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Abstract A quantum cosmological model with radia-
tion and a dilaton scalar field is analyzed. The Wheeler—
DeWitt equation in the minisuperspace induces a
Schrodinger equation, which can be solved. An explicit
wavepacket is constructed for a particular choice of the
ordering factor. A consistent solution is possible only
when the scalar field is a phantom field. Moreover,
although the wavepacket is time-dependent, a Bohmian
analysis allows to extract a bouncing behavior for the
scale factor.
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1 Introduction

A scalar field is the simplest fundamental matter field
that can be introduced in a cosmological model, since
it adds essentially just one degree of freedom and it
is naturally invariant under coordinate transformation.
Even so, two different couplings of a scalar field can be
quoted: the minimal coupling, leading to the so-called
Einstein’s frame, and the non-minimal coupling, cor-
responding to the Jordan’s frame. While the minimal
coupling is the simplest one, the non-minimal coupling
is one of the predictions of string theory: the scalar field
emerging from this theory, called dilaton field, appears
non-minimally coupled to the gravity term [1]. More-
over, an interesting alternative to the general relativity
theory, the Brans-Dicke theory [2], is based on the
non-minimal coupling.

The Einstein and the Jordan frames may be con-
nected by a conformal transformation. There is inten-
sive discussion in the literature about the meaning of
such connection, in the sense that it may be just a
mathematical mapping of one system into another, or
hide a deep physical meaning; see for example [3] and
references therein. For certain observables, it is clear
that the predictions in one frame are not equivalent
to the predictions in the other frame. In quantum
cosmology, this problem has been treated by Colistete
et al. [4] and Fabris et al. [S] who showed that it
is possible—even at the quantum level—to map the
equations in one frame into those in another frame,
although the resulting predictions for the evolution of
the universe are different.

In Colistete et al. [4] and Fabris et al. [5], a system
consisting of gravity and a scalar field, minimally or
non-minimally coupled, has been considered. In this
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case, the analysis presents a major challenge, typical of
quantum cosmology: how to obtain predictions for the
evolution of the universe as a function of time. In fact,
it is well known that the Wheeler-DeWitt equation
resulting from quantizing the Einstein—Hilbert action
has no time parameter due to the invariance of the
gravitational system under time reparametrization. The
introduction of a scalar field does not change this situa-
tion. In those papers, the WKB method has been used
in order to obtain predictions out of the wavefunction
for the evolution of the universe from the (timeless)
Wheeler-DeWitt equation in the minisuperspace sce-
nario. For discussions concerning this question, see [6]
and references therein.

Another possibility to obtain the time evolution of
a quantum cosmological system in the minisuperspace
is to introduce matter in the form of a fluid, employ-
ing the Schutz description in terms of a potential that
conveys the degrees of freedom of the fluid [9, 10]. It
has been shown that such a description leads, always
in the minisuperspace, to a Schrodinger-like equation,
with the degrees of freedom of the matter playing
the role of time. This proposal has been presented by
Lapchinskii and Rubakov [11] and extensively analyzed
by Alvarenga et al. [12].

Here, our aim is to address the problem of time evo-
lution of the universe in the presence of a dilaton-like
field from a quantum cosmological perspective. Since
we are mainly interested in the primordial universe,
a radiative fluid will be introduced. This allows us to
recover the time variable through the Schutz formu-
lation. Performing a conformal transformation (which
does not affect the radiative fluid, since it is confor-
mally invariant), we rewrite the dilaton-gravity system
in Einstein’s frame, from which the Wheeler—-DeWitt
equation in the minisuperspace is constructed, resulting
in a Schrodinger-like equation. From this Schrodinger-
like equation, an explicit solution is obtained by using
a specific ordering factor. A wavepacket is determined,
but its norm is time-dependent. Hence, it does not fit
in the usual many-worlds interpretation of quantum
mechanics [6, 7]. Nonetheless, it admits a Bohmian
analysis [0, 8]. The Bohmian trajectories contain uni-
verses that are singurality-free.

The paper is organized as follows. In the next
section, we quantize the dilaton—gravity-radiation
system in the minisuperspace. In Section 3, a
wavepacket is constructed and a (formal) many-world
analysis is performed. In Section 4, the Bohmian tra-
jectories are studied. In Section 5, we present our
conclusions.

@ Springer

2 Dilaton—gravity System with Radiative Fluid

Let us consider the non-minimal coupling of gravity and
a scalar field, represented by the Brans—Dicke theory:

E=f%4R—@¢£ %wm )

where L, is the matter Lagragian supposed to be
conformal invariant (a radiative fluid). In the strict
string dilatonic case, we have @ = —1. This defines
the theory in Jordan’s frame. Performing a conformal
transformation such that g,, = ¢~'g,,, we transpose
the action (1) to the corresponding expression written
in the Einstein’s frame:

L=,/-g\R— $:p®” +L ()
= 4 w ¢2 m>
where w = @ + 3/2.

Restricting ourselves to the FLRW metric, in an

appropriate coordinate system, the line element can be
written as

ds* = N(t)2dF* — a(t)*y;dx'dx/ (3)

where N(¢) is the lapse function, a(¢) is the scale fac-
tor, and y;; is the induced metric of the homogeneous
and isotropic spatial hypersurfaces with curvature
k=0, £1. From now on, we will fix kK = 0. With this
metric, the gravitational Lagrangian becomes

V 3 . o 2 . N :2
AR TR

where Vj is a constant and can be interpreted as the
physical volume of the compact universe divided by
a’. Since we shall have an identical multiplicative con-
stant in front of the matter Lagrangian, we can drop
it from our analysis (this can also be understood as a
normalization of the fields). Hence, discarding a surface
term, the gravitational Lagrangian can be written in the
following form:

£ = Hoai - 0a® 5
G = 71044 —wa i 5)
Defining,

o =/lollng, (6)

we obtain,

1
Lg= ~¥ {6(14’12 - ea3<'72}, (7)

where € = £1 according w is positive (upper sign) or
negative (lower sign).
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The canonical momenta associated with the scale
factor and the scalar field are

aa 3
Pa = 12— s

y = —2€—— , 8
N p ¢ N ( )
respectively.

This leads to the following expression in terms of the
conjugate momentum:

oLy ©)

LG = paa o0 — Ny —— —

G = Padt Po0 {24 a4
Considering a radiative matter component (for the

computation of the conjugate momentum associated

with the fluid, see Refs. [11, 12]), we find the total

Hamiltonian

1 p, p; pr
H = — 4 e 1 1
N{24 e 4 a (10)

The resulting Schrodinger equation is

R ) 4

eov_ v 1
da? a2 do? laT (an

where we introduced the redefinition JLE — o and
2—T4 — T.

Equation (11) immediately raises two questions.
First, what is the sign of €? If it is positive, we have
a hyperbolic Schrodinger equation. This implies that
the “energy” E is not positive defined, as it can be
seen by multiplying the Schrodinger equation by W*
and integrating over o and a. Moreover, in this case,
the argument of the Bessel function can become imag-
inary, which may not be very serious, but may pose
problems in the construction of the wavepacket, since
the integration in £ must be done along the entire real
axis, and for E < 0, the Bessel function becomes the
modified Bessel function. On the other hand, if the sign
is —1, the positivity of E seems to be assured, and the
construction of the wavepacket, not problematic, since
the integration on E is carried out only in the positive
semiaxis. For all these reasons, for the moment, we
consider the case € = —1. It corresponds to a phantom
scalar behavior induced to the dilaton field.

Second, we have not taken into account a possi-
ble factor ordering. If such a factor ordering is intro-

duced, with ¢ = —1, we have the following Schrodinger
equation:
R v 1 9% v

po¥ . (12)

JRS— iy —_—— = —]—
da? a da  a? do? oT

Even though there is no unique way to choose the
factor ordering, a possible, consistent, adequate choice

is the covariant ordering, which is invariant through
fields redefinitions. The minisuperspace for our model
is two dimensional. Thus, using the covariant factor
ordering, we can rewrite the Wheeler-DeWitt equation
as a Klein—-Gordon-like equation by defining the min-
isuperspace metric such that (12) reads

1 ow
—0, (Vgg"'o) ¥ =—i— |, (13)
Lo, (Vaea)

oT
where p, v =0, 1, and the coordinates represent the
fields, i.e., x” = a and x' = o. The only possible value
for p in (12) allowing the covariant factor ordering is
p = 1. In this case, we have

1 0
so=(y ) = vE=a (14)
and the Wheeler—DeWitt equation reads

10 0 1 82 ov
—la— )|+ —=—= |V =
aoa da

- =—i— . 15
@ 907 o (1)

This equation can be solved by the technique of
separation of variables. Hence, through the ansatz

V(a, 0, T)=&@e* e T, (16)
we obtain,
/ k2
é”+§—+{E——2}§=0, 7)
a a

where the prime means derivative with respect to a.
Noticing that this is just a Bessel’s equation, its solution

reads
v = AJ,VEae* e FT v =k | (18)

with A being a normalization constant.

3 Wavepacket and Expectation Values

Let us construct a wavepacket by choosing conve-
niently the function A = A(E, k). We have, for (18),

[o¢] [o¢]
V(a,o,T)= / / Pl e+ ook I (rg)dk dr,
o Jo

(19)

where r = VE and «, y are positive constants. Using
the formula (6.631-4) from [13], the final result is

_
e~ 1B

I ATy o)

(20)
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where

. a .
BT = +iT). gul@.o.T)=—at ln[zB(T)}:I:w,

1)

and C is a normalization constant. Notice that, in
order to give physical meaning to this wave packet,
the condition N g, (a, o, T) < 0 must be satisfied, assur-
ing that the integral in the separation parameter k is
convergent.

Let us calculate this normalization constant. Unitar-
ity requires that

N = /\Il*\lldada =1; (22)
but,
—ya® 1
C2B*B
Uy = 2 : 23
2B*B g*g (23)
Notice that
B =y 4+iT = De”, (24)
where
D =y*+ T2 =+B*B, (25)
T
0= arctan(—). (26)
14
Hence,

glg=h*+@0—-0)7° h= —a+ln< (27)

)

2B*B): )

For the scalar field o and for a, we must compute

a double integral. In doing so, we must fix the range

of o. In principle, it is from —oo < o < 400, implying

0 < ¢ < +o0, that is, a positive gravitational coupling.
The norm of the wave function becomes

C2 00 400 e—y% do
N = 2B B* 1/2/ f ) —9)? da.
( MW2Jo Joeo (2B*B): [h* + (0—0)7]

(28)
Under the substitutions,
u:L], v=—0+o0, (29)
(2B*B)*
the above integral becomes,
C2 e
N=——— ———dudv. 30
(BB*)I/Z/O /,oo [N (30)
But,
T dy b1
- 31
/_oo 24+ h (1)
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Hence,

e—)/u2 C?

C2 o]
N = (B B*)‘/zn/() du = (B B")12
oz—l—ln(g)

7'[[1,

(32)

where [, is the definite integral,

2

00 —yu
I = / —  _du (33)
O o+ ln(%)

The above-determined wavepacket is
dependent and does not convey unitarity.

As a formal exercise, even in absence of unitarity, we
evaluate the expectation value of the scalar field and of
the scale factor for this wavepacket:

[ [T v o wdado

<0 >7 = , 34
TR v dado e

time-

[ [T v awdado
[ 2w wdado

<a>r =

(35)

Let us first evaluate the expectation value for the
scalar field. In the numerator of (34), we have that

odo

/+°° _/+°° (v +0)dv (36)
o (0 —=0)? ) o R4

The first integral is zero, and the second one leads to
the equality

+oo odo o dy i
\/—oo h? + (o —0)? / (37)

oo HE 02 h
Reinserting this result in the expression for the scale
factor, we find that

T
<0 >7= arctan(—). (38)
14
For the scale factor, integration over o yields
00 ~2y 4
<a >T=71/0 %%da. (39)

Performing, as before, the substitution

a N a
VB*B Y2+ T2
we then obtain the result

o0
I
<a>r=+yr+ T2j %e’zy"zdu =2/ + T2,
0

I

=u, (40)

(41)
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where
o0
L= / Yo qy, (42)
o h
Hence,
<a>r=a)(y*+ T2, (43)

which is formally the same solution as when there is no
scalar field [12]. The norm of the wavepacket is time-
dependent and a unitary framework cannot be invoked.

The fact that the result for the scale factor is es-
sentially the same obtained in the absence of the
scalar field may be seen as contradictory. Notice, how-
ever, that the logarithmic derivative of the scale factor
and the derivative of the scalar field appear in the
Friedmann equation. Hence, the presence of the scalar
field simply changes the value of a, with respect to the
case in which it is absent.

4 Bohmian Trajectories

In order to extract some physical insight from the
model developed until now, given the nature of the
wavepacket employed in the previous section, we will
use a Bohmian analysis [6]. Note that the computation
of the Bohmian trajectories makes sense even in the
absence of unitarity, a notion that constitutes one of
the main features of the ontological interpretation of
quantum mechanics.

The Bohm-de Broglie interpretation is most easily
understood from the polar form of the wave function.
Indeed, decomposing the wave function as ¥ = Re',
the Wheeler-DeWitt Eq. (15) splits in two real nonlin-

ear equations for the two real function R(a, o, T) and
S(a,o, T)

AIR> 19 2S5 10 208

— 4+ -——|(R2a— |+-—[|R=—=)=0 (44
8T+a8a< a8a>+aaa< ) (44)

ado

39S (8S\* [(10S\’
i - = =0 45
8T+<8a> +<a86) + 0 (45)
with
1129 oR 1 3’R
=—— -2 (=) + =22 4
© R|:a8a <aaa>+a2802i| (46)

Equation (45) is a modified Hamilton—Jacobi equa-
tion with the presence of the quantum potential Q.
Through this equation, we can identify the momenta as

0S
P =

_aS
“7 da

" 8o

P 47)
The metric in the minisuperspace (14) allows us to
define covariant derivatives [14]. Therefore, (44) rep-
resents a continuity equation written in that minisuper-
space, with R? playing the rdle of a probability density,
and we can directly read the associated velocities within
each parenthesis, i.e.,

S 08 29S8
L N g —2-= , ==
v & ox¥ a da “ a2 do
The wavefunction can be written as
r a2 B*
V0. T)= AS 2 — 42"
T B T Ty B
= f(a,o, T)eS D, (48)

24 F
=54.770
23
221

—54.775
2.1

a(t)
h(?)

20

ok ] -54.780

1.7 4 —54.185

231

2.1

a(t)

1 1 1 1 1
-100 =50 0 50 100 -100 =50

Fig. 1 (Color online) Left panel: behavior of the scale factor
for y =100 and « = 50. Central panel: the function h. Right
panel: solution obtained using the Bohmian trajectories (inner

1 . . . .
0 50 100 -100 =50 0 50 100

curve, blue online), compared with the solution using the
expectation value (outer curve, red online)
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with
o, 1) = A— (49)
a,0,T) = A——,
V&g B*B
T T
S@a,o,T) = s arctan(—)
A7+ T7) y
—0
+ arctan(%). (50)
Remembering that
h=—a+ 1n<—>= Rgr(a, o). 51
2/y*+ T? &1 G

and that, for a radiative fluid N = a in (8) [12], taking
into account the time and field redefinitions, we have
the following expressions for the Bohmian trajectories:

. aT 2 0 —o
T Tarre—or
) 2 h
6=—5 75,
a>h’>+ (0 —o0)?

where 0 and A are given by (26), (51).

These equations must be integrated numerically.!

The numerical solutions of (52) and (53) provide an
interesting perspective depending on the initial condi-
tions and on the free parameters of the model, namely
y and «. We can show that there is at least a class of
non-singular solutions, satisfying the wavepacket con-
ditions of consistency. Figure 1 displays a nonsingular
solution. The function 4 is also plotted, showing that
the condition for the convergence of the wavepacket
is satisfied. In the same figure, we plot the results
obtained using the expectation value of the previous
section and the numerical solutions for the Bohmian
trajectories. The Bohmian trajectories predict an asym-
metric bounce, while the expectation value displays a
perfectly symmetric bounce.

(32)

(33)

5 Conclusions

The possibility to make predictions and subsequently
extract a family of solutions (trajectories in the minisu-
perspace) is a recurrent problem in quantum cosmol-
ogy. Although the well-known WKB method, including
decoherence features, has provided a vast range of
particular results, there is an alternative framework

It can already be stated that the solutions are not equivalent to
the expectation values found before, a consequence of the ab-
sence of unitarity: when the wavepacket is unitary, the Bohmian
trajectories reproduces the expectation values.
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by means of transforming the WdW equation into a
Schrodinger equation, with the time variable induced
by a matter component [9-11]. Quite interesting re-
sults have appeared in the literature [12] using this
procedure.

In this paper, we investigated that alternative frame-
work in search of predictions, using a system character-
ized by a dilaton field and radiation expressed using the
Schutz variables. The dynamics of the radiative fluid
implies a time variable.

We found that, in order to ensure that the
Schrodinger equation be elliptic, leading to a positive
energy spectrum, the dilaton field must have a phantom
behavior. On the other hand, the construction of a
quasi-Gaussian superposition, conjugated with certain
convergence criteria, leads to a wavepacket with a
time-dependent norm; hence, unitarity could not be
invoked. Nevertheless, this still allows us to investigate
the wavepacket under a Bohmian perspective. Interest-
ingly, we found a bouncing behavior for the scale factor,
i.e., the singularity is avoided. In this sense, we extend
the results of Alvarenga et al. [15], where the imposi-
tion of unitarity led to the conclusion that the dilaton
field should be constant. At same time, such approach
opens new perspective concerning anisotropic quantum
models [16].

There are still many open directions to explore in
this program. In particular, we must (a) look for other
wavepackets, presumably by using numerical methods,
and (b) study the dynamics in the Jordan frame. We
hope to address these problems in a future work.
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