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Abstract Physicists have been interested in accelerated
observers for quite some time. Since the advent of spe-
cial relativity, many authors have tried to understand these
observers in the framework of Minkowski spacetime. One
of the most important issues related to these observers is
the problematic definition of rigid motion. In this paper, I
write the metric in terms of the Frenet—Serret curvatures
and the proper coordinate system of a general accelerated
observer. Then, I use this approach to create a systematic
way to construct a rigid motion in Minkowski spacetime.
Finally, I exemplify the benefits of this procedure by apply-
ing it to two well-known observers, namely, the Rindler and
the rotating ones, and also by creating a set of observers that,
perhaps, may be interpreted as a rigid cylinder which rotates
while accelerating along the axis of rotation.

Keywords Special relativity - Accelerated observers -
Rigid motion

1 Introduction

Accelerated observers in Minkowski spacetime have been
widely studied in physics and there is no doubt about their
importance to modern physics. They have been used to
study quantum phenomena, like the Unruh effect [1], and
to understand some properties of general relativity [2, 3].
Some very nice papers on the subject have been published
so far [1-12], some of them trying to answer fundamen-
tal questions such as “how do electric charges behave in an
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accelerated frame?” [11, 12]. Another important use of these
observers lies in the definition of rigid motion in Minkowski
spacetime, which is a controversial issue. As an example of
the important role played by accelerated observers, we have
the rotating observers, which are generally used to deal with
arigid disk [4].

In Section 3 of this paper, I use the tetrad formalism
to obtain an expression for the metric tensor in terms of
the proper coordinate system of an arbitrary accelerated
observer. I also write the metric tensor in terms of the cur-
vatures of the observer’s curve. I use this approach and
the definition of rigid motion presented in [4] to create a
systematic way to construct a rigid motion in Minkowski
spacetime. To exemplify the benefits of using this approach,
in Section 5, I apply it to the Rindler and rotating observers.
In addition, I create a new set of observers that perhaps can
be used to represent a particular motion of a rigid cylinder.
A brief introduction to the Frenet—Serret tetrad is given in
Section 2.

Throughout this paper, capital Latin letters represent
tetrad indices, which run over 0-3 with the numbers appear-
ing between parentheses, while the Greek ones represent
coordinate indices, which run over 0-3; the small Latin
letters run over 1-3. The frame is denoted by e, and
its components in the coordinate basis 9, are represented
by eﬁ .

2 Frenet—Serret Tetrad

Let x*(s) be a curve in Minkowski spacetime, where s is its
arc length. In this spacetime, the Frenet—Serret basis can be
defined through the formulas

%
de(o)

ds = kleé‘])’ (])
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defbl) _ k Mn k M 2
g = ko) +kaeq), 2)
de’,
() © I
ds = k3€(3) - k2€(1)a (3)
de
3 _ I’
g = R @)
where e%) = dx"/ds and ex are the components of the

vectors in the Cartesian coordinate basis 9, (for a general
version of these formulas, that is, a version that holds for
either a general coordinate system or a curved spacetime,
see p. 74 of [13]). The functions ki, ky and k3 are known
as the first, second and third curvatures, respectively. The
curvature ki measures how rapidly the curve pulls away
from the tangent line at s, while £ and k3 measure, how
rapidly the curve pulls away from the plane formed by
e(0), e(1y and from the hyperplane formed by e, e(1), e(2)
at s, respectively (for more details, see [14]).

It is important to note that when ki is zero, only e is
defined by the previous formulas. To keep the geometrical
meaning of k> and k3, we have to set them equal to zero. In
this case, the vectors e(;) must be constant. The same hap-
pens with k3 if ko vanishes. However, if we are not worried
about the meaning of k;, we can choose the vectors that are
not fixed by these formulas as we wish; of course, they have
to satisfy the requirements to be a tetrad basis.

3 The Proper Coordinate System of an Accelerated
Observer

In this section, I consider the worldline of two distinct
observers and choose a frame that is attached to one of them
to construct a vector field globally defined in the Minkowski
spacetime. After that, I impose the condition needed to
ensure that we are using the proper coordinate system of the
chosen accelerated observer.

To begin with, let two observers n and o describe the
curves x4 (s,) and x% (s,) in an inertial frame of reference I
(see Fig. 1). Now, let A(s;,) be a local Lorentz transforma-
tion from / to another inertial frame that, in an instant s, /c
(c is the speed of light), coincides with a non-inertial frame
S attached to the observer n. In searching for the proper
coordinate system of n, we want the following to hold:

(x2 —xHA% (s2) = 0, (5)

that is, both events x. (s,,) and x% (s,) are simultaneous in
the frame S. In what comes next, it is more suitable to use
a different approach. Instead of dealing with coordinates
directly, I shall deal with vectors first; then, when necessary
or convenient, I use coordinates.
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Fig. 1 This figure shows two observers at x};’, x} and their respective
worldline, n and o. The 4-vectors r, and r, represent the events xk
and x', respectively; the 4-vector r is the position of x’ relative to x}: .
Here, x/ represents the axes x, y and z

As Fig. 1 suggests, the relation among the vectors r,, 1,
and ris

r=r,—r,. (6)

Let e4(s,) be the frame that is attached to the observer n
at an instant s, /c (the frame S), not necessarily the Frenet—
Serret tetrad. From this definition, one defines the co-frame
¢4 (sn) (also called dual basis) through é4(é3) = 4. The
components of €4 in a coordinate basis 5M will be denoted
by éﬁ, while the ones for the co-frame will be denoted by
&,

In the above definition, both the frame and the co-frame
are defined along the worldline of the observer n. Nonethe-
less, we can parallel transport them to an arbitrary point
so that we construct a vector and a co-frame field defined
everywhere. Let us denote the transported vector by eg
and the co-frame by ¢4, where their components are also
defined without the “tilde”. It is well known that neither the
Cartesian basis nor the components of the vectors written in
this basis change under parallel transport in the Minkowski
spacetime. Therefore, if we take 5M as being the Cartesian
basis, we can identify 3, with 3, and &', with ¢}; the same
also holds for the co-frame, which is written in terms of
dx". Since we shall deal only with the Cartesian basis, the
“tilde” will be omitted from now on. As a result, we have
both the vector field e4 and the one-form field e globally
defined in the Minkowski spacetime and having the same
form at each point of this manifold.

From the above arguments, we can write r, = xff oy =

xffeﬁeA and r, = xhd, = x,’feﬁeA, where it was used



Braz J Phys (2014) 44:95-101

. . A . .
the identity 9, = ejea. Using these expressions and the

A

definition r = r“e4 in (6), we may write

PA = (= xyeh, (M
In this approach, the equivalent version of (5) is
r@ =l —xHe) =0, (8)

where eﬁ plays the role of the local Lorentz transforma-
tion, and it was assumed that eéf)) = dx}! /dsy,. Recall that
the components of the parallel-transported vectors do not
change because they are written in terms of the Cartesian
basis. Therefore, the vector field eéf)) = dx,’f /dsy has this
form everywhere.

By using (8), we can invert (7) to get

X, =x, + r(-")e(j”). 9)

The reason why I am writing this is because x,,, and conse-
quently e(j"), is supposed to be known and we want to know
how the observer o is described in the frame S; the pair
(s, r) will represent the observer o in S.

From (9), we can create a set of static observers by taking
r) to be constant. For instance, if we take r@ = 0, we
have the observer n; for any other value, we have another
observer who is at a fixed proper distance from the observer
n. However, for a general observer o, not necessarily at a
fixed distance from n, we can see x, in (9) as a function of
7 and r/, where t = 1, = s, /c. Therefore, differentiation
of (9) leads to

dx) de ! .
— Y2 )]
dx(‘j_<d:+rf i )dt+e(j")dr’. (10)
By using ds* = nwdxffdx(‘j, we get

. de ! o de b de !
ds? = | 2 + 20r@e @) + RMOMO) @ "0
|: On dt My dt dt

. de ) . .
Xd‘l,'2 + 2r(’)e(j)v di) dtdr(]) + n(i)(j)dr(’)dr(]),

(11)
where r(D, @ and r® are such that
. de * o de .’ de "
cz+26r(’)e(0)u d(zl') +r(’)r(/)rmv d:) d(rj) >0. (12)

It is important to keep in mind that (11) holds only if e4
and e are written in terms of the Cartesian basis 9., 9y, dy
and 0,.

Itis clear in (11) that 7 and r¥) are the proper coordinates
of n. To see this, we just need to set T = constant and
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verify that ds? = n(i)(j)dr(i)dr(-i). Of course, by definition,
ds, = cdt (r'") = 0). However, it is interesting to note that
although the proper distances of both n and o are the same,
the proper time of an observer o at a fixed proper distance
from the observe n is not t, but rather

n n
: dey degy ], 2
dt dt ’

. de L ;
c*dt? = |:c2+2cr(’)e(o)lt d(ll') +rOrPy,, @

13)

3.1 The Metric and the Curvatures of the Observer’s Curve

Here, I write the line element (11) in terms of the curvatures
of the curve described by the observer n, although the inter-
pretation of k; as the curvatures of this observer’s worldline
cannot always be true, as we shall see in Section 5.2.

By choosing the basis e4 to be the parallel-transported
version of the Frenet—Serret basis (see (1-4)), the line
element (11) can be written as

ds?= [ +kir)? =8 + )PP (kar? — ksr 2]

xczdr2+2[—k28j2r(1) + (k23j1 — k38j3)r(2) + k38j2r(3)]

xedrdr — 8;;drVdry), (14)
where
(1 +kir™)? — (3 + k) (r®)? = (kar™D — k3r)? > 0.
(15)

The Frenet—Serret tetrad is defined only along the curve of
the observer n. Nonetheless, as described at the beginning
of this section, we can use the parallel transport to create
a vector field that is defined everywhere and has the same
form as that of the one defined along x}:".

In 2 4+ 1 dimensions, we have k3 = O (see [14] for more
details). Hence, the line element (14) reduces to

2 2 2
ds*= {(1 + klr(l)) — k% |:<r(2)) + (r(l)) i|}czdt2
+2Ua[ 810 @ — 800D |ededrD - 5,5drOar(D.
(16)

In the next section, I use (16) to obtain the line element for
the Rindler and the rotating observers.

4 The Rigid Motion Problem
In this section, I show how we can use (9) and (14) to

create a systematic way to construct a rigid motion in the
sense of [4].

@ Springer
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The definition of rigid motion in special relativity was
first given by Born [15]. This definition corresponds to a
very strong constraint and, to relax it, one may use the
following definition [4]:

Puv = ) (MM;V + Uy — Uy — “v;a“a”u) =0,
(I7)

where the semicolon denotes covariant differentiation, and
ut = dx"/ds.

It is clear from (17) that not all kinds of motion are
allowed, which can be considered as an unsatisfactory fact
because one would rather have a definition of rigidity that
was independent of the motion, as in a Euclidean space.
However, it seems impossible to have such a definition.

4.1 Allowed Motions

Let us now consider the observers that are characterized by
the constant values of & = r, y = r@ and A = r®,
which do not impose any restriction on the possible motions
of the observer n. In these coordinates, the observer o is
described by (7, &, x, A). The 4-velocity of this observer is

dt
= 8
ds,

where I have used (14), omitted the “o” in u* and defined
f=0+ki§)?— (k3 +k3) x* — (ko& —k31)%. The covariant
component of the 4-velocity is

1
utt = Cf_l/zé%, (18)

1
iy = Cf_1/2g0v~ (19)

From now on, I shall use only the letters &, x and A to
represent the coordinates ().

The 4-velocity (19) allows us to write the tensor p,, in
the following convenient form:

1 L.
Puv = 2 [uu,v T+ uy gy — Cf 12 (”M,Ouv + uv,Ouu)
2 I _
_Cf ]/2F0MV + sz : (FOOuuv + FOOvu,u)in
(20)
where Iy = (1/2)(guav + &uanw — guv) is the

Christoffel symbol of the first kind.

The condition p,, = 0 does not hold for an arbitrary
motion. Hence, it is important to know under what con-
ditions the observers o are rigid. The following theorem
establishes necessary and sufficient conditions for this to
happen.

Theorem 1 Let ki, ky and k3 be the curvatures of the curve
described by the observer n. The set of observers o defined
by the constant values of &, x and A will represent a rigid
motion in the sense of (17) if and only if the curvatures ko
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and k3 are constant. In addition, for a non-constant k1, these
observers are rigid if and only if both ko and k3 vanish.

The proof goes as follows. If (17) holds, then from the
components p'! and p33, we have that
ko [k2 + (2]{]]%2 — kz/%])f + (k%i(z - kzk]]%]) $2:| =0,
(2D

—k3 [k3 + k%k3 - k2k3/%2 + (2/(1/%3 — k3l%1)§
+ <k12].€3 - k3k]]%]> %_2 + <k3k2i€2 — k%/%3) X2:| =0,
(22)

respectively, where the overdot stands for derivative with
respect to . By taking into account that the coordinates are
arbitrary and assuming k # 0 in (21), we arrive at

ky =0, (23)

2kiky — koky = 0, (24)

k2ky — kakiky = 0. (25)
From (22) and the assumption k3 # 0, we obtain

kz + k33 — kaksky = 0, (26)

2kiks — kzk; = 0, 27

k}hz — kskiky = 0, (28)

kskaky — k3k3 = 0. (29)

It is clear in (23) that £, must be constant. Besides, from (26)
and (29), one easily prove that k3 must vanish independently
of k. In turn, from (24) and (27), we see that if k; is not
constant, then k, and k3 must be zero.

Let us now see that, for constant curvatures, (17) is
identically satisfied. In this case, the components of the
Christoffel symbol that are of our interest are

Poor = & [ki + kokah + (6] — KD)E ]

Copx = —62(k§ + k%)x,

Toos = ¢*(koks€ —k31),  Tora = —cka/2. (30)

By using (14), (18), (19) and the expressions above in (20),
one can check that p,, = 0.

To finish the proof of Theorem 1, we just need to verify
that (17) holds for an arbitrary k| as long as k» and k3 vanish.
For this case, we have

f=0+ke?,
Tooo = c2(ky + kik1€)E,

From these expressions and (20), it is straightforward
to check that p,, vanishes, which finishes our proof of
Theorem 1.

uy = c(l+k£)8°,
Too1 = (1 +ki&)ki. (31
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We can use Theorem 1 and the accelerated observers that
are static in the coordinates &, y and X to obtain a particular
rigid motion. Examples of how this can be done are given in
the next section.

5 Applications

To exemplify the application of the observers considered
in the previous section, I obtain the Rindler observers, the
rotating ones, and create a new set of rigid observers.

5.1 Rindler Observers

In 1+ 1, an observer whose 4-acceleration a is constant can
be described, for certain initial conditions, by [10]
2

e at

x0 = smh( ) (32)
a C
C2 atT

x! = cosh( ) . (33)
a Cc

We can use this observer as the observer n in order to get
the observer o and, then, construct a “rigid rod” that is
accelerated with a constant 4-acceleration.

By using (32) and (33) into (1-4), we get k; = a/c* and
ky = k3 = 0. Besides, (9) becomes

2
W0 <C +‘§")sinh(“’), (34)
a C
2
Xl = <C +§a)cosh (‘”), 35)
a C

which defines the so-called Rindler observers (see [10] for
more details).

It is easy to see that the line element (16) reduces to the
well-known expression

ds® = (1 + :25)2c2dr2 — dg> (36)

and the condition (15) implies £ € (—c?/a, 00).

Rindler observers can clearly mimic a rigid rod since the
curvatures of the observer n are constant. It is straightfor-
ward to verify that (34) and (35) yield

¥ = x' /()2 - (x0)2, (37)
u' = x0/y/(x1H? = (x0)2, (38)
which satisfy (17).

5.2 Rotating Observers

Let an observer n that is rotating with a constant angular
velocity w and at a distance R from the origin of an inertial
frame / has the coordinates

xd=ct, x!=Rcoswt, x2=Rsinowt. (39)

99
By using the Frenet—Serret basis, we obtain
R R
el =y (1, =" sinwr, " coswr, 0, (40)
) c c
e({j = (0, — coswt, —sinwt, 0), 41)
R
e(ZI; = (_a) , sin wt, — cos wr, O) , (42)
c
6(3’)‘ =(0,0,0, 1), 43)
where y = 1/y/1 — ®®R2/c2. From (9), we get
xg =ct —wRyx/c, (44)
xl = (R =& coswt + xy sinat, (45)
x2 = (R —§&)sinwt — xy coswt. (46)
These are the coordinates of o in the frame /.
The curvatures of the observer n are k3 = 0 and
2
=y, R, 1)
c
2 w
ky=y . (48)

These curvatures are clearly constant, which allows us to use
this observer n to construct a rigid set of observers which
rotates with it. We construct this set by taking & and yx
constant in the coordinates (44—46).

The substitution of k1 and k, into (16) gives

2 2 2
2 2 "R a0 2 2
ds? = [(Hy - s) % (¢ +x)}
c2de? +2y2w (xdé —&dy)dt — d§2 —d)(z.
(49)

For simplicity, let us set R = 0. In this case, we have

2
2 _w 2 2
ds? = [1 ", (8 +x)}
2dt? + 2w (xdE — Edy)dt — d&* —dx?,  (50)

where condition (15) leads to v/&2 4+ x2 < ¢/w. This is the
same line element of the rigid disk in [16].

Here, we have to be very careful with the meaning of k;.
When k; is zero, the Serret—Frenet formulas do not deter-
mine ky, k3, ey and e(3), as pointed out before. This is
exactly the case when one sets R = 0 in (39) before eval-
uating the basis. On the other hand, when we perform the
calculations first and then take R = 0, we obtain k| = k3 =
0 and kp = w/c, and the basis remains well defined. The
problem in this case is that k; cannot be interpreted as the
curvatures of a curve, since a curve which does not curve
(k1 = 0) cannot twist (ky # 0). For our purpose, this is irrel-
evant, since we do not need k; to be curvatures. But now,
we have the question: “why don’t we take the inertial frame,
since it also satisfies Frenet—Serret formulas?”” The answer

@ Springer
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is simple: the rotating observers who are not at the origin
(& or x # 0) must be at rest with respect to the chosen frame
so that they keep their rigidity in this frame. To understand
better, consider the following. If we have just one particle
at the origin, then we have two types of frame in which the
particle can be at rest: a frame that rotates around its origin
and a frame that does not rotate at all. However, if we have
arigid disk made of particles that are at rest with respect to
a certain frame, there will be only one frame satisfying this
condition: the one which rotates together with the particles.
Therefore, we have to choose that frame for the rotating
disk.

5.3 A New Set of Accelerated Observers and Its Rigid
Motion

Let the observer n describe the following path in the inertial
frame I:

2 2 2 2 2 2
xk = V3 <\/ ¢ sinh 0, ¢ cosé, ¢ siné, Ve coshd |,
a a a a

(1)

where 0 = as/(v/3¢2) (s is the arc length) and « is the
observer’s 4-acceleration. This observer not only rotates
around the z-axis, but also translates along it (see Fig. 2).
From the coordinates x,{, x,% and the observer’s proper
time, we can see that the observer (51) rotates around the z-
axis with a constant angular speed from his point of view.
By equating 0 to 2mm (m =0, 1,2...), we get ct,, = s =
2mm~/3c? Ja, which yields the period T = 2+/3c¢7 /a. How-
ever, from the point of view of the observer who is at rest
in the I frame, this is not a periodic rotation because the
function “sinh” is not periodic (#,,4-1 — t, depends on m).

360

Fig. 2 Projection of curve (51) on x, y and z for v/3¢?/a = 1 and 6
starting from O

@ Springer
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By using the Frenet—Serret formulas, one obtains the
tetrad

e(olj = (\/2 cosh @, —sin@, cos b, V2 sinh@) , (52)
1
e(llj = /3 (\/ZSinhG, —cosf, —sinb, x/2005h9> , (53)
1

(—«/2 cosh@, 2sinf, —2cos0, -2 sinh@) ,
(54)

1

2 2
et = (sinh&, cos#, sin@,cosh@), (55)
@3 V2 V2

and the curvatures

a 272 a 1a

ki= ,, k= , k3= ,
c? 3 2 32

(56)

which are constant.
Substitution of (56) into (14) yields

2 a& 2 g2 2
ds _[<1+62) gt (2V26 1) -

2
4+ [2J2(xds —Edy) +rdy — xdk]dr
3¢

2
a

4)(2 ctdr?
c

—dg% —dy? — d)\>. (57)

Remember that & = r, X = r@ and & = r®. From ),
we get

xg = Asinh6 — «/2Ccosh9, xg = BcosH + 2Csin0,
xg = Bsind — 2C cos b, xg — Acosh® —/2C sinh 6,

(58)
where

P - by P - 2x)
A=+6 , =3 - ,
J<a+3+3J2> B \/<a 3+3J2

(59)

One can easily verify that this curve satisfies ()cg)2 — ()c;)2 —
(x2)? — (x)? = (A% 4+ B2 +2C?).

By taking &, x and A as constant, we obtain a set
of observers which represent a rigid motion (see Theo-
rem 1). Perhaps, these observers may be interpreted as
a particular case of a solid cylinder that rotates around
its axis and, at the same time, is accelerated along
it.

To double check that these observers satisfy (17), we
can write the 4-velocity in terms of the Cartesian coor-
dinate x* (I have dropped the “0”) and substituted the
result into (17). By doing that, we arrive at u® = z/a,
u' = —y/a, u> = x/a and u® = w/a, where I have

used o = V22—y2—x2—w2and w = 10, x = x!,
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y = x2, z = x>. One can easily check that this 4-velocity
satisfies (17).

6 Final Remarks

The proper coordinate system used in (11) belongs to the
observer n and, in this sense, this observer is privileged. This
is not a strange fact because, in general, each observer has a
different 3-velocity with respect to the frame /. For instance,
the magnitude of the 3-velocity of a Rindler observer can be
shown to be

at

V= :
VA +ag /D)2 + a2

(60)

where t and x are the Cartesian coordinates used by the
inertial observers in 1. This velocity clearly depends on the
position of the Rindler observers, that is, on £. Hence, if we
choose to write the metric in terms of proper distances and
a proper time for a set of accelerated observers, in general,
we will have to choose the proper coordinate system of one
of them. For a coordinate system that does not privilege any
of the Rindler observers, see [17].

The advantage of using the Frenet—Serret formalism lies
in the fact that, with the help of Theorem 1, it allows for
a systematic and easy way to construct any rigid set of
observers. One of the main advantages is that we do not
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need to know whether the curve of the observer n (the one
used to generate the whole set) is inside a plane or in a
hyperplane (or even in the whole spacetime), since the cal-
culations already give the simplifications needed when the
curve lies either in a plane or in a hyperplane. For example,
when the curvature k3 vanishes, all non-trivial terms with
r@) disappear in the metric (14). The same goes for both
r® and r® when k, = k3 = 0.
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