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Abstract Simple bimolecular reactions A; 4+ A, =
As + Ay are analyzed within the framework of the
Boltzmann equation in the initial stage of a chemical
reaction with the system far from chemical equilib-
rium. The Chapman-Enskog methodology is applied
to determine the coefficients of the expansion of the
distribution functions in terms of Sonine polynomi-
als for peculiar molecular velocities. The results are
applied to the reaction H, + Cl = HCI + H, and the
influence of the non-Maxwellian distribution and of
the activation-energy dependent reactive cross sections
upon the forward and reverse reaction rate coefficients
are discussed.

Keywords Boltzmann equation - Chemically reactive
flows - Reaction rates

1 Introduction

Since the works of Prigogine and collaborators in the
1950’s, the study of chemically reacting gases by means
of the Boltzmann equation has constituted a topic of
research [1, 2]. The first article in this series analyzed
the chemical reaction A + A — B + C under the as-
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sumption that the constituents have only translational
energy and the reagents are more concentrated than the
products [1]. The Boltzmann equation was solved by
the Chapman-Enskog method, the distribution func-
tion was expanded to second order in the Sonine poly-
nomials, and the reaction rate was determined for two
kinds of reactive differential cross sections: one of them
a step function, the other taking the activation energy
into account.

The second work analyzed the chemical reaction
Ap+ B = A, + B and gave attention to the reaction
heat [2]. The dependence of the reaction rate on the
activation energy and on the reaction heat were deter-
mined.

It has long been known that the reaction rate de-
pends on the choice of the molecular interactions, and
this motivated Present to propose the following expres-
sion for the reactive cross section [3, 4]:

0, E <e,
O'* = ’ (1)
D[l —(¢*/E)], E > €.

where the formation of the activation complex is pos-
sible only when the distance between the molecular
centers is equal to the parameter D, related to the
diameters of the molecules. This cross section, known
as the line-of-centers model, allows a chemical reaction
whenever the relative translational energy of the mole-
cules FE is larger than the activation energy €*.

In 1960 Ross and Mazur [5] analyzed the bimolecular
chemical reaction A + B = C + D and extracted gen-
eral expressions for the forward and reverse reaction
rates and the entropy production from the Boltzmann
equation. The distribution function was not determined
explicitly from the Boltzmann equation so that no exact



Braz J Phys (2012) 42:400-409

401

expressions for the reaction rates and entropy produc-
tion were derived. The solution of the Boltzmann equa-
tion for the distribution function from the expansion
of the distribution function in Sonine polynomials and
computation of the forward and reverse reaction rate
were presented later by Present [6] and by Shizgal and
Karplus [7-10].

Many contributions to the analysis of chemically
reactive systems follow these works. Among others we
quote Refs. [11-32].

The cross sections determining the reactive collision
term can be divided into two types, namely with and
without activation energy [33, 34]. In general, cross
sections with activation energy allow a reaction to occur
whenever the relative translational energy exceeds the
activation energy, as in (1). Even the slightest grazing
collision leads to a chemical reaction. In a more real-
istic scenario, a reaction occurs only when the relative
translational energy in the direction of the line joining
the centers of the molecules is larger than the activation
energy [11, 31, 34]. In this case the geometry of the
collision plays a fundamental role in controlling the
occurrence of a reaction.

Another important issue in applications of the
Chapman-Enskog to the reactive Boltzmann equation
is the distortion of the Maxwellian distribution func-
tions by the reaction heat [2, 14, 26, 31], which makes
the reaction rate coefficients sensitive to the reaction
heat.

The aim of this work is to analyze the influence of
the activation-energy cross sections and of the non-
Mawellian distribution function on the reaction-rate
coefficients. Although relying on the same method
adopted in the above-mentioned works, we here solve
the Boltzmann equation for the distribution function,
which we expand in Sonine polynomials up to second
order. The reactive differential cross section we con-
sider allows reactions only when the relative transla-
tional energy in the direction of the line joining the
centers of the molecules is greater than the activation
energy, and we analyze slow reactions. In other words,
we analyze the initial stage of a chemical reaction, in
which the system is far from chemical equilibrium. In
this stage the elastic collisions are more frequent than
reactive ones, and the affinity is much larger than the
thermal energy of the mixture. We show that the reac-
tive cross section under study markedly influences the
reaction rates, while the effect of the non-Maxwellian
distribution is not too pronounced.

The work is structured as follows: Section 2 intro-
duces the system of Boltzmann equations for a sim-

ple bimolecular chemical reaction A, + A, = Az +
Ay4. The expressions for the reaction rate coefficients
that follow from the Boltzmann equation and the
specification of the elastic and reactive cross sections
are the subject of Section 3. In Section 4 the Arrhenius
equation is obtained from a Maxwellian distribution
function. It is shown that the reaction-rate coefficient
when the relative translational energy in the direction
of the line which joins the centers of the molecules
must be larger than the activation energy is different
from the coefficient when only the relative translational
energy must be greater than the activation energy. The
analysis of the slow chemical reactions is the subject
of Section 5, where the distribution functions are ex-
panded in Sonine polynomials of the peculiar molecular
velocity and the first coefficients of the expansions
are obtained with the Chapman-Enskog methodology.
In Section 6 the results of the previous section are
applied to the chemical reaction H, + Cl = HCI + H,
and the coefficients of the non-Maxwellian distribu-
tion function, and the forward and reverse reaction
coefficients are plotted as functions of the temperature.
The results show the effect of the non-Maxwellian dis-
tribution functions and of the reactive cross sections
on the reaction-rate coefficients and on the entropy
production rate.

2 Boltzmann Equations

We consider a simple reversible bimolecular gas re-
action characterized by the chemical law A; + A; =
Aj + A4, which takes elastic and reactive binary en-
counters between the molecules into account.

The elastic collisions between the two constituent
molecules, of masses m, and mg, have asymp-
totic pre-collisional velocities (¢, €g), asymptotic post-
collisional velocities (¢, €5), and asymptotic relative
velocities gg, = €5 — €, and gy, = ¢ — ¢, respectively,
so that the conservation laws of linear momentum and
energy are given by the expressions

Moy + MpCs = M€, + Mgy, )
—mgct + lm ¢l = lm 2+ lm c? 3)
2 et T TE T g ata T TN

respectively, where o, 8 = 1, ..., 4. The energy conser-

vation law can also be written in terms of the asymptotic
relative velocities as ggo = gj,,-

@ Springer
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For a reactive collision the conservation laws of
mass, linear momentum and total energy read

my +my = ms3 + My, 4)

mi€; + moCy = M3C3 + M4Cy, ()

1 2 1 2 1 2 1 2
€+ Emlcl —+ € + Emzc2 = €3+ §m3c3 —+ €4 + 5]’”464,

(6)
respectively. Here ¢, denotes the molecular binding
energy (¢ = 1, ..., 4), while (¢;, ¢;) are the velocities of

the reactants, and (cs, ¢4), the velocities of the products
of the forward reaction. The conservation law for the
total energy (6) can be written in terms of the rela-
tive velocities ggo = |gs«| = |€g — €| and of the heat of
reaction O—defined as the difference of the chemical
binding energies of the products and the reactants Q =
€3+ €4 — €] —e€r—as

1

1
EmIZggl = 5’”3484213 + 0, (7

where mgyg = mymg/(my +mg) denotes the reduced
mass.

We characterize the state of a reacting gaseous mix-
ture in the phase space spanned by the positions x
and velocities ¢, of the molecules by the set of distri-
bution functions f, = f(x, ¢y, ?) witha = 1,...,4. The
distribution function f, is defined so that the number
of « molecules in the volume element dxdc, around
the position x and the velocity ¢, at time ¢ is given by
fodxde,.

The phase-space evolution of the distribution func-
tion f, for constituent « is governed by the Boltzmann
equation, which in the absence of external forces reads

oy o 0fs © .
o TG = Z/ (fa 15— Juf5) 8pa0pa d2dey
i p=1

+ QX

with the shorthand [, = f,(x, ¢, ?).

The left-hand side of (8) refers to the space-time evo-
lution of the distribution function, while its right-hand
side takes the molecular collisions into account. The
latter has two terms. The first one describes the elastic
interactions among the constituents. In the integrand,
the factor o4 is the differential elastic cross section,
and dQ = sin xdxde the solid-angle element, with x
denoting the scattering angle, and &, the azimuthal
angle that characterizes the collision.

a=1,...,4, (8)

@ Springer

The second term QF on the right-hand side of (8)
is related to the reactive collisions. The expression
for the constituent labeled by the index 1 is obtained
as follows. The number of reactive collisions for the
forward reaction A;+ A, —~ Az + A4 per unit of
volume and time is given by (fi f> g21 07, dQ2* de; de»),
where o, represents the reactive differential cross
section and dQ2* is the solid-angle element relating the
orientation of the post-collisional relative velocity g43
with respect to the pre-collisional one g»;. Likewise,
the number of collisions for the reverse reaction
A+ Ay~ Az + Ay reads (f5 fa 843 o3y dQ* des dey).
For a fixed value of the heat of reaction it follows from
(7) that myrg1 dgo1 = m34g43 dgys, and we also may
obtain the equality m3482; desdey = mipgys dey de,.
Furthermore, for small heats of reaction the principle
of microscopic reversibility yields (m12821)%07, =
(m34g43)203*4. Hence, all relationships accounted for,
we find that f3 f4 843 0'3*4 aQ* dC3 dC4 = f3 f4 (mlz/
ms4)? g1 o}, dQ*de; de;. From the difference of the
expressions for the number of collisions in the
backward and forward reactions divided by de; and
integrated over all values of de, and d2*, we obtain the
following expression for the reactive collision term for
the constituent labeled 1:

n3zq

3
m
Q) :/[f3f4< 12) - fi fz] 01,821d2"desyy. (9)
The reactive collision term for the constituent la-
beled by the index 2 being similar, the terms within
parentheses in (9) determine QX. In the same notation,

the reactive collision terms for the constituents labeled
by the indexes 3 and 4 read

3
ofly = / [fl g <m34> - f3f4] 03,843d2" dey3).

mis

(10)

3 Reaction Rates and Differential Cross Sections

The description of the evolution equation for the par-
ticle number density n, = [ f, de, of constituent o is
obtained by integrating the Boltzmann equation (8)
over all values of ¢,, which yields

0ny n ong vy
ot ax;

= T,4.

(11)
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Here, the bulk velocity vy and the particle number
density production t,, of the constituent o read

1
v = — | ¢f fude,,
Ny

Ty = —Vy (n3n5k — nynoky) (12)

where ky and k, denote the forward and reverse reac-
tion rate coefficients, respectively. They are defined by

1
kp= —— / fi frotygndQde;des,
niny

In (12), we have introduced the stoichiometric
coefficients v, of the constituent «, which for the chem-
ical reaction A; + A, = A3 + A4 are given by v, =
V) = —V3 = —Vy = —1.

In order to determine the distribution functions f,
from the system of Boltzmann equations (8), we have
to specify the elastic and the reactive differential cross
sections. We assume that the elastic differential cross
sections correspond to a hard-sphere potential, i.e., that

1 2
Oup = Zdaﬂ,
where d, and dg represent the diameters of the collid-

ing spheres.

1
daﬁ - 5 (dot + dﬁ) s (14)

1 mis : For the reactive differential cross section we shall use

k, = — —= * 2,dQ2*de;de,. 13 o
n3ny fifa <m34) T12821 “ce (13) the modified line-of-centers model [11, 31, 34]

0, my (Ko ‘g21)2 [2<e€y,
oh =11 2¢ (15a)

Zsfd%z |:1——fzi| . my (ko - g21)2 [2>¢€y,

mi (o1 - €21)

0, may (Ky3 - g43)2 /2<e€,

03 = 2¢, (15b)

Sed 1o
47 |: mas (Ku3 - 843)

2i| . mag (kaz - g43)2 /2> €.

Here €7 and ¢, denote the forward and reverse ac-
tivation energies, respectively, and s; and s, the cor-
responding steric factors, while ky; and ky; are unit
collision vectors in the directions of the centers of the
colliding molecules pointing from the centers of 2 and 4
to the centers of 1 and 3, respectively.

The differential cross sections in (15a) and (15b) take
into account the activation energies and the geometry
of the reactive collisions, since they are functions of
the relative translational energies in the direction of the
lines joining the centers of the molecules m1 (Ka; - 21 )2

and m3y (Ky3 - g43)2. The original line-of-centers model
considers the relative translational energies as mj»g3,
and m3s87;, so that even the slightest grazing collision
leads to a chemical reaction.

4 Arrhenius Equation

For mixtures the chemical potential of the constituent
a, which takes into account the binding energy of the
molecules—but not the internal states of the molecules

associated with the rotational, vibrational, electronic
and nuclei states—is given by the equality
. kT | €,

Mo = — [— +Inn, —

my | kT (16)

3

5 InT + Cai| s
where k denotes Boltzmann’s constant, C, is a constant,
and all constituents have been assumed to be at the
temperature 7" of the mixture, defined by

1
3kna /ma|ca_va|2fadca-

(17)

Chemical equilibrium is
condition

characterized by the

4
Zmava,ugq =0, (18)
a=1

where the index “eq” denotes the equilibrium-value
of the chemical potential. Out-of-equilibrium chemical
reactions are described by the affinity, defined as

4
A== mvapa,  with  AN=0. (19)
a=1

@ Springer
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From the above equations we can obtain the law of
mass action,

_I’l;:q}’l;q M3y %
In| ——= = Q" 20
n3ing? (mlmz) © (20)
and the following expression for the affinity
B eq.eq
nnn, n
In| == Zq gqi| =A% (21)
_n3n4n1 n,

where we have introduced the dimensionless reaction
heat Q* = Q/kT and affinity A* = A/kT, in units of
the thermal energy k7.

The state of equilibrium of a non-reacting gas mix-
ture is characterized by the Maxwellian distribution
functions

3 2
1O =n () e a=14 (@)
where the particle number densities are uncorrelated.

In fact, these distribution functions make the elastic
collision terms of the Boltzmann equation (8) equal
to zero. In general, however, the reactive collision
terms (9) and (10) do not vanish, because the particle
number densities in the distribution functions (22) are
not the equilibrium densities, which characterize the
chemical equilibrium and are related by the law of mass
action, Eq. (20). In (22) we have introduced the peculiar
velocity £ = ¢ — v;where v; = Y 0, 0av¥/ Y a_, 0 is
the bulk velocity of the mixture.

From the Maxwellian distribution functions we can
calculate the forward reaction rate coefficient by substi-
tuting (22) in the definition of the forward reaction rate
coefficient, (13). Substitution of the differential cross
section (15a) and integration of the resulting equation
leads to the result

o _ (mymy)? /ex _(m +my)G?, 3 migs,
I QukT)3 2kT 2kT
2
o120 ]
mi, (g21 cos )
X ga1 sin6 cos 6 dO de dg,; dGy», (23)

since the solid-angle element is d2* = 4 sin6 cos 6 df de
where 6 and ¢ are the angles characterizing the reactive
collision process, while k| - g1 = g»1 cosf. We have
introduced the relative velocity g,; and the center of
mass velocity G, defined by the relation

 maEY + mpgt!

wf _ ef _ g G
8 & —¢§ e+ m;

12 L

(24)

@ Springer

The range of the integrals in the variables G, and
¢ on the right-hand side of (23) are 0 < G, < oo and
0 < & < 2m, respectively. The range of the integral over
the angle 6 follows from (15a), according to which
the normal relative velocity has a lower bound so that
the interval of integration of 6 is given by 0 <6 <

arccos /2¢ r/my2g3,. The range of the relative velocity
iS,/2€f/m]2 < g2 < Q.

From the integration of (23) we obtain the following
expression for the forward reaction rate coefficient

8nkT

k(O) —
f miz

s?dj, e 7 (1 — €4 E1(e}) ee'f) . (29)

a modified Arrhenius equation. Here, €} is the forward
activation energy in units of the thermal energy kT,
and E; (e}) represents the exponential integral E; (e‘}) =

fOO e Vdy
e} y

The underlined term in (25) is the usual Arrhenius
equation, which follows from substituting mj,g3, for

min (k21 . g21)2 in the differential cross section. Inspec-
tion of (25) shows that the reaction-rate coefficient is
smaller for the latter case, in which a reaction occurs
only when the relative translational energy in the di-
rection of the line which joins the molecular centers
exceeds the activation energy. In the former case even
a grazing collision with relative translational energy
larger than the activation energy would lead to a chem-
ical reaction.

5 Slow Chemical Reactions

When dealing with chemical reactions within the frame-
work of the Boltzmann equation, we can analyze two
regimes:

Fast reactions: the last stage of a chemical reaction. The
system is nearby a chemical equilibrium state. The
frequencies of the elastic and reacting collisions are
of the same order of magnitude and the affinity is
small in comparison with the thermal energy of the
mixture, i.e., A < kT,

Slow reactions: the initial stage of a chemical reaction.
The system is far from chemical equilibrium. The
elastic collisions are much more frequent than the
reactive ones and the affinity is much larger than
the thermal energy of the mixture, i.e., A > kT.
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In this work we shall analyze slow reactions. We
write the Boltzmann equations in the form

3
D fo+A f%_/ [f3f4 (m12> - f2} 01,821dQ"dc,

0x 34

4
= %Z/ (fa,sz;_fafﬁ) 8pa0pad2deg, (26a)
p=1

8)6,‘ min

3
D fo+A&} e —/ |:f1 f2 <M34> —f3f4i| 03,843dQ"dc,

4
= %Z f (fo fs = fu13) 8pa0padSdeg, (26b)
p=1

where D = d/dt 4 v;0/0dx; is the material time deriv-
ative, and A a parameter of the order of the
Knudsen number. In (26a) « = 1, 2 corresponds to y =
2,1, while in (26b) « = 3,4, to y =4, 3. Since we as-
sumed the elastic collisions to be more frequent than
the reactive ones, (26a) and (26b) indicate that the
reactive collision terms and the material time deriva-
tives are of the same order of magnitude, while the
gradients of the particle number densities, velocity and
temperature of the mixture are of the next order.

To obtain the distribution functions from (26a) and
(26b) we apply the Chapman-Enskog methodology. To
that end, we expand the material time derivative in a
power series of a parameter 1, i. e., we write

D =Dy+AD; +1°Dr+ ..., (27)

along with the distribution functions

o= fO4afO 22D 4 . a=1,...,4

(28)

The parameter X in the distribution function will be set
equal to the unit later.

We insert the expansions (27) and (28) into the
Boltzmann equations (26a) and (26b). Comparison of
equal powers of 1 leads to the following system of
integral equations:

4
0= [ (R 5 = 19 1) gpoonaddes.  (29)
f=1

3
0 ©) £0) ( M12 (0) £(0)
Dofog)_/|: 3 Ja (_m34) —Nh ]UfngIdQ*dcy

4
0 1 0 1
=% [ LAY B = 505 10 1]

=1

X gﬂaaﬁadQ dCﬁ, o = 1, 2 Y = 2, 1, (30)

3
0 ) £(0) ( 134 (0) £(0)
DOfoE)_/|:fl 2 (m_u) = :|U3*4g43d9*dcy

4

0 1 0 1

=% [ LAY B = 105 10 1]
p=1

X 8pa0padQ2deg, o =3,4 y=473. (31)

Here we have only considered the integral equations to
first order in A, 1. e., associated with the zeroth order
term f? and the first-order correction fV.

The solution of the integral equation (29) is the
Maxwellian distribution function (22). To solve the
integral equations (30) and (31) we assume that the re-
action heat affects the Maxwellian distribution func-
tions, so that f{! can be expressed in terms of Sonine
polynomials in the peculiar velocity &7, i.e.,

0 m %_2
L _— £O E (n) aSqy
fa - fa — Ana S% <_2kT > s where

T'(n+3/2)

YR ok
51 %) _kzzgk!(n—k)!I‘(k+3/2)( o (32)

The coefficients a,, are constants to be determined
from the integral equations. Up to second order terms
in the expansion, the distribution function can be
written as

3 mgE?
= (0) l _—— Yoo
fo= 1y [ + a, <2 2kT)

ta 15 Smyé? N m2Ed
20 8(kT)2 B

8  4kT
a=1,..., 4. (33)

@ Springer
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Insertion of the distribution function (33) into the
definition (17) of the temperature of constituent o,
shows that all coefficients a;, are zero. To determine
the remaining coefficients a,, we multiply (30) and

. 12
(1 —e” )szdlze €7 [1 —dep+ 36?E1(6}) eff] MmN

2
8m;,

! Moty /Map > 10mZ, 4+ 8mympg + 13m3,
_Z (my + mg)? Gus Mg + mg

the Sonine polynomial [15/8 — Sm,&;/4kT +
31) by the Sonine poly ial [15 2/4kT

m2&%/8(kT)?] and integrate over all de,, which shows

that

dyy — 15maﬁa2,g} s a=1,2; (34)

(1—e) s2di,e” {1 —4¢€;+ 3¢ Eie}) T — 40" [1 + O —¢* El(ef)eef B+ 0 ]}m34n1n2

7
2,3
8mgmy,

_ 24: Maltp/Map o 10mZ, + 8mympg + 13m3,
my + mg

dyy — 15maﬁazﬂ} s o =34 (35)

From the algebraic system of (34) and (35) we
can determine the four coefficients a,;,...,ax of
the distribution functions (33). The expressions for
these coefficients are too long to be presented

the corresponding definition, in (13). Integration of the
resulting equalities then yields the expressions

_1—¢k;+k;Euqof?aﬂmg+anm§

N k=K - >
ere. I—et Ei(e}) e 8(my+my)
To determine the forward and reverse reaction rate
coefficients, we insert each distribution function (32) in (36)
3 * * *2 * * €% * *2
k. = (mlmZ) . 1_4<€f+Q +e )+€fE1(Ef)ef(3+12Q T40) @yt + ayym3 (37)
’ mamy 1 — €} Ei(e}) €7 8(m3 + my)?

The underlined terms are corrections to the for-
ward and reverse reaction rate coefficients, for non-
Maxwellian distribution functions. The corrections de-
pend on the coefficients a,, ..., 84 of the distribution
functions (33), on the reaction heat, and on the activa-
tion energy of the forward reaction.

6 Reaction rates for H + Cl = HCI+ H

We now apply the results of Sections 4 and 5 to evaluate
the rate coefficients for the reaction H, + Cl = HCI +
H. To that end we need to know certain characteristic
parameters for the constituents of the mixture, such
as masses, diameters, forward and reverse activation
energies, reaction heat and steric factors. Table 1 lists

@ Springer

the molecular weights M,, and the coefficients of shear
viscosity u, at temperature 7' =293 K for the single
constituents H, H,, Cl and HCI [35]. From the expres-
sion of the coefficient of shear viscosity for hard-sphere
molecules (see e.g. [34])

5 mykT
« = —_—, 38
I 16d§‘/ - (38)

Table 1 Molecular weights, viscosities and molecular diameters

Gas H H, Cl HCI
M, 1.008 2.016 35.453 36.461
e (x107° Pass) - 0.841 - 1332
dy (10719 m) 1.06 2.78 1.99 4.55
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Table 2 Arrhenius coefficients, forward and reverse activation energies, reaction heat and steric factors

Reaction A (m3/mol s) €7 (kJ/mol) & (kJ/mol) Q (kJ/mol) Sr
Hy+ Cl—~ HCl+ H 7.94 x 107 23.03 18.84 4.19 0.648
HCl+ H — Hy + Cl 4.68 x 107 18.84 23.03 —4.19 0.497

we can calculate the diameters of the single constituents
H, and HCI. For the constituent C/ we take the di-
ameter to be twice the atomic radius, whereas for the
constituent H we take the diameter to be of order of
twice the Bohr radius ag = 0.529 x 10~ m.

Table 2 lists the coefficient A of the Arrhenius equa-
tion k¥ = Ae~7, the forward, and the reverse activa-
tion energies [36]. The reference temperature for this
reaction is 300 K and the reaction heat was obtained
from the relation Q = ey —¢,. The steric factors in
this table were calculated from the identification A =
V87kT/my, s? di,, from (25).

To analyze a slow reaction, in which the concen-
trations of the reagents is larger than those of the
products, we start out with a preliminary evaluation of

3
2 * . . .
(m) e?" appearing in the reverse reaction

2
msny

the factor

rate coefficient (37). If we adopt the tabulated values
and consider the reaction in the direction H, + Cl —
HCIl + H,avery large ratio results between the reverse
and the forward reaction coefficients. We therefore
discard this alternative and consider only the reaction in
the direction HCI + H — H, + CI, for which the ratio
is small.

To determine the coefficients a,, from the algebraic
system of (34) and (35) we need to know the temper-
ature and the concentrations of the constituents x, =
ny/n where n = Zj;:lnﬁ and Y} x, = 1. Here we
analyze the case x| = x, and x3 = x4. Figure 1 shows
the coefficients a,,, plotted as functions of the temper-
ature in the range 400 K < 7" < 1200 K for two con-
centrations: x; = 0.30 and x; = 0.35. The figure shows

that the deviations from the Maxwellian distribution
functions—which are given by the coefficients a,—
increase with the temperature. In comparison with the
departure for the constituent H,, the departures for the
constituents HCI, H and CI are not very large.

Figure 2 shows the dependence of the reaction rate
coefficients on the temperature in the range 400 K
< T < 1200 K, for two concentrations: x; = 0.30 and
x1 = 0.35. The left (right) panel represents the forward
reaction (reverse reaction) rate coefficient. Consider
first the influence of the collision geometry on the
reaction rate coefficients. The dashed-dotted lines in
the inset left panel and in the right panel represent the
Arrhenius law, given by the underlined term in (25),
while the solid lines correspond to the modified Arrhe-
nius equation (25), when the geometry of the collision
is taken into account, i.e., when a reaction occurs only if
the relative translational energy in the direction of the
line joining the molecular centers exceeds the activa-
tion energy. The reaction rates in the former case are
larger than those in the latter, an indication that more
reactions occur in the former case, due to the fact than
even grazing collisions with translational energy larger
than the activation energy lead to chemical reactions.
In the same figures we also plot the influence of the
departures from the Maxwellian distribution functions
on the reaction rate coefficients. The left and the right
panels show that the non-Maxwellian distribution func-
tions reduce the reaction rate coefficients and that the
forward reaction rate coefficient is less reduced than
the reverse reaction one. The reduction becomes more
pronounced as the reagent concentration grows.

Fig. 1 Coefficients ayy as 0
functions of the temperature

for two concentrations: 0.30

and 0.35
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Fig.2. .Reac.tion rate I Te+09 \ T \ y
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K. Left panel: forward L F P . H R K
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Once the forward and reverse reaction rates are
known, we can compute the entropy production rate.
According to a phenomenological theory (see e.g. [37,
38]) the entropy-density rate ¢ is given by

d
where d_‘i = Kyrniny — Knzng, (39)

the so-called reaction velocity.

Equation (39) can also be deduced from the Boltz-
mann equation; for more details see Ref. [5, 34]. In
view of the law of mass action kn{'n5? = k.n3'ny?,
which shows that, in equilibrium, the forward and the
reverse reactions occur with the same probability, the

affinity (21) becomes

K
A:kTm(fmm>,

3Ny

(40)

I I
- Arrhenius x, = 0.30 K
|| —- Modified Arrhenius x, = 0.30 g
— Modified Arrhenius x,= 0.35|
le-1311 Arrhenius x; = 0.35 ;"l |
Se-14|- R

Fig. 3 Entropy production rate in J dm?/(K mol s) as function of
the temperature in K

@ Springer

so that the entropy production rate (39) can be
written as

9 kf)C]Xz
m =kln < er3X4 ) (kfX]Xz — er3X4) .

(41)

As one would expect, the entropy production rate
is positive semi-definite—thanks to the inequality
(x — 1) Inx > 0 which is valid for all x > 0, the equality
being valid for x = 1.

Figure 3 shows the entropy production rate (41) as
a function of the temperature for the Arrhenius and
modified Arrhenius cases, to show that in the former
case the rate is larger than in the latter. This is expected,
given the entropy production rate dependence on the
reaction rates. For larger concentrations x; the entropy
production rate increases in both cases.

7 Conclusions

We have used the Boltzmann equation to analyze a
bimolecular chemical reaction in its initial stage. As
an illustration, we computed the reaction rates and
the entropy production rate for the typical bimolecular
reaction H, + Cl = HCI + H.To solve the Boltzmann
equation by the Chapman-Enskog method we have ex-
panded the distribution function in Sonine polynomials
up to the second order. Our reactive differential cross
section allows a reaction to occur only when the relative
translational energy in the direction of the line of cen-
ters which joins the centers of the molecules is greater
than the activation energy. With this cross section the
calculated reaction rates are substantially smaller than
those obtained from the line-of-centers model, which
requires the relative translational energy to be larger
than the activation energy. We showed that the restric-
tion to large relative translational energies along the
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line of centers affects the calculated rates more than the
departure from the Maxwellian distribution function.
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