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Abstract We analytically investigate the effect of an external
mirror on the stability of an injected semiconductor laser, the
latter treated as injected damped oscillators. In the studied
configuration, the injected semiconductor laser with an exter-
nal mirror is under the influence of a chaotic oscillating optical
signal that is generated by a similar semiconductor master
laser. We derive our results in terms of the damping rate and
resonance frequency. We show that the external mirror can
eliminate the unstable modes of the injected laser at low
frequencies. Furthermore, the mirror can enhance the damping
of the oscillation modes of the injected semiconductor laser;
consequently, the driven response of the injected laser may
have a broad spectrum, even wider than that of the chaotic
driving signal. We also show results for the bandwidths of the
injection amplitude and phase increment as functions of the
injection rate and feedback strength of the external mirror. In
addition, we use bifurcation and time-series curves to describe
the dynamical behavior of the injected laser. We identify the
feedback strength of injected laser, relative to that of the
master laser, which induces synchronization between the
injected-laser oscillation modes and the master laser.

Keywords Semiconductor lasers - Synchronization -
Bifurcation

1 Introduction

Optical injection is a fundamental technique for coupling or

controlling injected slave lasers to the output of master lasers.
As such, injecting phenomena have been intensively studied
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for the synchronization of optical oscillations, stabilization of
lasers, noise reduction, enhancement on modulation band-
width, and reduction of the chirp-to-power ratio [1-3].

Semiconductor lasers subject to optical feedback from
external mirrors or optical injection from other lasers are
nonlinear optical systems that can generate chaotic intensity
fluctuations. Semiconductor lasers are the most important
source generators in secure optical communications, coherent
light sources for technological optical transition, and ultra-fast
optical processing [4—6]. For this reason, the dynamics of
semiconductor lasers with optical feedback is currently the
subject of experimental and theoretical investigations [7].

Communication via chaotic signals has drawn much atten-
tion in the last two decades. Chaos synchronization of nonlin-
ear oscillators has been widely studied for applications in
secure communications [8]. A semiconductor laser with opti-
cal feedback exhibits chaotic dynamics owing to the infinite
degrees of freedom generated by delayed feedback and is
therefore an excellent nonlinear oscillator [9, 10]. A semicon-
ductor laser subject to an external feedback displays rich
nonlinear dynamics including quasiperiodicity, regular pulse
package, and chaos [11, 12].

Systems of two chaotic lasers have been shown to synchro-
nize with each other and are excellent candidates for fast and
secure communication [13—15]. The optical injection can be
used for two purposes. First, the injection signal can induce
such instabilities as periodic and the chaotic behaviors.
Second, it can also be used as an effective mean to improve
the frequency stability, enhance the bandwidth, and reduce the
noise and distortion characteristics [1, 3, 16].

Successful chaos-based communication, supported by the
synchronization of an emitter master laser (ML) with a receiver
slave laser (SL), is achieved by injecting part of the light emitted
by the ML into the SL. The dynamical behavior of the SL
injected by the ML can be affected by different parameters, such
as the feedback phase, feedback strength, and injection rate.



Braz J Phys (2014) 44:8—-18

In [17], the dynamical response of a slave semiconductor
laser, with short cavity, under the injection of chaotic light
from a master semiconductor laser, was widely studied. The
phase and strength of the feedback parameters were shown to
affect the dynamical response of the slave laser. Our numerical
calculations showed that the dynamics of the slave laser may
imitate the master laser, depending on the feedback strength. It
also heavily depends on the dynamics of the injection field. In
this paper, to study the influence of an external mirror (EM)
upon the SL dynamical properties, we consider the appropri-
ate values of the injection rate determined in [17] and gener-
alize the analysis in [18] for unidirectional coupled optical
setup for the dimensionless rate equations. The generalization
enables us to extend and complete the report of our work in
[17] with more details, such as stability, bandwidth, ampli-
tude, and frequency of the SL.

The injection laser is always subject to a constant-intensity
bias-field injection in the absence of the driving signal. This
bias-field injection can induce major changes in the damping
properties of the laser, regarded as a set of damped oscillators.
On the basis of an analysis considering the injected laser as one
such set of driven damped oscillators, we have found the EM to
have important effects on the SL, beyond chaos synchroniza-
tion. We have verified that the addition of an EM to the SL may
not only substantially affect the stability of the SL but also
synchronize its dynamical behavior to that of the ML, provided
that the relative feedback strength of the SL be appropriately
selected with respect to the ML. These conclusions are drawn
from an analysis of bifurcation and time-series curves.

This paper is organized as follows. In Section 2, we de-
scribe the setup of the experimental system. In Section 3, we
perform a linear stability analysis for the rate equations and
numerically express the results. In Section 4, we investigate
the effect of an EM on the stability, bandwidth, amplitude, and
frequency of resonance of the SL. In Section 5, we study the
stability of the SL output intensity |E4* as a function of the
changes of the feedback phase by bifurcation and time series.
Finally, Section 6 collects our conclusions.

2 Model and Rate Equations

The optical setup for chaos synchronization is shown in Fig. 1.
The master and slave systems are identical. The slave system
comprises a semiconductor laser and external mirror.

The master chaotic output is unidirectionally optically
injected into the active layer of the slave laser.
Semiconductor lasers can usually be successfully modeled
by two dynamical equations, one for the evolution of the
slowly varying complex electric field amplitude E(¢), the
other for the evolution of the carrier population N(¢).
Particularly valuable for our purposes are the Lang and
Kobayashi equalities, which are the usual laser rate equations

M Injection
semiconductor laser
IS
v

EM

Injected

2
| Es | Ly
< semiconductor laser |—«

BS

L.
>

Fig.1 Optical setup. IS isolator, EM external mirror, M mirror, BS beam
splitter

plus a time-delayed term taking the field reflected from the
EM into account,

% = (1 +iQ)NEy + nEne ™ (1)
dE, . e

> = (14 i)NE, + KE|(t-7) " + BEu(1) (2)
& = pN=(1 4 2V) B, 4

where the subscripts m and s distinguish the complex electric
fields £, and E, in the master and the slave lasers, respec-
tively. NV is the inversion parameter, o is the line width
enhancement factor, and n and & are the feedback strengths
of'the ML and of the EM associated with the SL, respectively.
C, is the 27-periodic feedback phase, and P is the pump
current. In these equations, the time is normalized to the cavity
photon lifetime (1 ps), and T is the ratio of the carrier lifetime
(1 ns) to the photon lifetime [19]. The external round trip time
7 is also normalized to the photon lifetime. |E | is the
amplitude of the injection light and the injection strength is
(. Four of the parameters are held fixed at 7=1710, P=0.8,
7=170, and =5 [20].

In our study, a feedback-induced chaos is injected from the
ML into the SL, which contains an EM. We perform a linear
stability analysis for the rate equations and analytically inves-
tigate the bandwidth of the optically injected semiconductor
laser. Equation 1 has only been spelled out for completeness
and will play no role in the following analysis.

3 Linear Stability Analysis

The most common model for injection-locked lasers uses a set
of'three differential equations [3, 21]. The differential equation

@ Springer
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governing the complex field of an injection-locked laser is
similar to that of a free-running laser, with the addition of an
injection term,

dE()
dr

= (1 + iQ)NE(t) + kE(t-7)e " + BEi; (4)

where E(t) is the SL complex field, and the coupling term is
Einj()=E m(?).

Here, for increased numerical accuracy, we have used the
dimensionless form of the Lang—Kobayashi equations [20,
22].

This model ignores spontaneous emission and noise.
Since chaotic electric fields emitted from semiconductor
lasers are usually modulated in both amplitude and phase,
it is appropriate to assume the injection field, as well as
slave-laser field, to be modulated, as in the expression
Einj(t)=Aini(t) expli¢inj(t)]. The resulting split equations,
along with the carrier-rate equation, constitute the follow-
ing set of three differential equations describing injection-
locked lasers [3]:

dA;iigt) = N(0)A(t) + kA(t=7)cos[p(t)~p(—T) + Cp)|+ (

5)
B Ainj (1) 008 [p(1) =iy (1) ]

80— v+ sinfo(o)-pler) + G-
t Ainj(2) Y “
8 Aét) sin [ ()= iy (1) ]
T%’ = P-N—(1 + 2N)|E]? )

where A(t), ¢(t), and N(¢) are the SL field magnitude, field
phase and carrier number. In these equations, ¢ (¢)=¢(t—7)—
C, (mod 27) [23].

Due to the nature of optical injection, a signal injects
the laser on a dc bias component of the injected field.
Therefore, we have divided the injecting-field amplitude
into time-constant and time-varying terms and analyzed
Egs. (5), (6), and (7), including the signal term, and
derived the injection response of the injected laser
around the stationary state in two steps. In the first
step, we have investigated the damping oscillation prop-
erties of the laser with no signal, i.e., with the time-
varying terms set to zero: a;,(t)=¢;,(1)=0. In the
second step, we have assumed the signal term to have

@ Springer

the perturbation form A;nj(t)=Ainjct0 ainjexp(At) and
G inj(t)=@inj,cTOPinjexp(At), like the other variables.

In the first step, we assumed the injected field to have the
constant amplitude and phase A4 ij()=A4 inj.c and @ inj(t)=Pinj.c»
respectively. From Egs. 5, 6, and 7, the stationary solutions
A(t)=Ag, ¢(t)=¢ and N(¢)=Ng are then given by the
expressions

2 _ P-Ng
1+ 2Ng

wiva) ¢

AQy = Py pinjc = —arctana + arcsin(

Ng = —k=fcos Agy (10)

Equation (10) is a simplified form of Ny=—kcosf
—f cosAgpg, where 0= ()= (t—T)+Cp, (—T<O<+m).
Here, for simplicity, we have chosen 6=0.

Changes in C, for the EM qualitatively affect the SL
dynamics. For specific values of £ and C,,, the dynamics
include a set of periodic, quasi-periodic, chaotic, and
regular pulse-package behaviors. Accordingly, C,, can be
tuned to make the operation of the laser stable or unstable.
On the other hand, with an appropriate choice of (3, the
injected beam can change the SL dynamics to follow the
ML dynamics [17].

As explained in [18], we let 4y =4 for the injected
field to simplify the analysis. Next, we consider a small
perturbation in the form x(#)=xy+d0x exp(At) (x=4,¢,
N), where we have introduced the complex perturbation
parameter \ to study the stability of the injected laser.
After inserting the small perturbation and the stationary
condition into the rate equations and linearizing them, we
obtain the following equations for the perturbations in
matrix form:

A-N. st aN. stA st —A st

54
N
-2 A=Ny -« op | =0
Ast 5N

2711 + 2N )4y O

A+ TH(14243)

(11)

The determinant of the coefficient matrix is given by the
equality

D(A) = N + [e(1 +242)2Ng] N> + [(1 + o?) N3~
2e(1 4 242)Ng + 2e(1 + 2N )AL A+ (12)
(1+0a?)eN2 (1 +242%)2Nge(1 4+ 2Ng) 45 (1 + o),
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where € = % and we have fixed the parameters 7 and « at
1,710 and 5, respectively.

The injected laser will only be stable if the determinant in
Eq. 12 vanishes. To make the right-hand side equal to zero, we
have to adjust the complex perturbation parameter A =~ +iw,
in which <0 corresponds to damped oscillation modes,
while v>0 corresponds to unstable oscillation modes. The
imaginary part w is the angular frequency of the damping
oscillation [24, 25].

In the second step of our procedure, insertion of the signal
terms with all the other perturbed variables into Egs. (5), (6),

and (7) leads to the following set of linear equations:

Fig. 2 Damping rate y of the a

AoA = Nst(sA + Ast(SN_ﬁAStSinAgpst (5¢_5¢m])

+0 cos Ay Oating (13)
M6 = adN—kdp + PB4 geos A, (56—06)
A (14)
_6s1nA¢st5 -
Ay
TAON = —ON—-2A4%0N-2A44(1 + 2N )54 (15)

A . 0.02
oscillation modes as a function of

the frequency w/2m parametrized
by (3 a in the case without 0
external mirror and b in the
presence of the external mirror.
The solid lines start at =0 and
proceed to the right as 5 grows.
Both curves were computed with 0.04|
e=1/T=1/1710 and =5
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Fig. 3 Spectra of the injection a
amplitude | E | * as functions of £ S 1
the frequency w/27 for e=1/T= -—-n
1/1710 and a=5. The feedback 15+ & —m
strengths are a k=0, b £=0.09, e

and ¢ £=0.115. Curves I-III

1 -
correspond to 5=0.04, 0.08, and
0.12, respectively
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Because of the limitations of linear stability analysis, the
laser-driven response has to be independently divided into
injection amplitude and phase.

The injection response can therefore be expressed in
the form 04/6a;n; for d¢i,=0 and 6¢/6¢in; for daiy=0.

We let A\=iw to find the frequency response in each
case. From Egs. (13), (14), and (15), we obtain the
expressions

+ W (Ng + k) + TNk (1 +242)2aNg T (1 + 2Ny )4, (17)

A1 (N (14 242) + 77 (14 24 kN + w2 (N + )
Sagy  D(iw) +iw((1 4 ®)NZ-T7" (1 +242) (Ny + k) + Nyk)
and

56 L[ () NGT (14 243) 2771 (1 + 2N )4 (K + N))
S0u, D)

+iw((1+ o®)NZ=T7" (1 4 24%) (N + k) + Nk)

4 Numerical Analysis

Figure 2 shows the damping rate v, of the SL, in terms of the
damped-oscillation angular frequency w/27. The rate is ob-
tained from Eq. (12) for different injection rates (3. First, we
assume the slave laser to be without an EM, i.e., with £=0. In
this case, Fig. 2a shows that, for 5=0, the linear mode of the
SL is the same as the relaxation oscillations of the solitary
semiconductor laser and hence exhibits a damped oscillation,
with negative v, at a frequency of about 0.03 GHz. For weak
injection rates (3<0.05), the SL oscillates in unstable modes
(v>0), which shows that, by itself, optical injection makes the
laser unstable. In fact, injected lasers in this region are known
to exhibit bifurcation routes to chaos [17]. However, the
instability is reduced as 3 grows, and for 3>0.05, the SL
oscillations become stable, with negative damping rate.

In fact, in a SL with a short external cavity, the EM affects
directly the stability of the laser dynamics. The dynamical
behavior of the ML as a function of & (with respect to the
control parameter C,) can be divided into two domains: low
and high feedback strengths.

For very small &, over the complete domain —7<C,<+m,
the dynamics of the laser is unstable. For increasing &, the
range of this instability is reduced to a small domain and a new
dynamics with periodic and quasi-periodic modes emerges
[17]. For moderately small %, the region of chaos and insta-
bility is only partially removed and covers a specific C, range.

Finally, for high feedback strengths, the chaotic dynamics
is expected to disappear and the output of SL, to contain
regular pulse-package, periodic, and quasi-periodic behaviors
[17]. The stable-mode regime corresponds to the injection-

locking regime at strong injection levels. Additional increase
in the injection rate raises both the damping rate and the
oscillation frequency of the linear mode. The mode transition
corresponds to a broadening of the injected laser bandwidth.

Figure 2b describes a SL coupled to an EM with feedback
strength k. The plot depicts a linear mode of the injected laser
in the phase space (7, w/27) for feedback strength £=0.0209
and different injection rates 3. Comparison between Fig. 2b
and a shows that the EM eliminates the instability domain
(0.03<w/27< 0.13) at weak injection rates (3 <0.05), so that
the unstable mode becomes stable, with «<0. In fact, for k=
0.0209, the operation point of the SL occurs at the frequency
w/2m=0.112. At high injection rates, the EM can make the
bandwidth of the injected laser greater than the bandwidth of
the chaotic driving signal generated by the ML.

Next, with help of Egs. 16 and 17), we have investigated
the changes of the amplitude and phase of the SL under the
influence of the external mirror. Figure 3a—c displays the
spectra of the injection amplitude dA4/day; for three selected
feedback strengths: k= 0, 0.09, and 0.115, respectively. The

Table 1 The coordinates of the resonance peaks of the injection ampli-
tude for different feedback strengths of external mirror and different
injection rates

k B

0.04 0.08 0.12
0 (2.29,128) (1.375,349) (1.249,376)
0.09 (0.88,270) (1.11,487) (1.107,620)
0.115 (0.49,374) (1.067,591) (1.062,769)

@ Springer
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Fig. 4 Spectra of the injection
phase d¢/0¢y; as functions of the
frequency w/27 for e=1/T=1/
1710 and av=5. The feedback
strengths are a k=0, b k= 0.09,
and ¢ k= 0.115. Curves I-1II
correspond to 5=0.04, 0.08, and
0.12, respectively
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spectra of 64/0ay; for 3=0.04, 0.08, and 0.12 are labeled 1, 11,
and 111, respectively. The coordinates (dA4/da;n;, w/2m) of the
resonance peaks of the injection amplitude for different injec-
tion rates are collected in Table 1.

The data in Table 1 show that, at fixed injection rate, the
amplitude of the resonance peak is reduced and its frequency
blue-shifted as the feedback strength grows. By contrast, differ-
ent results are found if we raise the injection rate at fixed
feedback. For k=0, the injection amplitude of the resonance peak
is reduced, and its frequency blue-shifted as the injection rate
increases. But for £+ 0, this behavior for the injection amplitude
of the resonance peak is reversed. In other words, the amplitude
first grows and then remains nearly fixed as the injection rate is
increased. In addition, and this is a common characteristic of
Fig. 3a—c, the spectra are broadened as the feedback is strength-
ened. Finally, the spectrum becomes almost flat, with suppres-
sion of the resonance peak, for 3=0.04 and k= 0.115.

Next, we have investigated the effect of the EM on the
phase drive of'the optically injected SL. Figure 4a—c shows the
spectra d¢/0¢ iy of the injection phase of the SL computed
with Eq. (17) for three different selected feedback strengths,
k=0, 0.09, and 0.115, respectively. The spectra of the injec-
tion phase for 5=0.04, 0.08, and 0.12 are labeled I, I1, and III,
respectively. The coordinates of resonance peaks of the injec-
tion phase for different feedback strengths and different injec-
tion rates are collected in Table 2.

Similar tendencies are observed for the injection ampli-
tudes in Fig. 3 and the phases in Fig. 4. The same similarity
is found for the results in Table 2, which show reduced
injection phases and blue-shifted peak frequencies as the
feedback strength of the EM increases. On the other hand,
the spectrum structure becomes almost flat for 5=0.04 and
k=0.115. In the spectrum of the injection phase, we have
found a resonance peak corresponding to the damped oscilla-
tion mode in Fig. 2. As shown in Figs. 3 and 4, the spectral
bandwidth of the injection amplitude and injection phase of
the injected laser grow with the injection rate and the feedback
strength of the EM. The suppression of the resonance is due to
the enhanced damping of the linear mode, as shown in Fig. 2.
There are differences between the spectra of the injection
amplitude and injection phase in Figs. 3 and 4. For the
amplitude, the gain in the low-frequency region is reduced,
but not for the injection phase. On the other hand, in the high

Table 2 Coordinates of phase-drive resonance peaks for different feed-
back strengths of the external mirror and for different injection rates

k ]

0.04 0.08 0.12
0 (3.72,138) (2.82,250) (2.69,376)
0.09 (2.4,268) (2.59,487) (2.57,625)
0.115 (1.062,365) (2.55,600) (2.54,773)

frequency region, the gain for the injection phase starts to
increase, but not for the injection amplitude. As evident in
Figs. 3 and 4, the gain of the injection amplitude tends to —2 as
w/2m tends to zero, while the gain of the injection phase
approaches zero as w/2m tends to zero.

5 Dynamics of the Output Intensity |E |* of the Slave Laser

Reference [17] showed that, for > n=k, the dynamics of the
SL is synchronized to the ML. In this section, choosing 3=
0.155, we have investigated the effect of the EM on the
dynamical synchronization of SL, by studying the bifurcation
and time-series curves. To this end, we have fixed the feed-
back of the ML at n=0.0455, for which value the dynamical
behavior of the ML has already been reported in [17].

‘We have also shown that the dynamical behavior of the SL
for 3>n is synchronized with the ML in the —7<Cy<m
range. Figure 5a shows |E? as a function of Cp, which
displays chaotic (CH), quasiperiodic (QP), period-7 (P7),
period-1 (P1), and then chaotic dynamics. As shown in
Fig. 5b, for an EM with £=0.0455, the SL dynamics is
synchronized to the ML, but both the amplitude and range
of instability are smaller. The instability of the SL increases as
k rises to 0.115, as shown in Fig. 5c. As also shown, the P7
and P1 dynamics have been eliminated, replaced by QP
dynamics. As a result, in the k<7 range, the SL synchronizes
to the ML and the stability of the SL grows with k. On the
other hand, in the £> 7 range, the SL is out of synchronization
with the ML, and its stability decreases.

The time evolutions of | E | ? for k=0, k= 0.09 (<) and k=
0.115 (>n) are plotted in Fig. 6a—c, respectively. Clearly, the
external mirror affects the output of the SL.

To validate the above results, we have investigated the time
series of | E | 2. To this end, we chose a feedback strength 7=
0.0455 for the ML, so that the dynamics of |E | is chaotic
[17]. The time evolution of | E4| %, with 3=0155, is presented
in Fig. 6a—c for k= 0, k<, and k> n, respectively.

The time series in Fig. 6a represents chaotic dynamics for
|E(|? and 64/6a inj> the dynamics of |E | % being synchronized
with | E,n| %. Figure 6b also shows synchronized chaotic dy-
namics between |E* and |E .|, but the amplitude of |E? is
reduced. The chaotic dynamics of | E > loses synchronization
with |E,* as the feedback strength of the EM of the SL is
increased to k=0.115, as shown by Fig. 6¢.

When 3 exceeds 7, in the 0<k<n range, |EJ* synchro-
nizes with | E %, In fact, in this range the amplitude of |E |
decreases as k increases, and the growth of k is not effective
on the synchronization of |E J* and |E,|*. By contrast, in the
k> range, not only is the synchronization between |E|* and
|Ewl lost, but also the instability of |E4* grows with &, as
indicated by the evolution of the height of the peak following
the highest maximum.

@ Springer
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Fig. 5 Bifurcation diagrams of a
the SL intensity |E | as a function 8 j j ' ' ' '
of the feedback phase C,, (—7< .
Cp<m), with 3=0.155 fora k=0, 7+ o ‘-
b k=0.0455=n, and ¢ k= R
0.115>7 6L R
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Fig. 6 Time series of |E,,, with

(3=0.155 fora k=0, b k=
0.0455=7,and ¢ k= 0.115>7
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6 Conclusion

We have studied feedback-induced chaos from a master semi-
conductor laser into a slave laser coupled to an external mirror.
We have carried out linear stability analysis for rate equations
and analytically investigated the bandwidth of optically driven
semiconductor lasers.

The main conclusions of this paper are summarized as
follows: as suggested by [19], the linear mode of the injected
laser moving in the phase space (y, w) shows unstable behav-
ior in the frequency range of (0.03 <w <0.13), which becomes
stable when the external mirror is added to the injected-laser
system. We have also shown that, under the effect of the
external mirror, the spectral bandwidth of the injection ampli-
tude and injection phase of the injected laser increase as the
injection rate and the feedback strength of the external mirror
grows. In fact, the response of the slave mirror can be broader
and more enhanced than that of the broadband chaotic
injecting signal from the master laser. We have shown that
the resonance suppression is due to the enhanced damping of
the linear mode. Our numerical simulations verified that,
subject to strong injection and under the influence of the
external mirror, the slave laser can exhibit a linear-like driven
response to the master laser. We notice that the gain for the two
spectra are different at low or at high frequencies; the injection
phase of the injected laser is therefore more likely to respond
linearly than the injection amplitude.

The bifurcation and time-series curves have shown that the
external mirrors can benefit the stability of semiconductor
lasers. We have found that an appropriate ratio between the
feedback strengths of the slave laser and of the master laser
synchronizes their outputs. We had shown beforehand that, for
B>n=k, the outputs are synchronized. In this paper, for =
0.0455 and $5=0.155, we have seen that, for 0<k<n, the
oscillation modes of the slave laser are synchronized with
the modes of the master laser, although the amplitude and
instability are reduced. The slave laser becomes more unstable
as k increases to 0.115, while the synchronization between the
outputs of two lasers is lost.
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