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Abstract We derive a closed-form result for the leading
thermal contributions which appear in the n-dimensional
φ3 theory at high temperature. These contributions be-
come local only in the long wavelength and in the static
limits, being given by different expressions in these two
limits.

Keywords Finite temperature field theory

1 Introduction

An important issue in thermal perturbation theory
is the study of the high-temperature behavior of the
Green functions. These hard thermal loops have simple
symmetry properties, but the corresponding effective
actions are, in general, nonlocal functionals of the ex-
ternal fields [1–3]. However, in the long wavelength and
in the static limits, the thermal loops yield local func-
tionals [4, 5]. The purpose of this note is to study the
behavior of the hard thermal loops in the quantum
φ3 theory in n-dimensions. This theory has several
interesting similarities with QCD (for n = 6) and with
quantum gravity (for n = 8) [6–8].

It is well known that the leading thermal contribu-
tions which occur in the φ3 theory at high tempera-
ture appear only in the self-energy functions. Thus, in
Section 2, we derive a general closed-form result for
the two-point function at high temperature T (14). This
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result is expressed in terms of a hypergeometric func-
tion, which depends upon the ratio of the external
energy and momentum. In Section 3, we discuss some
consequences of this result. We show that in the long
wavelength and static limits, this function reduces to
local expressions, which are independent of the exter-
nal energy and momentum. Nevertheless, these two
limits give different results. Moreover, we show that the
leading thermal contributions in the static limit are the
same as those obtained by setting directly, in the loops,
their external energy and momentum equal to zero.

2 The Thermal Two-Point Function

Let us consider the thermal diagram of Fig. 1. In the
imaginary time formalism [9–11], the contributions of
this diagram may be written in the form

�n(k0, �k) = 1
2

λ2

(2π)n−1

∫
dn−1 QI, (1)

where λ is the coupling constant and

I = T
∑

n

1

Q2
0 − �Q2

1

(Q0 + k0)2 − �P2
. (2)

Here, Q0 = 2π inT, k0 = 2π ilT (n, l = 0, ±1, ±2, . . . ),
and �P = �Q + �k. The thermal part of I can be ex-
pressed as

IT = 1
2π i

∫
C

dQ0
N(Q0)

Q2
0 − �Q2

1

(Q0 + k0)2 − �P2
, (3)

where

N(Q0) = 1
eQ0/T − 1

(4)



426 Braz J Phys (2012) 42:425–427

k

Q

k

P

Fig. 1 Two-point self-energy diagram. The internal lines indicate
thermal scalar particles

is the thermal distribution factor and C is the contour
which encloses all the poles of N in an anticlockwise
sense. Next, we evaluate (3) in terms of the poles
outside C to get

IT = 1
4QP

{[
N(Q) + N(P) + 1

]

×
(

1
k0 − Q − P

− 1
k0 + Q + P

)

+ [
N(Q) − N(P)

]

×
(

1
k0 + Q − P

− 1
k0 − Q + P

)}
, (5)

where Q = | �Q|, P = | �Q + �k| and we have used

N(k0 − Q) = N(−Q) = −N(Q) − 1 (6)

since in the imaginary time formalism k0/2π iT is an in-
teger. Then, after using (6), it is possible to analytically
continue k0 to k0 + iε, where now k0 is a continuous real
energy.

We now look for the leading thermal contribution,
which comes from the region Q � T � k0, |�k|, so that
we may use the approximation

P = | �Q + �k| � Q + �̂Q · �k, (7)

where �̂Q is a unit vector in the direction of �Q. In this
way, (5) leads to

IT � − 1
2Q2

⎡
⎣ N(Q)

Q
+ N′(Q) �̂Q · �k

k0 − �̂Q · �k

⎤
⎦ . (8)

After substituting this result in (1), we use the inte-
grals [12]
∫ ∞

0
dQN(Q)Qn−5 = Tn−4�(n − 4)ζ(n − 4) (9a)

∫ ∞

0
dQN′(Q)Qn−4 = −Tn−4�(n − 3)ζ(n − 4), (9b)

where � is the gamma function and ζ is the Riemann
zeta function. Proceeding in this way, we obtain

�n(k0, �k) = Tn−4�(n − 4)ζ(n − 4)

4(2π)n−1 λ2

×
∫

d	

[
(n − 4)k0

k · Q̂
− (n − 3)

]
, (10)

where Q̂ = (1, �̂Q) and
∫

d	 denote angular integra-

tions over the n − 1 dimensional unit vector �̂Q. We see
that, in general, �n would be a nonlocal function, which
in configuration space would involve angular integrals
of the form (Q̂ · ∂)−1.

In order to perform the angular integrations in (10),
we use
∫

d	 = 2π
n−2

2

�
( n−2

2

)
∫ π

0
dθ(sin θ)n−3 . . . , (11)

where θ is the polar angle between the n − 1 dimen-

sional vectors �k and �̂Q. The angular integral in the first
term of (10) can be expressed in terms of hypergeomet-
ric functions [12]. To this end, we employ (11) in order
to write the integral as follows:

Jn−1 =
∫

d	
k0

k · Q
= 2π

n−2
2

�
( n−2

2

)
∫ π

0
dθ

(sin θ)n−3

1 − |�k|
k0

cos θ

= 2π
n−2

2

�
( n−2

2

) B
( 1

2 , n−2
2

)
1 − |�k|

k0

×F

⎛
⎝1,

n − 2
2

; n − 2; 2

1 − k0

|�k|

⎞
⎠ , (12)

where B denotes the beta function. With the help of
transformation formulas [12] for the hypergeometric

function F
(

1, n−2
2 ; n − 2; 2

1−k0/|�k|
)

, the expression (12)
can be further simplified to

Jn−1 = 2π
n−1

2

�
( n−1

2

) F

(
1
2
, 1; n − 1

2
; |�k|2

k2
0

)
. (13)

Substituting (13) into (10) and using again (11) in the
second term of (10), we obtain for the two-point func-
tion the following closed-form result:

�n(k0, �k) = λ2Tn−4 ζ(n − 4)

2nπ(n−1)/2

�(n − 4)

�
( n−1

2

)

×
[
(n−4)F

(
1
2
, 1; n−1

2
; |�k|2

k2
0

)
−(n − 3)

]
,

(14)
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which shows that the leading high temperature contri-
butions in the n-dimensional φ3 theory are proportional
to Tn−4. The closed-form expression (14) reduces to
simple functions when n is an integer. For example, for
n = 6, it leads to the well-known result

�6(k0, �k) = λ2T2

96π

(
1 − k2

0

|�k|2
)

×
⎡
⎣ k0

2|�k| ln

⎛
⎝

k0

|�k| + 1
k0

|�k| − 1

⎞
⎠ − 1

⎤
⎦ , (15)

which is somewhat analogous to the one obtained for
the �00 component of the polarization tensor in QCD.
Similarly, for n = 8, we get a T4 behavior at high tem-
perature, which is like that found in thermal quantum
gravity [13].

3 Discussion

The general result in (14) for �n(k0, �k) is a function of
the ratio |�k|/k0. In the long wavelength limit, �k = 0, the
hypergeometric function has the value 1, so that we find

�n(k0, �k = 0) = −λ2Tn−4 ζ(n − 4)

2nπ(n−1)/2

�(n − 4)

�
( n−1

2

) . (16)

In order to find the behavior of the self-energy �n(k0,�k) in the static limit k0 → 0, we may use the transfor-
mation formula [12]

F

(
1
2
, 1; n − 1

2
;

�k2

k2
0

)
= �

( n−1
2

)
�

( 1
2

)
�

( n
2 − 1

)
(

− k2
0

|�k|2
) 1

2

×F
(

1
2
, 2 − n

2
; 1

2
; k2

0
�k2

)

+�
( n−1

2

)
�

(− 1
2

)
�

( n−3
2

)
�

( 1
2

)
(

− k2
0

|�k|2
)

×F
(

1,
5 − n

2
; 3

2
; k2

0
�k2

)
, (17)

which shows that the hypergeometric function in (14)
actually vanishes at k0 = 0. Thus, in the static limit, we
get that

�n(k0 = 0, �k) = −(n − 3)λ2Tn−4

× ζ(n − 4)

2nπ(n−1)/2

�(n − 4)

�
( n−1

2

) . (18)

We can see from (16) and (18) that these two expres-
sions are, in fact, independent of the external energies
and momenta. However, unless n = 4, the results ob-
tained in the long wave and in the static limit are, in
general, different.

Finally, let us compare the static result with the one
obtained by setting, from the start, k0 = 0 and �k = 0 in
the Feynman diagram in Fig. 1. This gives (see (3))

IT(kμ = 0) = 1
2π i

∫
C

dQ0 N(Q0)
1

(Q2
0 − ( �Q)2)2

. (19)

We can evaluate the Q0 integral by residues, in terms of
the double poles outside C. Using (6), we can express
the contributions from the double pole at Q0 = −Q
in terms of the one at Q0 = Q. Then, omitting a T-
independent term, we readily obtain the result

IT(kμ = 0) = 2
d

dQ0

[
N(Q0)

(Q0 + Q)2

]
Q0=Q

= − 1
2Q2

[
N(Q)

Q
− N′(Q)

]
, (20)

which coincides with that in (8), evaluated in the static
limit k0 = 0. Actually, such an agreement is expected on
general grounds [5], because the static limit is the only
case when analytic continuation does not modify the
original thermal distribution function. This may also be
seen from (6), where the relation N(k0 − Q) = N(−Q)

would no longer hold after analytic continuation, unless
k0 = 0.

In conclusion, we point out that the analysis pre-
sented in this work may be readily extended to the
case of n-dimensional QED at high temperature. This
investigation will be reported elsewhere.
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