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Abstract In this paper, the cylindrical symmetric grav-
itational collapse with anisotropic pressure has been
investigated using high-speed approximation scheme.
The collapsing speed of the fluid is assumed to
be very large. To see the effects of pressure, we
have used the equations /pr/p =k and /pr/p =
w of states for radial pressure and tangential pres-
sure, respectively. It is observed that if the ra-
tios of both pressures, that is, tangential and radial
pressures, to energy density are bounded from be-
low by some positive value, there arise two pos-
sibilities depending on whether 1+ k* —2w? > 0 or
1 + k> —2w? < 0.For 1 + k? — 2w? > 0, the high-speed
approximation scheme fails, while for 1+k*—2w? <0,
the high-speed approximation works. For vanishing w
and k, the high-speed scheme does not break down,
and, as a result, a naked singularity forms in this case.
For pr = pr = p, all the results reduce to the perfect
fluid case obtained by Nakao and Morisawa (Prog
Theor Phys 113:73, 2005).

Keywords High-speed - Gravitational collapse

1 Introduction

The investigation of whether the spacetime singularity
formed by the gravitational collapse will be visible to
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local or distant observers or not is one of the open
problems in general relativity. The visible singularity
is called naked, while the invisible one is called a
black hole. This issue has attracted much attention
of researchers after the formulation of the singularity
theorems of Hawking and Penrose [2-4], which predict
that the singularity is a generic property of spacetime
in general relativity. However, these theorems do not
specify the nature of the singularity, i.e., whether it will
be a naked one or a black hole.

In 1969, Penrose [5] hypothesized the cosmic cen-
sorship conjecture about the visibility of spacetime sin-
gularity. According to this conjecture, the spacetime
singularity cannot be naked. That is, the outcome of
gravitational collapse must be a black hole. This conjec-
ture is unproved yet. The existing work on gravitational
collapse contains both types of singularities, depending
upon the choice of initial data [6-15]. The cosmic cen-
sorship conjecture hypothesis provides inspiration for a
detailed study of dynamically developing gravitational
collapse models to get a correct form of the cosmic
censorship.

Most of the work on gravitational collapse has been
done by considering the spherically symmetric dust
fluid model (see [6-15]). The advantage of this model
is that Einstein field equations can be solved easily for
exact solutions. The dust fluid is a restricted assumption
because the effects of pressure cannot always be ig-
nored in the formation of spacetime singularity. Thus, it
is important to discuss this issue by including pressure.
Spherically symmetric systems have no degree of grav-
itational radiation. Therefore, nonspherical perturba-
tions to these systems have been considered in the study
of generation of gravitational radiation [16-20]. The
study of cylindrically symmetric gravitational collapse
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is important because it has a degree of gravitational
radiation, and also a naked spacetime singularity exists
in this system [21, 22].

Some numerical work on cylindrical gravitational
collapse is also available [23-25]. But the results are
inconsistent [26]. In any case, this work provides strong
evidence for the generation of gravitational radia-
tion. There also exists the work on cylindrical gravita-
tional collapse which improves our understanding on
nonspherical relativistic dynamics [27-32]. Nakao and
Morisawa [1, 26] introduced an approximation scheme
called high-speed approximation scheme to study the
gravitational collapse. In this approximation scheme,
the collapsing speed is assumed almost equal to the
speed of light. Using this scheme, they investigated
cylindrical dust collapse and cylindrical perfect fluid
collapse with some interesting results.

The analysis of naked singularity formation by con-
sidering type-I matter and spherically symmetric system
has been done by many researchers. Dwivedi and Joshi
[33] investigated the spherical gravitational collapse
of general type-I matter by the local analysis and
showed that the initial data are crucial for whether
the naked singularity forms at the symmetric center
or not. Goswami and Joshi [34] extended this work
to higher dimensional spacetimes. Various researchers
have also investigated the spherically symmetric col-
lapse with vanishing radial pressure and nonvanishing
tangential pressure [35-40]. Herrera and Santos [41]
have investigated cylindrical gravitational collapse with
anisotropic pressure using matching conditions. Ahmad
et al. [42] investigated high-speed spherical collapse of
type-I matter with some interesting results. Motivated
by these studies, we investigate the cylindrical gravi-
tational collapse with anisotropic pressure using high-
speed approximation in this paper. This work extends
the work done by Nakao and Morisawa [1] for isotropic
pressure. The aim of this work is to see the differences
among the results when the pressure is anisotropic.
It is verified that our results reduce to the perfect
fluid case as obtained by Nakao and Morisawa [1] for
Pr =PRrR=P-

The plan of the paper is as follows. In Section 1, we
write the Einstein field equations for the cylindrically
symmetric spacetime with anisotropic pressure. The
null dust solution is given in Section 2. Section 3 is
devoted to the high-speed approximation scheme. The
effects of pressures on the high-speed gravitational col-
lapse are discussed in Section 4. Finally, the summary
of the results is given in Section 5.

In this paper, the geometrized units in which ¢ =
G =1 and the convention and notations in the text-
book by Wald [43] are adopted.

@ Springer

2 Cylindrically Symmetric Systems
with Anisotropic Pressure

We consider cylindrically symmetric spacetimes with
whole-cylinder symmetry. The metric for such space-
time is given by [44]

ds?= 7 (—=d? + dr?) + eV dz? + eV RPdg?, (2.1)

where y, v, and R are functions of ¢t and r. Then,
Einstein equations are

V/Z(RQ_RZ)_I{RR/ (w2+w12) —ZRRK‘Dlﬂ,—}—R/R”
—~RR - 87G\/—g (R'T{ + RT))} .

2.2)
y=—(R?~R*){RR (J* + ") —2RR Y+ RR"
—R'R—-87G,/—g (RT/+R'T))},

(2.3)
p -y =yt - O ey, (2.4)
R—R' =-81G/—g(T/+T), (2.5)
PRy Ry
R R
= _%\/Tg(n‘ + T -T:+TY). (2.6)

Here ‘a dot’ represents differentiation with respect to ¢
and ‘a prime’ represents differentiation with respect to
r.

We consider the energy-momentum tensor for the
type-I matter defined in [45] by

T" = putu, + prs"s, + prQh, (2.7)
where
QY =88 + utu, — sts,, (2.8)

where p, pgr, pr,u", and s* are energy density, radial
and tangential pressures, four-velocity vector, and ra-
dial vector, respectively. Here, we consider the matter
field, with pg, pr, and p positive, to satisfy the domi-
nant energy condition, i.e., p > pr, p > pr. One of the
reasons to take this matter field is that it includes most
of the known physical forms of matter, like dust, perfect
fluid, etc. For pr = pr =0, it reduces to dust matter
and for pr = pr, it takes the form of perfect fluid
matter. Therefore, it is more general when compared



Braz J Phys (2013) 43:57-63

59

to the perfect fluid case. The four-velocity vector can
be taken as

u=N{1,-14+V,00), (2.9)
and the four-velocity radial vector is
su=N({1-V,1,0,0), (2.10)
where

e~ v=v)
N = \/ﬁ (2.11)

We introduce three new variables D, Pg, and Pt as

_J=8N@+pr) ¥V

JV2=V) V@2-V) R(p+pr), (212)
_ J/=gNpr _ e""VR pg
Pe= JV2=V) Ve-V)’ (2.13)
- r=v)
pr= Y gNpr _ ¢""V'R pr o1

JV2-V) Ve-V)
For time like u*, V should be positive. Using (2.12)-
(2.14), the energy-momentum tensor (2.7) takes the
form

e 3r=v)
T = [DK'k, + VeV 2 —V)
X{PR(Sff—i-(PT—PR)Qg‘}], (215)
where
ull
kKt==—=(,-1+V,0,0), (2.16)
N
and its associated tensor is
k, = MN — 0N (1, —1 4 V,0,0). 2.17)

The nonzero components of energy—-momentum tensor
are given by

V=gTi=e""V[-D+V@-V)Pr—(Pr— Pp)

x{1—(1=V)y?e*r=¥}], (2.18)

J=gT. =&V (1-V) [-D—(Pr—Pp) {1—e*7""}]

= —v/=¢T},

(2.19)

V=T =e" ' [DU=V) +V 2=V) Pr+ (Pr—Pp)

x {(1—=V)? = et (2.20)

J—gTi=e" 'V (2-V)Pr=,/—gT?,

where g is the determinant of the metric (2.1).
The law of conservation of energy-momentum

(2.21)

™ =0, (2.22)

becomes
1 , o1
0D === (DV)' + [V @=V) Pr = (Pr = Pp)

x{1—(1=V)e vVl

+ [ =V)(Pr— Pp) (1 —e D))

1% .. R D
+5(2—V)PT<1/f—V—§)+E(1—V)

(Pr — Pp)
2
x [ 20, (v =)+ V (' = ¥')}
+ (V-D{20, =)=V (y —¥)}]. (2:23)

x 20, (v =) =V (y —¥)] +

D
D3,V =(1-V)d,D - =

{2000 =)=V (y —¥)}

+{A=V)(Pr—Pp) (1 —e* ")}

1

+-[VA-V)D-V2-V)Pr

(o]

+(Pr—Pp {(1=V)* =7}

1 ., R\ (Pr—Pg
_PVRe-V — _ - v
+2 TV( )<V 1ﬂJrR>+ 3

x [20, (y — ) — e * {20, (y — ¥)
—20,(y = VHVA=-V)(y =¥}
~V(y- 1/,)] ; (2.24)

where u =t —r is retarded time and v =t +r is ad-
vanced time.

To observe the energy flux of gravitational radiation,
we take C-energy and the energy flux vector defined in
[44]. The C-energy E = E (¢, r) is given by

E=_{l1+e%(R*-R?}, (2.25)

1
8
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and the energy flux is given by

| [(0E OE
Joglt=—— (25, %% 0,0).
& 2nG(8r ot )

The nonvanishing components of the energy flux are
given by

(2.26)

e~

. 2L Y o i
/?gJ_8nG{RR(w +¥"?) —2RRyy

—87G\/—g(R'T\+ RT))}, (227)
and
r __ e D (7.2 ” RN,
V-8l = 8nG{RR(¢ +¥%) —2RRY ¢
—87G,/—g(R'T, — RT])}. (2.28)

3 Null Dust Solution

Here, we find the solution of the field equations in the
limit V — 0. In this limit keeping D, Pg, Pr finite, the
energy-momentum tensor (2.15) becomes

De3v—¥)
TH = ———ktk,, 3.1
v R ( )
where
ku:(la_laoao)a (3‘2)

is the null vector. This shows that for the case of very
large collapsing velocity, i.e., for V &~ 0, the system
under consideration is approximated by a null dust
system. For this purpose, we treat the deviation V of
the four-velocity from null as a perturbation and apply
linear perturbation method.

The solution for collapsing null dust is easily ob-
tained as

¥ =0, (3.3)

R=r, (3.4)

Yy =vB (), (3.5)

8r DGe” = dﬁ, (3.6)
dv

where yp (v) is an arbitrary function. This solution was
first given by Morgan [27]. Later on, it was studied
by Letelier and Wang [29] and Nolan [30]. We take
this solution as a background solution for perturbation
analysis. It is obvious from (3.1) and (3.4) that the
energy—-momentum tensor diverges at the symmetry
axis r =0 if D does not vanish simultaneously. This
gives rise to a naked singularity.

@ Springer

4 High-speed Approximation Scheme

We introduce a small parameter € and assume that both
V and ¢ are of O (¢) . Then , we write y, R and D as

e’ =e”(1+3,), 4.1)
R=r(1+68g), (4.2)
D=Dg(l+6p), (4.3)
where 8, §g, dp are of O (¢) and
1 d)/B
= — 4.4
B 8xGers dv (44)

Using the equations above, (2.2)—(2.6) and (2.23) up to
O (¢) can be written as

8; = (r8g)" + 871 GDpe"®

PrV
53 — 20, (r8R)

x{ay—¢+aD—2

+V(Pr—Pp)(1+ 4e—4VB)} , (4.5)

§, = (r8%) +87GDpe™
x[8, = v +80 =20, (90) — (Pr — Pr)
x {2 (1= 4e7) 8, (r30) = (1 = V) (1-4¢777)
e (5, +9) |, (4.6)

] 167G
5, — 8 = ——

e’V Py, (4.7)

r

rSr—(rdg)’ = 167 GVe®
< {(Ds=2Pr)+(Pr—P&) (1-¢77)},
(4.8)

. 1
U=y =~y =81 GVe
p

x| (Dp=2Pr)+(Pr—Pr)(1-¢m) .
(4.9)
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8u(BD + 8}/ - TP)

1 dDB 1 dVB
=— V-V —-——=V
2Dp dv 2( dv )

1 d)/B
— 3 (PrV) — PpV——
+DB{(T) T dv}

1 4y dys
+ E(PT — PR) [{8 v (2314(5)/ - lﬂ) + VE)

dys dys
—20,(8, — V—|.
dv @ 1/f)} + dv ]

(4.10)

_2814(5)/ - W) +V

Using (4.10), the (2.24) up to O (¢) becomes

PrV

W{(Dp—2Pr)V} =
+ (Pr — PRIE59,(8, — ).
(4.11)

The energy flux (2.25) up to O (e) is given by the
equality
E =

[1—e 427275 {8, — (r8R)'}] . (4.12)

0| =—

Equation (4.4) shows that y is constant in the vacuum
region, i.e., for Dg = 0. Therefore, in the vacuum re-
gion, (4.5)-(4.6) become

5, = (r8g)", (4.13)
or
8, — (rég)" = constant. (4.14)

Thus, in the vacuum region, the energy flux E, given
in (4.12), is constant up to O (¢). Therefore, up to
O (e), the energy flux vector J# vanishes. To see the
generation of gravitational waves, from (2.27)—(2.28),
the components of energy flux up to O (€?), can be
written as

—n_ T %) ”
—8/ _87TG(1/I +y )’
/ ro__ r i
—8) = 4nG¢1/j'

(4.15)

(4.16)

respectively. It is worth mentioning here that all the
results reduce to the perfect fluid case [1] for pr =

PrR=DP-

5 Effects of Pressure on High-Speed Collapse

To see the effects of pressure on high-speed collapse,
we use the equations of state for both radial and tan-
gential pressures as

PR =k(r), (51)
V o
[PT _ n. (5.2)
0

Here, pr, pgr, and p are positive. The dominant
energy condition p > pr, p > pr implies that k <1,
w < 1.

It is not easy to solve (4.11) for V in terms of k and
w because of the term 9,(8,, — ). We are interested in
seeing the behavior of the perturbation velocity V near
the background singularity » = 0. For naked singularity
formation, the perturbation velocity V should be finite
at the background singularity » = 0. Therefore, we as-
sume that

0,8, —v¥) =0, (5.3)
so that we are left with
pPrv
0, {(Dp —2Pr) V) = 1; : (5.4)
From (2.12), (2.14), (5.1), and (5.2), it follows that
2
w
Pr=——D. 55
Tt (5-5)
Using (5.5) in (5.4), we get
2uw? w?
W|ll——— |V |=—V. 5.6
[( 1+k2> } 1+ )r ©6)
The above equation can be rewritten as
1+ k> —2w? w?
o1 | V|=— 5.7
n[( 1+ ) } (1+k—2u)r -7)
Integrating this equation, we get
1+ Kk
V= e T
|:/” 2w?(x, v) j|
X dx |,
v {1+ K (x, v) = 2w?(x, v)} (v — x)
(5.8)

Here, C (v) has the same support as the background
density Dg and U(v) is an arbitrary function of ad-
vanced time v. The last equation implies that for k =
I, w =1, the velocity perturbation V is not defined.
Thus, the high-speed approximation is not applicable to
this case. This result is consistent with [1]. We examine
further the following cases.
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5.1 Bounded Case

If w and k are bounded from below by some positive
values b, and b,, respectively, i.e.,

w= b, (5.9)
k= ba, (5.10)
then these inequalities yield two cases:

szz—w_zmz =m’, (5.11)
1+1¢2+2w = —m’, (5.12)

depending upon 1 + k%> —2w? > 0 and 1 + k> — 2w? <
0, respectively. Here, m; and m, are nonvanishing
constants.

Then, from (5.8) and (5.11), we get

1
V = Const x exp <m12/ dx) , (5.13)
vV—X
or
V = Const x r™™". (5.14)

This equation shows that the perturbed value of V
diverges as the fluid element approaches to symmetry
axis, i.e., at r =0, V — oo. Thus, high-speed fails for
this case. This result is consistent with [1].

For the second case (5.12), from (5.8), we get

V = Const x r’™’. (5.15)
The above equation shows that the perturbed value of
V remains finite and has value zero as fluid element ap-
proaches to symmetry axis, i.e., at r = 0. Thus, the high-
speed approximation is valid for this case. This is not
interesting because, for naked singularity formation,
the perturbed value of V should be positive. This result
is different from [1]. It is worth mentioning here that
for k = w, 1 + k> — 2w? > 0 and therefore, the second
case does not exist.

5.2 Vanishing Case

Here, we consider the case when w and k vanishes for
the high energy density limit, i.e., p — oo (since p >
pr,p > pr). The energy density will become larger
and larger when the fluid elements approach the back-
ground singularity, i.e., r = 0, (the region of Dg # 0).

@ Springer

For this case, we consider asymptotic expansions of w
and k as

w? (u,v) ~ W2 () r' = W —nr~W (r, (516)

v~ K Or=K@w-rnr=~K@r. (517)

Here, W, K are arbitrary functions and i, j are two
positive constants. Using these asymptotic expansions
in (5.7), we get

1+ K> ()ri
1+ K2(w)yri—W2()r

V=~ C(v) exp

[/ 2W2 (v) ! q ]
* v {1+ K2@)ri =2W?2 (v) ri}(v — x) ‘-
(5.18)

For r =0, V = C(v). This shows that the perturbed
value of velocity remains finite in this case. Thus, a
naked singularity forms at the background singularity.

5.3 Generation of gravitational waves

Equation (4.9) shows that the larger value of velocity
perturbation increases the potential function . In the
asymptotically flat region, the C-Energy flux is given
in (4.16). This implies that the large value of velocity
perturbation leads to a large amount of gravitational
waves. This is similar to the perfect fluid case [1].

6 Summary and Discussion

Many researchers [33-41] have investigated gravita-
tional collapse with anisotropic pressure. In this paper,
we have investigated the cylindrically symmetric grav-
itational collapse with type-I matter, using high-speed
approximation scheme. This work is an extension of the
work done by Nakao and Morisawa [1] for perfect fluid
to type-I matter. Type-I matter includes most of the
known physical forms of matter like dust, perfect fluid,
etc. For pr = pr =0, it reduces to dust matter, and
for pg = pr, it takes the form of perfect fluid matter.
Therefore, it is more general when compared to perfect
fluid case. To examine the effects of both tangential
and radial pressures, we have assumed energy density
and both pressures to be positive. We have considered
equation of state for both radial and tangential pres-
sures as pr = k’p and pr = w?p. The detail of the
results obtained are as follows.

In our analysis, we have assumed 9,(5, — ) = 0.
That is, §, — ¢ is function of u only. For k = w = 1, the
perturbation velocity V is not defined, and the high-
speed approximation is not possible. Furthermore, we



Braz J Phys (2013) 43:57-63

63

have examined the following two cases: bounded and
vanishing cases of k and w. The bounded case is further
divided into two cases, depending upon 1 + k? — 2w? >
0 or 1 +k%*—2w? < 0. For case 1 + k% —2w? > 0, the
high-speed approximation scheme fails and for case
1 + k*> — 2w? < 0, the high-speed approximation works
but the perturbed value of V has value zero as the fluid
element approaches the symmetry axis, i.e., at r = 0.
This is not interesting because for naked singularity
formation, the perturbed value of V should be positive.
This result is different from [1]. It is worth mentioning
here that for k = w, 1 + k*> — 2w? > 0 and, therefore,
the second case does not appear. For the vanishing case,
it is demonstrated that as energy density p — oo, the
high-speed collapse works well until a naked singularity
forms.

Equation (4.9) shows that a large velocity pertur-
bation V implies a large amount of gravitational ra-
diation. These results are consistent with the perfect
fluid case [1]. These results are the same as obtained by
Nakao and Morisawa [1]. The difference is that these
results are valid with the assumption 0,(8, — ¥) =0,
while in [1], these results are valid without that assump-
tion. Additional work will be necessary to investigate
(4.11) without taking that assumption. This may pro-
vide different results.

It is verified that for py = pg = p , all the mathe-
matical results reduce to the perfect fluid case [1]. Thus,
this work is a generalization of [1].
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