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Abstract We study symplectic unitary representations for
the Galilei group and derive the Schrodinger equation
in phase space. Our formalism is based on the noncom-
mutative structure of the star product. Guided by group
theoretical concepts, we construct a physically consistent
phase-space theory in which each state is described by
a quasi-probability amplitude associated with the Wigner
function. As applications, we derive the Wigner functions
for the 3D harmonic oscillator and the noncommutative
oscillator in phase space.

Keywords Moyal product - Phase space - Quantum fields

1 Introduction

The concept of noncommutativity in Physics dates back to
the birth of Quantum Mechanics. Heisenberg’s uncertainty
principle gave physical substance to that notion. From a
more mathematical viewpoint, the assumption that spatial
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and momentum coordinates do not commute has lead to
noncommutative geometry, which has offered new insight.
As a matter of fact, Heisenberg himself suggested that an
uncertainty relation among the spatial coordinates might
avoid the singularities due to particle self-energies [1-3].
The first elaborate analysis in this line of research is, how-
ever, due to Snyder [4, 5], a former student of Oppenheimer,
who proposed a new vision of space-time. According to
Snyder, the space—time should be understood as a collec-
tion of minimum-size cells, forming a lattice structure rather
than a continuum. In this picture, it is inadequate to define
space—time points, because noncommutativity bars accurate
measurements of particle positions.

Spatial noncommutativity can be introduced by means
of Hermitian operators standing for the space—time coor-
dinates, X*, and satisfying the algebra [x*,Xx"] = i6*",
where the 6# is the component of a constant antisymmet-
ric tensor. The commutation relations imply AX*AXY >
;IH’”I, so that the noncommutativity becomes relevant for
distances of the order of /|#*¥|. These are the basics of
noncommutative geometry.

Over the last decades, interest in this type of noncom-
mutative geometry progressively grew as applications were
made to non-Abelian theories [6], gravitation [7-9], the
standard model [10-12], and the quantum Hall effect [13].
The formalism is nonetheless still incomplete. In particular,
no Wigner function analysis of noncommutativity in phase
space has been presented.

In 1932, in a development that was contemporary to the
initial studies of noncommutative geometry, Wigner intro-
duced a quantum formalism in the phase space I', with
a view to applications in quantum kinetic theory [14].
His approach associates each operator A in the Hilbert
space H with a function aw (g, p) defined in [" [14-17].
The application Qw : A — aw(g, p) is such that the


mailto:ronniamorim@yahoo.com.br
mailto:sc.ulhoa@gmail.com
mailto:asantana@unb.br

Braz J Phys (2013) 43:78-85

associative algebra of operators in H defines an associative
noncommutative algebra in I

The noncommutativity stems from the nature of the
product between two operators in . Given two oper-
ators A and B, we have the mapping 2 AB —
aw (g, p)xbw(q, p). Here, the (noncommutative) star prod-
uct * is defined by the identity aw(q, p) * bw(q, p) =

i(93 _ 93
aw(q, p) exp[2 (Bq op ~ dp Bq)] bw(q, p), the so-called
Moyal product.

Although the phase space and Moyal product have been
explored in different ways [15-38], only recently has a
physically consistent representation theory been developed.
First, irreducible unitary representations of kinematical
groups in I' have been studied with operators of type
A = aw* acting on the function by, i.e., wa(q, p) =
aw(q, p) * bw(q, p). For the Galilei group, this symplec-
tic star representation yields a phase-space Schrodinger
equation, the role of wave functions (the quasi-amplitudes
of probability) being played by the Wigner functions (the
quasi-distributions of probability) [39]. This method affords
a derivation of the Wigner functions without the intricacies
of the Liouville—von Neumann equation, which provided
the original starting point in Wigner’s approach, and leads
to a prescription to derive symplectic star representations
for the Poincaré symmetry. This in turn leads to phase-
space representations of the Klein—Gordon and Dirac fields
[40, 41]. This algebraic formalism is a natural candidate
to derive Wigner functions for nonclassical radiation states
and for noncommutative space—-time systems, such as the
quantum Hall effect.

Here, we explore the elements of this approach. Con-
sidering the Galilei group, we study the eigenvalue prob-
lem of the phase-space Schrodinger equation to first
treat the 3D harmonic oscillator and derive the quasi-
amplitude of probability and the corresponding Wigner
function. These results provide a starting point for our
analysis of nonclassical electromagnetic radiation states
and of phase-space Bose-Einstein condensation. As a
second application, we consider a 2D noncommutative
harmonic oscillator, a prototype of the Hall effect in
phase space.

The presentation is organized as follows: In Section 2, we
define a Hilbert space H(I") over a phase space, including
a natural symplectic structure. We then take the space H(I")
as the carrier space for unitary representations of the Galilei
group. In Section 3, we construct the generators A, (g, p)*
for the Galilei group, hence deriving a representation for the
phase-space Schrodinger equation. In Section 4, we present
solutions of the Schrodinger equation in phase space for
the 3D harmonic oscillator. In Section 5, we consider the
noncommutative oscillator in phase space. In Section 6, we
present concluding remarks.

79

2 Hilbert Space and Symplectic Structure

Consider an analytical manifold M, where each point is
specified by coordinates g. The coordinates of each point
in the cotangent-bundle I' = T*M are denoted (g, p).
The 2 N-dimensional manifold I" is equipped with a 2-form,
defined by w = dg A dp, called the symplectic form. With
the symplectic form, the operator

<~ — <~ —

a 0 a 0

= — 1
dqg dp  0p dq M

leads to the Poisson bracket,

o(fA, gA)={f gt = fAg,
where

af dg  df g

1.8l = dg dp  dp dq

Here, f = f(q, p) and g = g(q, p).
The manifold I' = T*M, endowed with this symplectic

structure, is then called the phase space, and the algebraic
set of the analytical functions f (g, p) is denoted by C*°(T").
The vector fields over I" are given by

_af o of

Xr=fA= .
r=1 dqg dp  dp dq

A Hilbert space associated with I is introduced by a set
of complex functions, (g, p), which are square integrable
in C®(I), i.e.,

/dpdw*(q, pPIV(q. p) < .

These functions may be then defined as ¥ (g, p) =
(g, pl¥), with

/dpdq lg, p){g, pl =1,

such that

(Ylg) = /dpdq v'(q. Pb(q. p),

where (| is a dual vector of |i¢). This Hilbert space,
denoted H (I"), is here the carrier space for representations
of Lie algebras.

Consider £ = {a;,i = 1,2,3,...} a Lie algebra over
the (real) field R, of a Lie group G, characterized by the
algebraic relations (a;, aj) = Cjjrai, where Cijp € R is
the structure constant and (, ) is the Lie product. We con-
struct unitary symplectic representations for ¢, denoted by
£sp, using the star product.The associative product in H(I")
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which is obtained from the operator A in Eq. 1, as a mapping
¢! =« : ' x I' - T, defined the equality

(f*8)a. p) = f(g. e g(q, p)
= oxp [ia (90, — 3,0y)]
x f(q, P&, P)g'.p=q.p- 2)
where f and g are functions in C°°(") and 9, = 9/9x
(x = p,q). The constant a, which fixes units, has no

special meaning. The usual associative product is obtained
by letting @ = 0. To each function f(gq, p) an operator
f = f(q, p)x is associated, which will be used as the
generator of unitary transformations.

3 Galilei Lie Algebra and Schodinger Equation
in Phase Space

We now study the representation of the Galilei group H(I"),
which leads us to the Schrédinger equation in phase space,
and connect this representation with the Wigner formalism.

With the star operator A = ax, where a = a(q, p),
we define a momentum- and a position-like operator by the
equalities

~ ih

Q=gqx=q+ ,9 A3)
and

-~ ih

P:p*:p—28q, )
respectively.

We can then define a boost, an angular momentum, and
a Hamiltonian-like operator by the equalities

K=mQ; — 1P, (5)
L = fijkajﬁk
ih 9
—enaimn— ey
ijkqj Pk ) ijkqj 3pk
w92

ik 9
+ . €ijk Pk +

2 dgj 4 9q;0pc’
and
5 _ P L s 520, »
A= = (P?+P}+P})
2m ~ 2m \! I
1 ih 9\
om [\P'7 2 4
3 ih 9 \° ih 3\’
respectively.
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Tedious manipulations lead to the following set of com-
mutation relations for this set of unitary operators:

[Zi’ Zj] = ih€ijx L,
[Li. K;] = iheijiKi.
[Li. P;] = iheiju Pr.
[Ki, P;] = ihméij1,

(R, ] = inP

all other commutation relations vanishing.

This is the Galilei Lie algebra, with a central extension
given by m. The operators defining the Galilei symmetry
ﬁ, K s Z, and H are the generators of translations, boost,
rotations, and time translations, respectively. To obtain this
physical content, we first notice that @ and P transform
under the boost as the physical position and momentum,
respectively, i.e.,

K\~ K\ 4
exp (—w. h) Qjexp (w. h) = Q; +v;tl, (6)

KYs [ K\ _ 5
exp (—w. h) Pjexp (w. h) = P; +mv;1. @)

Furthermore, the operators é and P do not commute
with each other, that is,

é and P can therefore be taken to be the position
and momentum physical observables, respectively. To be
consistent, the generators L are interpreted as the angu-
lar momentum observable, and H is taken to be the
Hamiltonian operator. The Casimir invariants of the Lie
algebra are given by

P2
2m
where I describes the Hamiltonian of a free particle and
I, is associated with the spin degrees of freedom. Here, we
are concerned with the scalar representation, i.e., spin zero,

such that I, = 0.
Defining the operators

—~ -~ 1 ~ =~
LW =H — and L=L—- K x P,
m

Q0 =g¢gl1 and P = pl,
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we observe that, under the boost, Q and P transform as

K K
exp (—wh)ZQexp (zv h) =20 + vtl,

and

K K
exp (—w h)2Pexp <w h) =2P +mvl.

This shows that Q and P transform as position and momen-
tum variables, respectively. These operators commute, i.e.,
[Q. P] = 0. Then, Q and P and therefore cannot be inter-
preted as observables. Nevertheless, they allow construction
of a Hilbert space frame with the content of phase space. To
this end, we define an orthogonal basis in 7 (I") by stating

that Qlq, p) = qlq. p) and P||q, p) = plg, p), with
(q.plg’. p') =8(qg —qHd(p — ).

such that [ dgdplq, p){q. pl = 1.
Although associated with the system state, the wave func-

tion ¥ (q, p,t) = {(q, ply(t)) does not have the usual
content of a quantum mechanical state. This point deserves
a brief digression.

The time evolution of ¥ (g, p, t) is given by the generator
of time translations:

—iHt
y)=e n ¥(0), ®)
and its Hermitian adjoint is given by the equality
¥ ot iHt
v =y (0e . 9)

‘We therefore obtain the result

ihoy (g, p; 1) = H(g, p)¥(q, p; 1),
or
ihd (g, p;t) = H(q, p)*¥(q, p; 1), (10

which is the Schrodinger equation in phase space [39].

The expectation value of a physical observable
X(q, p) = a(q, p; t)* in the state ¥ (g, p) is given by the
equalities

(A) = / dqdpy(q, p)A(q, p) ¥(q, p)
= /dqdmﬂm,p)[a(q, p) x ¥ (g, p)]

= /dqdpa(q,p)h//(q,m*w*(q,p)]. (11)

To physically interpret the formalism, we associate
¥ (g, p,t) with the Wigner function, fw(gq, p), which is
given by the expression [39],

fwg, p) =v(q, p,t)*¥'(q, p,0). (12)
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The Wigner function satisfies the Liouville—von
Neumann equation [39] and determines the probability
density both in configuration space,

p(q) = /dp W(a. p)* ¥ (q. p)]

= fdpw(q,p)w*(q,p), (13)

and in momentum space,
p(p) = /dq Wi, p)*¥' (@ p]

- /dq V@ DY@ p). (14)

The expression for the expectation value of an observable
is therefore consistent with the Wigner formalism, i.e., from
Egs. 11 and 12, we have that

(A) = /dqdp a(q, p)fw(q, p; 1).

We therefore have a complete set of physical pre-
scriptions to interpret the symplectic star representations,
which paves the road to application. The following sec-
tions discuss the 3D harmonic oscillator and the non-
commutative oscillator.

4 3D Harmonic Oscillator in Phase Space

In this section, we construct the solutions of the har-
monic oscillator in phase space. Consider the following
3D Hamiltonian
2
p 1 22
, 15
om T2 M (15)

H =

where p2 = p)% + p§ + pf and q2 =xZ+ y2 + 22,
In phase space, we replace the coordinates and momenta
by

1 0

) e=p'+ )
P p 2 9g;

l
=it

respectively, where we have setm = w = h = 1.
Then, we have that

1
H*zz[p§+p§+p§+x2+y2+z2
il ? AW d
I\ Xx — l —_ )
opx p"ax y8py p}8y
+,< 9 8)
11 Z —_
ap. Pz

1 82+82+82+82+82+82:|
4 \ox2  9y2  az2  apr  apr  op?
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To solve the equation H x W = E'W, we change variables
with the definition

1
§=2<p,%+p§+p§+x2+y2+zz>,

such that

W v W W
=X b = p)C b

ax a¢ apx a¢

W v v 0w

gy o’ apy, P ac

W v W 0w

9z “ac ap,  Prac

and

G 1 R L N
2T gp TX e 2 = Px g,

ax2 A il ap? A il

W v N 207V W v N 207w

02— ac Y a2 op2 ~ ac ' vagr

R R N N s R 1 .
2 T gr T ge20 2= g TPz g

3z ¢ 3¢ ap? A 3¢

Consequently, the imaginary part of H x ¥ = EWV
vanishes. This leads to

v +3an —4( —E)W =0 (16)
ac? A ¢ o

To change variables again, we define r = 4¢, write ¥ =
exp (—r/2) x(r), and obtain the following equation:

¢

3
rx”+(3—r))(/+<E—2)X=O, 17

where the prime indicates differentiation with respect to 7.
Equation 17 is of the general form

w” +(y—2u' —au =0,

where u = u(z), a solution of which is the confluent
hypergeometric function, is defined by the equality

o a(a+1) z2
u(z) = Flay, ) =1+ yz—ir V1) 2

ala+ Do +2) 23

yiy+Dy+206 7

Comparison with Eq. 17 now shows that x = F

(— (E - g) 335 r). The confluent hypergeometric func-
tion is finite if the parameter « is a negative integer. This
constraint yields the result

where n is an integer, which is the expected result for the
energy, since b = w = 1.

@ Springer

Braz J Phys (2013) 43:78-85

The solution of the phase-space Schrodinger equation is

where F(—n, 3, 4¢) is the confluent hypergeometric func-
tion with the appropriate parameters.

The Wigner function is calculated from Eq. 12, which in
this case reads [}, (g, p) = Wu(¢) » ¥, (). We therefore
have that

fw(g. p) = Cyp exp(=2¢) F(—n, 3,40), 19)

where C, = exp (—2E,) F(—n, 3,4E,).

5 2D Noncommutative Oscillator in Phase Space

We now want to derive the Wigner function for a 2D non-
commutative oscillator in phase space, which is defined by
the Hamiltonian

1 2 2 1 2 2
H:z(x +px>+2<y +py>, (20)

where againh=1,m = l,and w = 1.
The star product is now given by the expression

where g; = (x, y) and p; = (px, py).
The position and momentum operators are given by
the expressions

qgi*x =qi + ;api + ;9,;,-8,1]. 21
and

pi* = pi + ;3q, + ;91']‘3;7.,, (22)
respectively.

These operators satisfy the following nonzero commuta-
tion relations:

lgi, pj]1 =idij, lqi, q;1 = i6;j, [pi, pj1 = —i0;j.
In addition to the usual phase-space noncommutativity,

we therefore have momentum coordinates that do not com-
mute and space coordinates that do not commute. From
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Egs. 21 and 22, we obtain the following Schrodinger equa-
tion, H x ¥ (x, y, px, py) = EY(x, y, px, py):

1 i i\’
EYy(x.y. px.py) = |:<x + 0+ zeay)

i

. 2
1
+ (Px + 28x - 293py>
. . 2
l l
+ (y + 28py - 298x>

. . 2
l l
+ (py + 28y + 298,,»{) :|

w(-xv ys pJC7 py)v

where we have used that 8 = 61, = —6,;.

To solve this Schrodinger equation, we define the coor-
dinates ¥ = x , 5 = (1 + 60)712(y x —0p,), prx =
(1462)~12(py x+0y%), Py* = py* and the star operators

~

X*x = X%,
Fx = (1462712 (y x —Opy»),

Pk = (1+ 61712 (py x +0y%),

and

Pyx = py
The latter satisfy the following commutation relations:
[X%, Dx ] = (1 + 612, [¥x, Dyx] = (1 +6H)1/2,
We therefore define the annihilation operators
Jy (Fx4i775)

X *Fipy*),

V2 ’
1
V2
and the creation operators

~ I~ .~
a;* = \/Z(x * —i Py %),
1
such that ['Ez’i*, 5;*] = i(1 4+ 6%)1/28;;, where G1x = Gy*

"~

and dox = Ay*.
The Schrodinger equation can then be written in the form

Ay*x =

(5% +ifym).

*
Il

(5% +ifym).

Hxy(x,y, px, py) = E¥(X, px. 3, Py)

A ~F o~
= [ax*ax*—i-ay*ay*

+a +92>‘/2] v (%, 5. 5. 5y)-

83

The energy eigenvalues are then given by the expression
Enny, = 1+ 02 (e +ny + 1).

For the ground state, Yo ()7 Pes ¥, 13;) = ¢0()7, i);))(ox
(. Py), and we have the equations ay * ¢o = @y * xo0 = 0,
which can be explicitly written as

1 (o i o~ 1 ~ o~

5 <x+28;,; +lpx+28;>¢(x,px)=0, (23)
and

1 (o i U | ~ o~

S v+ 281’,; +ipy + 28; #(¥. py) = 0. (24)

To find real solutions, we have to solve the following set
of equations:

~ 1
<x+ 23;) ¢o = 0,
~ 1
y+28; xo =0,
1
px+28;7; ¢o = 0,

~ 1
<py + 28;,;) xo = 0.

The general ground state solution is given by the
expression

Yoo = Coexp— (X2 + px* + 3 + py2), (25)

where Coy = 717 is the normalization constant.
For n > 1, the functions ¥, are determined by the
creation operator, that is, by the relation

Vo, =, (@ a@lx)" oo (26)

1
\/ n!
The Wigner function associated with each ¥, , y is
Sw (%, 5o 30 Py) = Yeny * Yih -
In particular, for ny = 1, ny, = 1, we find that
N2 /N2
hE 55 7)) ~ [1- 2@+ (E)) | (7))

<[1-2(+ )] (@),

and forny =2,n, =2,

ﬁ@%&%>P40 )@+ 7)) ]
TN 6 )
+ ((?)2 n (1'5;)2)] e*((i) +(7) )

@ Springer



84

For arbitrary n, and ny, we have the result

fiy ~ Ln [ (72) + (3)) ]
(@) +6) (7))

xLn|(5) + (7)°] e :

where Ln are the Laguerre polynomials.
Going back to the original variables, we have that

Fir v pes pyi 0~ Ln | (¥ + (14697 (po + 63)7)

x Ln [(1 + 92)71 (y —0py)? + pi}

oo o (@ HBOAIDHBO—0p0>+1])

. (27)

where B = (1 +6%)~L.

Equation 27 was derived, by a different method, in
Refs. [42] and [43]. It is important to notice that addi-
tional solutions can be found, associated with different
combinations of the quasi-amplitudes of probability. The
Wigner function for the noncommutative oscillator depends
on the parameter 6, which finds physical application in such
problems as the quantum Hall effect [44—46].

6 Concluding Remarks

We have set forth a symplectic representation of the Galilei
group, which yields quantum theories in phase space. We
have derived a Schrodinger equation and, as illustrations,
studied the 3D harmonic oscillator and the noncommutative
oscillator in phase space. In both cases, we obtained the
Wigner functions. The symplectic representation is con-
structed on the basis of the Moyal or star product, an
ingredient of noncommutative geometry. A Hilbert space
is then defined from a manifold with the features of phase
space. The states are represented by a quasi-amplitude of
probability, a wave function in phase space, the defini-
tion of which makes connection with the Wigner function,
i.e., the quasi-probability density. Nontrivial, yet consistent,
the association with the Wigner function provides a phys-
ical interpretation of the theory. Analogous interpretations
are not found in other studies of representations in phase
space [25, 26].

One aspect of the procedure deserves emphasis. Our for-
malism explores unitary representations to calculate Wigner
functions. This constitutes an important advantage over the
more traditional constructions of the Wigner method, which
entail several intricacies associated with the Liouville—
von Neumann equation. Furthermore, the formalism we
have described opens new perspectives for applications

@ Springer
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of the Wigner function method in quantum field theory. This
aspect of the formalism will be discussed in a forthcoming

paper.
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