag-
netization would be obtained multiplying the previous
expression by Q/(2M), but that is not really correct
since it does not lead to agreement with (16).

Appendix B

Derivation of the formula

N Na 1
ay flav) ~ f | dxf () + a(f(Na) = f(O)
v=1 A=

1
+ 5@ (S (N = f(O) +--- .
For a(v—1) <x <av, expand f(x)= f(av)+ (x —

av) f'(av) + --- and integrate in the interval [a(v —
1), av],

/ dxf(x) =[x —avliZ(, 1) f(av)
x=a(v—1)

1
+5l0r = av)’ =8,y fav) + - -

=af(av)— %azf/(av) + %a3f’/(av) 4

@ Springer

Thus,
N

av aN N
S aw= [ arw=a) fa
x = v=1

=1 =a(v—1)

N
1
_zazvz_; f/(av) + e

implying

N aN 1 N
aZ flav) = / . dxf(x) + 5“22 f'(av)
v=1 X= v=1

LN
—6a3 Z f’@v) +---
v=1

aN

1 aN
A dxf(x) + —a/ dxf'(x)
2 x=0

x=0

N 1 1 2/aNd , N
1% a - xf'(x)+---

aN 1
_ / dxf() + sa(f(Na) = f(O)

1
+ 5@ (S (Na) = fO) +:--- .
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