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Abstract Any connection between dark matter and
extra dimensions is revealed by the effective energy-
momentum tensor associated with the theory. In order
to investigate and test such a relationship, we examine a
higher-dimensional space-time endowed with a factor-
izable general metric with a configuration such that its
density profile coincides with the Newtonian potential
for disk galaxies. An appropriate solution representing
stratifications of mass in the central-bulge and disk part
of galaxies, e.g., the Miyamoto-Nagai ansatz, is used
to solve the Einstein equations. We compute the stable
rotation curves of such systems and, with no adjustable
parameters, accurately recover the observational data
for flat or not asymptotically flat galaxy rotation curves.
We present examples of density profiles and compare
them to the profile obtained from purely Newtonian
potentials.
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1 Introduction

Strong observational evidence, primarily from dynam-
ical and lensing effects of galactic disks, cluster of
galaxies, and a smoothly distributed cosmological back-
ground, point to the existence of the so-called dark
matter. One would expect galactic disks to be very
well described by Newtonian gravitational theory, yet
the accelerations of stars and gases, as estimated from
Doppler velocities, are much larger than those due to
the Newtonian field generated by the visible matter in
those systems. This defines the plateau anomaly in the
rotation curves of galaxies [1-4]. Rotation curves are
the major source of information on the mass distribu-
tion in spiral galaxies. They are also important to study
kinematics in and to infer the evolutionary histories
of galactic systems. Historically they have offered the
most basic and classic evidence of the presence of dark
matter in galaxies (for an exhaustive review on rotation
curves, see for instance [5]).

On the other hand, it has been verified that clusters
of galaxies are composed of three main components:
~5% in mass is the optically luminous baryonic matter
in hundreds of bright galaxies, ~15% is in the form of a
bright X-ray inter-cluster gas, and the remaining ~80%
is some sort of non-baryonic “missing mass.” The first
evidence of such “dark matter” in clusters of galaxies
was provided by Zwicky in 1937 [6], who applied the
virial theorem to the Coma cluster to show that most
of the matter in this cluster was dark. Other estimates
of cluster masses come from gravitational lensing tech-
niques, in both the strong and weak regimes [7, 8].
When interpreted within 4D general relativity (GR),
the lensing effect proves anomalously strong unless one
assumes the presence of dark matter in quantities and



Braz J Phys (2012) 42:100-109

101

with distribution similar to those required to explain
the accelerations of stars and gas. Such techniques plus
the temperature fluctuations in the cosmic background
radiation have confirmed the existence of dark matter.

In [9], a thin disk constructed from a space—time en-
dowed with extra dimensions just provided the needed
extra parameters to construct, without dark matter,
a configuration that mimics a generic and idealized
axially symmetric galaxy. Reference [9] also obtained
an important result on the gravitational lensing effects
of a spherical cluster within the same space—time. These
findings are directly related to the dark matter problem,
i.e., to the problem posed by the anomalous rotation
curves of spiral galaxies [10-13], the unexpected grav-
itational lensing of galaxy clusters [7, 8], and the low
fraction of baryons produced during nucleosynthesis
[14,15].

In this paper, we present a straightforward proce-
dure to extend our thin-disk model, by building an
isotropic configuration that could be approached as
a disk-like galaxy (examples of applications of such
approach to mimic spiral galaxies are reported in [16]).
While in the thin-disk model the galaxy was interpreted
as a flux and counterflux of geodesic particles, we
here obtain a stable configuration similar to a spiral
galaxy, i.e., with a central bulge and a thick disk in
a particular density profile. The artificial galaxy con-
structed by the thin-disk model is here replaced by a
richer model and a more realistic configuration. As it is
well-known, spiral galaxies comprise a non-linear geo-
metrical structure, magnetic fields, and other complex
aspects. On the other hand, dark matter has more to do
with the densities, pressures and dynamical behavior of
the system. Here, these aspects of the problem result
from our analysis of a 4D isotropic configuration in a
multidimensional universe. A 6D galaxy is constructed
on the basis of arguments about the simplicity of self-
gravitating objects in six dimensions (even number of
space—time dimensions) presented in [9]. The resulting
Einstein equations admit Miyamoto—Nagai solutions
describing a family of self-gravitating configurations
that can be interpreted as three-dimensional models for
the distribution of mass in galaxies [16, 17].

Our presentation is organized as follows: In Section 2,
the field equations are calculated from a 4 D isotropic
metric plus extra terms and a Miyamoto—Nagai ansatz
is used to solve them. In Section 3, a general expres-
sion for the circular geodesics in the planar part of
the configuration is derived, and we argue that it ap-
proximately represents the rotation curves. Many spiral
galaxies can be constructed from our results, and in
Section 4, an example is presented for a well-known
galaxy (NGC 3198). The density profile from the de-

rived rotation curves is recovered and compared with
the Newtonian potential and other examples. Finally,
Section 5 presents concluding remarks. The appendices
present a more theoretical analysis of the model, in-
cluding stability (“Appendix 1””) and motion equations
for a test particle in gravity with extra dimensions
(“Appendix 2”). In what follows, we setc = 1 and G =
1 (and hence disconsider any variations of ¢ or G with
space, time, or number of dimensions).

2 Field Equations

Consider a generalization in which our universe has
D = 4 + n dimensions. For an Einstein—Hilbert gravi-
tational action, we have that

1
S=— | d*xd"y,/—“tmg G R, 1
e xd"y g (1)

which leads to the field equations
WG pp = =87 “T g, 2)

where A, B=0,1,...,4+n—1, y are the extra di-
mensions and the indices (4 + n) remind us that the
action is multidimensional. In many theories of com-
pactified extra dimensions, a new constant G is calcu-
lated for dimensions greater than 1 + 3. Here we relax
compactification and keep the usual value of G.

Let us first consider axial-symmetric 4 D space—times
whose metric can be written in an isotropic form in
cylindrical coordinates (¢, R, z, ¢):

ds? = e" R4 — *RI(AR? 4 dz? + R*dg?). (3)

A general relativistic formulation for the Newtonian
well-known galaxy models can be written in the form
of the Schwarzschild metric in isotropic coordinates
[17]. In addition, to extend the formalism developed
in [9], we introduce n extra dimensional coordinates.
Non-exotic matter then becomes possible (including a
satisfactory Huygens principle) only if 7 is even [9]. As
an example, we therefore consider the simplest choice,
n=2:

A2
ds? = %dﬂ — (1 + HYAR? +dz? + R*d¢?]
—e *dx? — efdy?, 4)

where f = f(R,z) and k = k(R, z). The field equa-
tions (2) next yield the expressions for the components
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of the energy-momentum tensor. The 7! component is
calculated as

. 1

_ fR
= 271+ f)?

[16 (f,RR + o+ 7) (14 f)?

+ R — )+ P+ f+ 1)} :

®)

Here as a first approximation, we assume the density

profile to coincide with the Newtonian potential in 3D

and hence rewrite (5), with visible components only, as
1

Th= ——

L 2n(1+ )3

and therefore with the constraint

Kp— K, =0. ™)

(f.RR + f + %) : (6)

This approach is convenient because it describes a
quantity that can be compared to observables in real
galaxies. The general solutions of (6) have the form

k=ki(z—R)+ks or k=ki(z+ R)+ ks, (8)

where k; and k, are constants, and for simplicity, we
will consider k, = 0. Introducing this constraint in the
energy-momentum tensor, the 4D part reproduces the
result derived by Vogt and Letelier [17]:

R _ ! FIR 5
Tk = dr(1+ 3= ) <ff’“ TR +2/k ’Z)’
©)
- ! fir _
.= (1 + )’ — f) (ff’RR+ R +2f fZR)’
(10)
R __ z 1 _
Tz - TR - dr(1 + f)5(1 — f) (ffRZ 3f,Rf,Z)’
(11)
7Y = 1 [f (fn+ fe) = o £,

YoAn(d+ A=)

(12)
The extra dimensional pressure part has the form
e [r
Ti=—"—= -, 13
X 47‘[(l+f)5 <f,RR+f,zz+ R) ( )
and
T) = -T5. (14)

@ Springer

The last two equations afford an interpretation of
the model as part of some universal extra dimensional
theory. The energy density is given by p = T/, and
the stresses (pressures or tensions) along a particular
direction read P; = —T! when the energy-momentum
tensor is diagonal. Surprisingly, the component 77 is
proportional to the usual Laplacian of the function fin
flat cylindrical coordinates. Note that in the Newtonian

limit, when f « 1, (6) reduces to the Poisson equation

(15)

if the function f is related to the gravitational potential
d by

O
f=-3

In this case, p — pn and the energy conditions exclud-
ing exotic matter from the disk are

,0+ZP,<>O.
i

V2id = dnpy,

(16)

(17)

The energy-momentum tensor will be diagonal
(TR = T% = 0) provided f has the form

C
JwR) +g@)

where C is a constant and w(R) and g(z) are arbitrary
functions.

Complementarily, the isotropic radial and azimuthal
stresses TR and T¥, respectively, will be equal only
if w(R) = R?. The density profile p can then be de-
duced, e.g., from the Miyamoto-Nagai solutions [16],
which represent stratifications of mass in the central
bulges and in the disk parts of galaxies. In this case,
the simplest gravitational potential providing diagonal
components is

f= (18)

M
\/RZ +(a+vz2+b?)?
where a, b are positive constants.
The three-dimensional density derived from (15) is
b*M
47
AR+ @43V 4+ bY@+ V2 +b)
[R2 + (a+ vZ2 + b2)2]5/2(z2 + b2)3/2) ’

®(R,7) = (19)

on(R, 2) =

(20)
and now the function f(R, z), according to (16), is
M
f(R,2) = . (21)
2\/ R*+ (a+Vz22 +b2)?
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As we will see in next sections, the gravitational
potential can only be approximated by f(R, z) in the
Newtonian limit. The true gravitational potential will
be calculated from the circular velocity of a test particle.

3 Approximated Rotation Curves from Circular
Geodesics

For given configuration, the trajectories of the particles
can be derived from the geodesic equations. In view of
the (radial and azimuthal) stresses, the configuration
can hardly be interpreted in terms of particles moving
on circular geodesics. The assumption of geodesic mo-
tion being valid for particles in a very dilute gas, such
as the star gas modeling a galaxy disk, it is possible to
obtain the tangential velocities of particles in the disk
(i.e., the approximated planar rotation curves) from
geodesic equations. Assuming R =0 and z =0 (the
particles have no radial motion and for simplicity are
confined to the z = 0 surface), the metric (4) can be
rewritten as

(1-7?
1+ f)?

where ¥4 = dx4/ds, which yields

P—(+ 'R —e 2 —ek5P =1, (22)

o 1+f2 4p2 | k2 | k2
The Euler-Lagrange equations for the x and y coor-
dinates lead to the following geodesic equations

(e %) =0; e*i=C,, (24)

€y =0, ey=c, (25)

where C, and C, are integration constants, which can
be fixed by those calculated in [18], where a stable
planar configuration was obtained.

To obtain another equation, we differentiate (23)
with respect to R and use (24) and (25). It results that

(1-=5n (l—f)z]z
2
*M[u+n2 Tk
+2R(1+ PP+ )+ 2Rf r1$*

—k e ¥ i* — k%) = 0.

(26)

Equations (23) and (26) form a system with variables
@* and 2. Once the system is solved, the rotation curves
V¢ are given by

Ve = _gﬂd_w:
V gy dt

oo 9°

. 27
o P 27)

S
180 NGC 3198 (Begeman 1989)

160
140

120

(km/s)

100 4

Vrot

B Begeman (1989)

80 - 6D GR Miyamoto-Nagai galaxy
- - -- 4D Miyamoto-Nagai galaxy

Total mass considered:
Gas ~ 4.9 x 10°M

40 4 Stars ~ 34 x 10°M (Begeman 1989) |

T T T T T T T T T T T
0 5 10 15 20 25
R (kpc)

Fig. 1 Rotation curves of NGC3198 from gravitation with extra
dimensions (GEDi, here with six dimensions, solid line) com-
pared with a 4D Miyamoto-Nagai solution (dashed line). Only
the mass of the gas and stars is included in the computation, no
dark matter being considered, and the plots have no adjustable
parameters. The discrepancy at 5-7 kpc is due to the gas dy-
namics, not accounted for in our model. The rotation curves
are obtained from circular geodesics of test particles around
the designed configuration. We chose b/a = 0.01 to model a
disky galaxy and the stability parameter k; = 107°. To enforce
stability, we have also used the extra dimensional parameters
Cy=02and Cy, =038

The stability of the circular geodesics is discussed in
“Appendix 1.”

4 Probing the Model with Real Galaxies

As shown by Miyamoto and Nagai [16], one can model
a configuration like a spiral (disk-like) galaxy by adding
the central and outskirt densities for different values of
aand b, ie., p =), p(a; b;), in other words, by a sum
> i f(ai, b)) of functions f, given by (21). For a spiral
galaxy, it suffices to superimpose the central bulge and
the disk part.

As an example, consider the spiral galaxy NGC 3198.
Given the observed disk surface density and galaxy
morphology [19] and the assumption that the bulge
density is similar to that of the Milky Way [16] (where a
is usually set to zero and b ~ 1kpc'), we obtain the set
of stable rotation curves in Fig. 1a. Analogous results
for other well-known galaxies (M31, UGC 12591, and
UGC 3271) are presented in Figs. 1b, 2, and 3).

As explained in “Appendix 17, stability constrains
the value of k. The parameter k; must be fine tuned:

IThis means that b /a — oo, and that the central bulge is a sphere
of radius ~ 1kpc.

@ Springer
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a — b
180 E
] NGC 3198 Begeman (1989)
160 E
i o YWV
140 N = S — . — — . N
1 . v'/'—\\‘\ =
’u; 1207 " ’./ =< s\: . 7 E
4 e
~-—— £
£ 100- {7 RS -]
o . ./ 4 Begeman (1989) »
9 80+ Vs — — 4D GR thin disk 1 8
I &) ——6D GR thin disk 17
60 - — - — Navarro et al. (1997) DM halo 1
,l + + + + Courteau fit law (1997) ]
40 ff —— 6D no-DM isotropic Miyamoto-Nagai 1
1 ,' - - = 4D isotropic Miyamoto-Nagai 1
204§ —— 6D no-DM general problem b,
0 T T T T T
0 1 2 3 4 5

Fig. 2 Rotation velocity as a function of the radius scaled by
the mass for a NGC3198 (Cy = 0.2, C, = 0.8 and k; = 107°)

and b M31 (C,y =0.2, C, = 0.84, and ki =3 x 107%)—i.e., the
Andromeda Galaxy—from [19]. The data are compared with the

If k; > 1073, the rotation curves grow to infinity. By
contrast, in the k,-stable range, the rotation curves
blow up moderately and coincide with many disk-like
galaxy profiles. Thus, instead of adjusting &, to fit the
experimental data, we can rely on the stability con-
straint to independently compute the parameter.

The gravitational potential in (19)—i.e., a
Miyamoto—-Nagai ansatz—is purely Newtonian and
useful to calculate the form of the function f in the
metric. A potential incorporating corrections from the

a 700 T T T T T T T T T T T T
650 UGC 12591 B
6004 Rubin (1987) ]
550 4 -1
500 5
450 ° <P o @ ————
3 o Simege
~ 400 _ e ~aol i
g LT --- s
< 3504 S e .
£ 3004 ©  Rubin (1987) T T
IS 250 B @ Rubin (1987)
i L o7) i
. — — -4D GR thin disk
2009 fo - —— 6D no-DM GR GEDi disk ]
150 : —-— 4D GR Miyamoto-Nagai galaxy B
100 N —— 6D GR Miyamoto-Nagai galaxy ]
A —— 6D Newtonian galaxy
504/ - - - - NFW DM profile for comparison b
0 T T T T T T T T T T T T
0 1 2 3 4 5 6

rt

T T T T T T T T T T T T T
300 M31 -
250 ™ TTT T -
—
200 ‘ S =
150 - TS
& M3 - -
! . — — — 4D GR thin disk 1
1004 § —— 6D GEDi GR thin disk |
’ —-—--4D GR Miyamoto-Nagai galaxy
—— 6D GR Miyamoto-Nagai galaxy
sof —— 6D Newtonian galaxy i
e NFW profile for comparison
0 T T T T T T T T T T T T T
0 1 2 3 4 5 6

results of various theoretical approaches: gravitation with extra
dimensions, i.e., the 6D GR Miyamoto-Nagai (this work), a 6D
GR thin disk [9] and other models [19-21]. The coordinates are
the rotation velocity and the radius per mass

extra dimensions can be obtained from the density by
means of the equality

Vi
4’

p= (28)

and the potential can be reconstructed from the planar
circular geodesics—(27), with help of the equality

R V2
d = /0 FCdR, (29)

b T T T T T T T

200 H 3270 Martins (2008) s

160

120

(km/

" & Martins (2008)
— — — 4D GR thin disk
—— 6D GEDi GR thin disk
—-—--4D GR Miyamoto-Nagai galaxy
—— 6D GR Miyamoto-Nagai galaxy
—— 6D Newtonian GEDi galaxy
----- NFW profile for comparison

Vrot

80 —

40

0 . . . . . q :
0 1 2 3 4
b

Fig. 3 Rotation curves for a UGC 12591 (C, = 0.2, Cy, = 0.8, and k; =3 x 10%) and b UGC 3270 (C, = 0.2, Cy, =0.85,and ky =

8 x 107%). Analogous to Fig. 2
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Fig. 4 The GEDi density 3F

contour plots for NGC 3198. 2F

We choose b /a = 0.01 to it

model a disk-like galaxy and é .

the stability parameter N

ki = 107%. To enforce i

stability, we also set Cy = 0.2 -2f

and Cy, =0.8 73—0 s

where V¢ is given by (27). The density contour plots
recovered from (29) are shown in Fig. 4; our object is
very similar to a spiral galaxy.

We can also compare our results with other po-
tentials in the literature [22]. Figure 5 shows (a) the
Miyamoto—-Nagai potential-density pair and (b) the
density recovered from our circular velocities. Another
interesting reference is Satoh’s potential

M
DR, 7) = - (30)
ab*M 3 R> 472 1
o |Z(1- . (31
Pu 47 S3(z2 + b2) [a( S2 >+zz+b2} (31)

1/2
S = [R2+z2+a(a+2\/zz+b2)] ) (32)

Figure 6 shows various densities for the same para-
meters a and b. The difference between the 6 D-GR
density profile and the conventional Newtonian 4 D ex-
ample is small, an indication that the extra dimensions
have little effect upon the density, so that the model
discussed in this paper yields the density contours in
Fig. 4, very similar to real disk galaxies. By contrast, the
extra dimensions have striking effect upon the shape of
circular velocities.

5 Concluding Remarks

We have presented stable rotation curves for config-
urations in a 6D universe and compared our results
with a few potentials in the literature. Starting out

Fig.5 aThe
Miyamoto—Nagai 4 D model
Newtonian density py, in

Mg /pc?, for NGC 3198 (the
non-central disk, where the
rotation curve anomaly
appears), as a function of R
and z in kpc. b 3D plot of the
recovered density profile (28)
for the present model

1Y)

Density

10 15 20 25 30
R kpc

0.6F ]

0.5 b

Fig. 6 Comparison between the density recovered from our
circular velocities (full line), a pure 4D Miyamoto-Nagai profile
(long dash line), and a Satoh profile (short dash line). Here the
density, in Mg/pc™3, corresponds to the 3D configuration slice
with z =0 in Fig. 5. Note that beyond R = 6 kpc, our profile
is dampened relative to the 4D profiles. The same damping is
visible near the peak in Fig. 5b

with a density profile coincident with the Newtonian
potential of a perfectly symmetric configuration of a
bulge plus disk, similar to a spiral galaxy, we have
built a model by solving the Einstein equations with
a Miyamoto-Nagai ansatz, the Miyamoto—Nagai and
Satoh models offering approximate density contour
plots for spiral galaxies. Phenomenology affords tests of
those two potentials for the case of mass stratification
in a central volume, and the contour plots of such
potentials show a profile similar to what is expected for
spiral galaxies.

(o3

Density
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The computed stable rotation curves for a num-
ber of galaxies reproduce the observational data with
no adjustable parameters. Our semi-phenomenological
approach reinforces the results in [9] and points to the
conclusion that at least the rotation curves of galaxies
can be explained with no reference to dark matter, pro-
vided that extra dimensions are added to the universe.
As explained in [9] and also in [18], Egs. (23)-(25)
connect our model to universal extra dimensional-like
theories [23], notice being taken that compactification
is relaxed in our work.

The model is parametrized by the three integration
constants k;, Cy, and C,. Our central goal being to
find stable parameters with a geodesic perturbative
approach, we have shown C; and C, to be in the
range covered by the conventional thin disk calculation
in [18], while k; is a fine-tuning stability parameter
ranging from 1077 to 107°. The additional parameter
b /a, required by Miyamoto—Nagai configurations, must
be close to 0.01 for disk-like galaxies [16].

In the solution of k(R, z), one of the dimensions
becomes large and the other, very small. That the
important part of the galaxy rotation curve for spirals
(similar to our case) occurs for 0 < R < 10R,, where
R, is the half-luminosity radius of the disk, is well
documented [22]. Thus, with no loss of generality, in the
region of interest, we set k = k;(z = R). As explained
in Section 4 and “Appendix 1,” the stability of the
model is guaranteed for very small k;, and here k; is
in the 107> — 1077 range for R in kpc. When R > 10Ry,
we only have k > 1 for R ~ 10" kpc, a value as large
as the radius of the universe. Thus, the smallness of k;
guarantees an approximately asymptotically flat space—
time in the scale of a galaxy.

Within the range of stability, our model reproduces
the non-flat galaxy rotation curves. While numerous
theories assuming the rotation curves of spirals to be
asymptotically flat have been proposed, that assump-
tion conflicts with observational evidence. Our model,
by contrast, can explain both planar and nonplanar
rotation curves. For example, parameters k; near the
top limit of the stability bracket, i.e., k; ~ 107>, yield
nonplanar curves, as Figs. 3b and 7 show.

It is not the purpose of this work to replace the
dark matter paradigm, a black box that fits observa-
tions and theoretical inferences very well: not only
rotation curves and lensing but also N-body numerical
simulations, structure formation, and the analysis of
anisotropies of the CMB. To replace this black box
with another, we would have to test the latter in a wide
range of theoretical and observational areas. More-
over, our phenomenological approach lies below the
status of fundamental quantum field theories. Having

@ Springer

1804 T T T T
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140 UGC 195 Martins (2008)
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80

Vrot
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407 & Martins (2008)
— — — 4D GR Miyamoto-Nagai galaxy

1
20 ¢ —— 6D no-DM GR Miyamoto-Nagai 1
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r!

Fig. 7 The observed nonplanar rotation curve of galaxy UGC
195 [24], the Miyamoto-Nagai 4 D expected profile and the same
when it is included more two extra dimensions in computation
(the case of the present model). Parameters used: b /a = 0.01,
Cy=02,Cy=09,and k; = 107>

relaxed compactification and considered only large-
scale effects, i.e., phenomena at the scale of galaxy
sizes, we cannot take advantage of our results to argue
against the constraints of particle experiments.
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Appendix 1: Stability

For planar rotation curves, analysis of the stability
is required. A general procedure has been described
elsewhere [18]. Here we will study the effects of
infinitesimal perturbations on the geodesic. To this end,
we modify the geodesic equation ¥4 + ' x%i¢ =0
with the transformation x4 — x4 + A4, where A4 =
(8t,6r, 8¢, 8z,8x,8y) are infinitesimal elements. As
shown in [18], the following equations can then be

derived:
AY 420 xBAC + T 5 pAPKPRC =0, (33)

where 'y are the Christoffel symbols and x# are
proper time derivatives dx* /ds.
For a circular orbital motion, the latter take the form

¥ =, 0,0,u'Q,u'Cy, u'Cy), (34)

where Q = V¢/R (27).
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Assuming oscillations in all directions with no
vertical or extra dimensional restrictions, we then
find that

A = (81, 8R, 82, 8¢, 8x,8Y). (35)

The non-null Christoffel symbols are the follow-
ing: T/, =T%, Tl =T, 'k Tk, 'R =Tk T~

% 75 R o o ZR> " zz°
b4 z z _ 12 z z z z
quga’ Fxx’ l_‘yy9 Ftt? 1_‘RR’ FRz - FZR’ Fzz’ F(ptp’ 1ﬂxx? 1_‘yy’

F‘z’$¢=F$R’ [ =Tz The =T TL=T1, F)I/?yz
[ s T2y = Tyz. Let x be an equatorial circular geo-
desic in a stationary axisymmetric space-time, i.e.,
the worldline x4 = (¢, R = const, ¢ =const+ Qf, z =
0, x = const, y = const). Suppose that the solutions for
8t, 8R, 8z, 8¢, 8x, and Sy have the form of harmonic
oscillations, ~ €%, with a common proper angular fre-
quency K. Substitution of the four-velocity in (34) and
the non-null computed Christoffel symbols leads to the

following equations for the perturbations:

(81) + 2T xu! (S R) + 2T u' (87) = 0, (36)

(OR) + 20 fu' (50 + 2T R u'Q(8) + [T g + T8 p @2+ T8 R Cr+ TR (CHW) 1SR (37)
+ [(OF 4+ T8 Q2 +TE C+TfE ChHw) 15z =0,

(82) + 211 (81) + 202 u'Q(89) + (T g + Ty g+ T, gCr+ T3, cCHU)ISR (38)
+ (05, +T%, Q2 +T5 C2+ T, _CH()*18z =0,

(89) + 2T g Qu' (S R) + 2T, Qu' (87) = 0, (39)

(8X) + 2T} g Cott' (SR) + 2I'Y, o' (87) = 0, (40)

(8y) + 2, Cyu' 8 R) + 2T}, Cyu' (87) = 0. (41)
The unique real solution for this homogenous sys-

tem is

o % _ 2'A(—R} + Ry) @)

1/3
3 [2R? —9R, Ry +27R; + \/4(—R$ +3R,)>+ 2R} —9R\R, + 27R3)2}

1
+3(2|/3)

1/3
[2R§ —9R| Ry, +27R3 + \/4(—R% +3Ry)*+ QR —9R Ry + 27R3)2] ,

where Ry = (Pf,  + % 5 Juu®, Ry = (T qutu®)
(T% 5 u"uP) and R3 = 16rer§;r;Zr;xC§C§(u’)4, and
Thp g uP =@CF g4 TR g Q24T K (CiHTE RCHW').
The system is stable if the squared epicyclic frequency
k? = (K/u")? is strictly positive. This occurs when the
signal before the square root in (42) is positive and for
k=ki(z+ R)in (8).

Moreover, the stability test may play an important
role in determining a stable range for the constants
C., C,, and k;—the latter an integration constant
due to the extra dimensions for a non-exotic system
(8). The constants C, and C, coincide with those

obtained in [18]. The constant k; must be very small
(ky ~ 1075 = 1077).

The parameters a and b (in kpc) in (21) are usually
obtained phenomenologically, from the density of the
galaxies[16]. Since the fraction b /a estimates how disky
or spherical the galaxy is, the parameters a and b can
be lumped in the new parameter b/a. Disky galax-
ies have b/a ~ 0.01. Thus, observational studies of
densities and stability allow construction of a galaxy for
a system modeled by gravitation with extra dimensions.
All the aspects of the stability study presented above
are plotted in Fig. 8.
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0 25 50
R

Fig. 8 a Stability study for the Miyamoto—Nagai configurations
with extra dimensions (dotted curves). For comparison, the full
line shows the 4D stable curve. Here «? = (K/u')>>0 represents

75 100 125 150 175

stable curves. We have fixed k; = 10~°, within the stability range,
and varied Cy and Cy as indicated in Table 1. b Rotation curves
resultant from the stable models in a

Table 1 Stable values for Cy, Values for k,

Values for C, and Cy,

Region where the disk is stable

Cy, and ky - (8), where kp = 0 Every k|

kl <1073
kl <1073
kl <107
kl <107
k1 <1073
k1 <1073
k1 <1073
k1 <1073
For values of k; > 107

Cy =0, C, =0 (Newtonian)
0<Cy<020<Cy<04
0<Cy<02,Cy,=05
0<Cy<02,C, =07
0<Cy<02,C,=075
0<Cy<02,Cy,=038
0<Cy<02,Cy=0.85
0<Cy<02,C,=09
0<Cy<02,Cy>095
Every Cy and C,

All 7Y

All 7Y

0<r <04

0<r<14

0<r <26

0<rs4

0 < ¥’ < 5.5 (fit DM halos)
0 < r" < 15 (fit DM halos)
Unstable disk

Unstable disk

Appendix 2: Motion Equations for a Test Particle
in Gravity with Extra Dimensions

The Einstein—Hilbert gravitational action with extra
dimensions is given by

This leads to the field equations
(4+n)GAB — @+n) T g, (44)

where A, B=0,1,...,4+n—1, y are the extra di-
mensions and the indices (4 + n) describe the multidi-
mensional nature of the action. From now, “*"Gup
and “*" T 45 will be simply called G 45 and T 45. The
same notation will describe the curvature tensor and
scalar, as well as the metric.

The most general metric for the above-described
space—time is

8up | 8ab
gap(x*) =|—- —— — — —|, (45)
8ap | 8ab

where «, 8 = (0, ..,3) and a,b = (4, .., n), for any in-
teger n >4, and we are following the conventional

@ Springer

treatment to turn the metric into a function of only 3 +
1 coordinates. This metric, as written above, contains
the explicit terms representing the 3 + 1 universe and
also the n terms plus crossed components. In fact, it is
convenient to rewrite (45) as

8AB = 8upd8h + Gab 8% 8% + 8up 840 + 8upd% . (46)

for A, B=(0,..,3 +n), where 83 are the conventional
Kronecker symbols.

In the particular case of a diagonal metric, we can
find the derivatives and consequently the curvature
terms [see Coimbra-Aradtjo et al. (unpublished) for the
explicit calculation]. The equations of motion for such
a system are calculated as

1
Xt + {a’;} xP = Egab,ngNcg"Cngbd, 47)

where N, denotes a vector containing, e.g., the para-
meters C, and C, (for the case of 6D). The metric
elements should be calculated by a new Poisson equa-
tion (plus boundary conditions and initial values) that
arises from the new terms in Einstein equations. The
Miyamoto—-Nagai example in the present paper is a
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particular case for such approach. For a discussion, see
Coimbra-Aratjo et al. (submitted for publication).
Inside the disk galaxy, the extra dimensions affect
gravity by means of an effective potential calculated as
® = ¢ + Ccosh(k + 9), (48)
where ¢ is the potential that comes from 4D, C, and
8 are constants to be calculated and k is the function
associated with extra dimensions inside the metric.
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