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Abstract We present an alternative method to solve the
problem of scattering by a black hole by adapting the spec-
tral code originally developed by Boyd (Comp Phys 4:83,
1990). In order to show the effectiveness and versatility of
the algorithm, we solve the scattering by Schwarzschild,
standard acoustic, and charged black holes. We recover the
partial and total absorption cross sections and, in the case
of charged black holes, the conversion factor of eletromag-
netic and gravitational waves. We also study the exponential
decay of the reflection coefficient, which is a general feature
of any scattering problem.

Keywords Spectral methods · Black hole scattering

1 Introduction

A particularly useful way of understanding the physics of a
black hole spacetime is considering it as a scatterer of waves
impinge on it. Black hole scattering has been studied inten-
sively in over the last 40 years, whose prototype model is
a packet of massless scalar waves hitting a Schwarzschild
black hole. In general, electromagnetic and gravitational
waves can be also be used to probe the spacetime around not
only the Schwarzchild, but any black hole.

Perturbation theory provides the mathematical formula-
tion of the scattering by a black hole. In order to fix the
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notation, let us consider, for the sake of simplicity, a scalar
field � evolving in the Schwarzschild spacetime. It can
be shown that the solution of the Klein–Gordon equation
gμν�,μ;ν = 0 is expressed as a partial wave sum [2, 3],

�(t, r, θ) =
∞∑

l=0

(2l + 1)e−iωt ϕl(r)

r
Pl(cos θ), (1)

for which the functions ϕl(r) satisfy a Schrodinger-like
equation,

d2ϕl

dx2∗
+

(
ω2 − Veff(x)

)
ϕl = 0, (2)

where x = r/2M ≥ 1, x∗ = r∗/2M ∈ (−∞,+∞), M is
the black hole mass, and r∗ is the tortoise coordinate defined
by dr∗/dr = r/(r − 2M). Also, Veff(x) = 4M2V (r(x))

is the effective potential induced by the black hole space-
time, and due to the rescaling of the radial coordinate, we
are adopting ω → 2Mω.

Similar Schrodinger-like equations describe the scatter-
ing of electromagnetic and gravitational waves, in which the
form of the effective potential [4] is modified in each case.
Important physical issues can be studied from Eq. (2): the
stability problem of the Schwarzschild black holes [5], the
determination of the black hole response to perturbations
through their quasi-normal modes [6] of vibration, and the
black hole scattering problem in which the amount of scat-
tered and transmitted waves can be evaluated as well as the
absorption cross sections [2–4, 7].

In order to solve the scattering problem, one can apply
the perturbation theory or the partial wave method. The per-
turbation theory is more appropriate in the long-wavelength
limit, and the partial wave method [2, 3] is more suitable
beyond the long-wavelength regime. Essentially, it consists
of solving the corresponding Schrodinger equation at the
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horizon and at the asymptotically flat region characterized
by assuming it at some r = rmax. The scattered wave is
calculated after discarding the part of the solution corre-
sponding to the original plane wave, whose definition in
curved spacetimes is done by an analogy with the Coulomb
scattering. We mention also the approach using the phase
integral method applied to the problem of scattering of
massless waves by a Schwarzschild black hole [8].

Boyd [1] devised a pseudospectral algorithm to solve the
problem of wave scattering by a potential barrier in a typical
one-dimensional quantum mechanical problem. He intro-
duced the special radiation functions to overcome the fact
that any basis sets cannot model the incoming and the out-
going waves. In his pioneering work, he solved the problem
of wave scattering by a sech2 potential barrier with success.
In this way, it is worth investigating the applicability of this
method to the black hole scattering problem. To achieve this
goal, we have implemented some modifications of the origi-
nal Boyd’s procedure to adapt it to the case of the scattering
by a black hole and also to improve its accuracy.

The structure of the paper is as follows: in Section 2, we
present Boyd’s spectral algorithm to the black hole scatter-
ing problem and introduce some modifications that improve
the accuracy of the algorithm. In Section 3, we apply the
method to the Schwarzschild and the standard acoustic
black holes. We evaluate the transmission and reflection
coefficients as well as the relevant quantities such the partial
and total absorption cross sections. We have considered the
scattering by Reissner–Nordström black holes in Section 4.
In particular, we have focused in determining the conversion
factor of electromagnetic to gravitational perturbations and
vice versa. Finally, in Section 5 we present our conclusions.

2 Boyd’s Method Revisited

We present the procedure envisaged by Boyd [1] to tackle
the problem of wave scattering described by Eq. (2). As a
typical problem of wave scattering, we consider ω to be real
which produces solutions representing ingoing and outgo-
ing waves at the boundaries of the spacetime, x∗ → ±∞.
In this vein, we establish the following boundary condi-
tions, recalling that the effective potential vanishes at the
boundaries:

ϕ =
⎧
⎨

⎩

e−iωx∗ + α(ω)eiωx∗ x∗ → ∞

β(ω)e−iωx∗ , x∗ → −∞.

(3)

These conditions represent an incident wave of unit
amplitude, a reflected wave with amplitude α(ω), both at the
spatial infinity (x∗ → ∞), and a transmitted wave of ampli-
tude β(ω) crossing the event horizon (x∗ → −∞). From

these amplitudes, one can calculate the reflection and trans-
mission coefficients: R(ω) = |α(ω)|2 and T (ω) = |β(ω)|2,
respectively. They are subjected to the condition

R(ω) + T (ω) = 1, (4)

which insures energy conservation in the scattering problem
described by Eq. (2). In other words, it expresses the fact
that an incident wave of unitary amplitude after hitting a
potential barrier splits into two pieces of reflected and trans-
mitted waves whose sum of the square of their amplitudes
is 1 [4].

In order to determine R(ω) and T (ω) using spectral
methods, Boyd introduced the special radiation functions
since standard Chebyshev polynomials are unable to repro-
duce the asymptotic oscillatory behavior given by Eq. (3).

Consider the real-valued functions C(x∗) and S(x∗)
whose asymptotic behavior is

C(x∗) ∼ cos(ωx∗), S(x∗) ∼ sin(ωx∗), as x∗ → ∞. (5)

Notice that these solutions are the linearly independent
solutions of Eq. (2) at x∗ → ∞, implying that its gen-
eral solution can be expressed as a linear combination of
C(x∗) and S(x∗). Then, taking into account the boundary
conditions at the spatial infinity, we obtain

ϕ = (1 + α)C(x∗) + i(α − 1)S(x∗). (6)

The next step is to establish the asymptotic behavior
of the functions C(x∗) and S(x∗) near the event horizon,
x∗ → −∞,

C(x∗) ∼ γ1 cos(ωx∗) + γ2 sin(ωx∗), (7)

S(x∗) ∼ γ̄1 cos(ωx∗) + γ̄2 sin(ωx∗). (8)

Substituting Eqs. (7) and (8) into Eq. (6), we obtain the
behavior of ϕ at the event horizon. If we combine this result
with the boundary condition given by Eq. (3), it follows that

⎧
⎨

⎩

(1 + α)γ1 + i(α − 1)γ̄1 = β

(1 + α)γ2 + i(α − 1)γ̄2 = −iβ.

(9)

This system can be solved to determine the real and imag-
inary parts of (α, β) once the coefficients (γ1, γ2, γ̄1, γ̄2)

become known using the collocation method as we are
going to describe.

Following Boyd [1], the functions C(x∗) and S(x∗) must
contain plane wave components to describe asymptotically
oscillatory behavior present in Eqs. (5), (7), and (8). Then,

C(x∗) = cos(ωx∗) + C̄(x∗) (10)

S(x∗) = sin(ωx∗) + S̄(x∗), (11)
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where the auxiliary functions C̄(x∗), S̄(x∗) approach zero
as x∗ → ∞. The spectral representation of these func-
tions is

C̄(x∗) =
N−2∑

k=0

akχk(x∗) + aN−1φC(x∗) + aNφS(x∗) (12)

S̄(x∗) =
N−2∑

k=0

bkχk(x∗) + bN−1φC(x∗) + bNφS(x∗), (13)

where (ak, bj ) are the modes and φC(x∗) and φS(x∗) are the
radiation functions [1] for which

φC(x∗), φS(x∗) → 0, as x∗ → ∞. (14)

On the other hand, when x∗ → −∞, the asymptotic
behavior described by Eqs. (7) and (8) must be reproduced.
In this case, we have

φC(x∗), φS(x∗) → cos(ωx∗), sin(ωx∗), as x∗ → −∞.

(15)

Boyd [1] assumed that the radiation functions reproduce
the boundary conditions (14) and (15),

φC(x∗) = 1

2
[1 − tanh(ε0x∗)] cos(ωx∗) (16)

φS(x∗) = 1

2
[1 − tanh(ε0x∗)] sin(ωx∗), (17)

where the coefficient ε0 was introduced so that φC,S vary on
the same scale as Veff [9]. This parameter was not present in
the original Boyd’s algorithm.

At this point, we have introduced another modification in
the original Boyd’s scheme. Instead of choosing the rational
Chebyshev functions, T Bk(x∗) [10], we have selected the
basis χk(x∗) defined by

χk(x∗) ≡ 1

2
(T Bk+2(x∗) − T Bk(x∗)) (18)

that satisfies exactly the condition χk(x∗) → 0 as x∗ →
±∞. As noted first by Heinrichs [11–13], a recombination
of the usual pure Chebyshev basis functions produces more
accurate results due to lower accumulated round off error
when solving higher-order differential equations.

With the above conditions, it follows that C(x∗) =
cos(ωx∗), S(x∗) = sin(ωx∗) as x∗ → ∞, and

C(x∗) = (1 + aN−1) cos(ωx∗) + aN sin(ωx∗) (19)

S(x∗) = bN−1 cos(ωx∗) + (1 + bN) sin(ωx∗), (20)

as x∗ → −∞, which provides that γ1 = 1+aN−1, γ2 = aN ,
γ̄1 = bN−1, and γ̄2 = 1+bN . Thus, once the modes (ak, bj )

are determined, the coefficients of Eqs. (7) and (8) become
known, and we can solve the system (9) for α, β.

The next step is to substitute Eqs. (10) and (11) into
Eq. (6), in which the functions C̄(x∗) and S̄(x∗) are
approximated by their corresponding spectral representa-
tions given by Eqs. (12) and (13), respectively. Then, from
the Schrodinger-like equation (2), we obtain two residual
equations:

ResC(x∗) = d2C̄

dx2∗
+

[
ω2 − Veff(x)

]
C̄ − Veff(x) cos(ωx∗)

(21)

ResS(x∗) = d2S̄

dx2∗
+ [ω2 − Veff(x)]S̄ − Veff(x) sin(ωx∗).

(22)

These relations do not vanish due to the approximation
expressed by a finite N in the spectral representations of
C̄(x∗) and S̄(x∗). In order to determine the coefficients ak

and bj , we have considered the collocation method that con-
sists in fixing these coefficients such that the above residual
equations vanish at the collocation or grid points yk given
by

yk = cos

[
(2k + 1)π

2N + 2

]
, k = 0, 1, ..., N, (23)

where the new variable y ∈ (−1, 1) is related to x∗ through

x∗ = x(0)∗ + L0y√
1 − y2

, (24)

where x
(0)∗ adjusts the position of the origin of the compu-

tational domain y, L0 is the map parameter to be chosen
according to the typical scale of the potential, and ε0 ∝
1/L0. We have chosen x

(0)∗ = xmax∗ , where xmax∗ indicates
the maximum of the effective potential. We fix L0 and ω

and, therefore, the modes (ak, bj ) can be obtained after
solving linear algebraic system arising from the vanishing
residual equations at the collocation points, or

ResC(x∗(yk)) = 0, ResS(x∗(yk)) = 0, k = 0, 1, ..., N.

(25)

In the next section, we present the application of this
scheme for several black hole spacetimes.
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3 Schwarzschild and Acoustic Black Holes

The effective potential for the Schwarzschild black hole is
given by [5]

Veff =
(

1 − 1

x

) [
l(l + 1)

x2
+ 1 − s2

x3

]
, (26)

where s = 0, 1, 2 denotes scalar, electromagnetic, and grav-
itational perturbations. The relation between x and x∗ is
x∗ = x + ln(x − 1).

There are two types of gravitational perturbations (s =
2): the axial (odd parity) and polar (even parity) pertur-
bations. The corresponding effective potentials, which we
denote by V

(−)
eff (x) and V

(+)
eff (x), respectively, are distinct.

We obtain the expression for V
(−)
eff (x) by setting s = 2 in

Eq. (26). The effective potential V
(+)
eff (x) is expressed as

V
(+)
eff = 8

(2nx + 3)2

(
1 − 1

x

) [
n2(n + 1) + 3n2

2x
+ 9n

4x2
+ 9

8x3

]
,

(27)

where 2n = (l − 1)(l + 2). In spite of both potentials being
distinct, Chandrasekhar [4] demonstrated a remarkable rela-
tion between the solutions of the Schrodinger equation for
both types of perturbations. As a consequence, the reflec-
tion and transmission coefficients are the same no matter if
the gravitational perturbations are axial or polar.

Applying the numerical scheme presented in the previous
section, we have solved the scattering problem by determin-
ing the real and imaginary parts of α and β in function of ω

for fixed values of l and s. We have checked the accuracy of

Fig. 1 Error δ for the case l = 4 and s = 2 (gravitational perturba-
tions) with truncation order N = 80. The curves formed with solid
boxes and circles correspond to the numerical results obtained using
the basis T Bk(x∗) and χk(x∗), respectively. The improvement due to
the new basis functions becomes clear where for some values of ω, the
error becomes an order of magnitude smaller

the code using the transmission and reflection coefficients,
T (ω) = |β|2 and R(ω) = |α|2, respectively, to calculate the
deviation of Eq. (4) taken as the basic measure of the error

δ = |R(ω) + T (ω) − 1| × 100. (28)

The first task is to confirm whether or not the new basis
function, χk(x∗), produces more accurate results than the
pure rational Chebyshev basis function, T Bk(x∗). We have
calculated the error for gravitational perturbations s = 2
and l = 4, taking a region where R is very small. Accord-
ing to Fig. 1, the improvement of the accuracy becomes
clear due to the overall smallness of the error when evalu-
ated using the new basis functions. This result is also valid
for any other choice of the parameters. Hereafter, unless
stated otherwise in all figures, we represent the numerical
results by solid circles and join them by lines for the sake of
convenience.

Another numerical test is to verify if the reflection and
transmission coefficients for polar and axial perturbations,

Fig. 2 Typical behavior of the reflection (R ∼ 1 for small frequen-
cies) and transmission coefficients. In the first plot, the continuous
lines and dots were determined using the effective potentials V

(−)
eff and

V
(+)
eff , respectively. The agreement of these coefficients evaluated is

clear, but in the second plot, we have displayed the error δ(±) quantify-
ing the deviation of both values of R(ω). We have selected N = 300,
L0 = 14, and ε0 = 2/L0
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R(+)(ω) and R(−)(ω), respectively, are equal. In Fig. 2a,
we present a typical plot of both R(−), T (−) (lines) and
R(+), T (+) (dots). In order to quantify the deviation of
equality between both coefficients, we use δ(±) ≡ |R(+) −
R(−)|/R(−)×100, whose graph is shown in Fig. 2b. We have
repeated this verification for different values of l and found
that both coefficients coincide within an acceptable error.

Fig. 3 Plot of small R(ω) for l = 2 and s = 1 (vectorial perturba-
tions) with truncation orders N = 50, 100, 600. In the second panel,

we show the decay of the error rms given by
(

1/M
∑M

k=1 δ2
i

)1/2
. We

have found that the error decays as N−1.93. In a region in which R ≈ 1,
the decay is exponential as shown in the third graph

In all numerical experiments, we have noticed an increase
of the error in determining the small values of the reflection
coefficient. This is a consequence of the exponential decay
of R(ω), which is a general feature of any scattering prob-
lem as pointed out by Boyd [1]. To overcome this difficulty,
the Schrodinger equation must be solved to very high accu-
racy for a reasonable approximation to R(ω) for large ω. We
present a convergence test by displaying in Fig. 3 the behav-
ior of R(ω) � 1, taking increasing truncation orders and the
decay of the errors. However, we point out that small trun-
cation orders are adequate to solve the scattering problem
when R(ω) ∼ 1.

Usually, in problems of wave scattering, the absorption
cross section is another quantity that depends only on the
asymptotic behavior of the waves. The absorption cross
section is given by [15],

σabs =
∞∑

l=lmin

σ
(l)
abs, (29)

Fig. 4 Reflection coefficients Rl(ω) for scalar perturbations. From
left to right: the curves correspond to the cases l = 0, 1, 2, ..., 10.
Second plot: the partial and total absorption cross sections in units of
M2. The total absorption cross section tends to the analytical result of
geometrical optics indicated by the straight line



Braz J Phys (2014) 44:128–137 133

where lmin = 0, 1, 2 for scalar, electromagnetic, and gravi-
tational perturbations. The partial absorption cross section,
σ

(l)
abs, is related to the transmission coefficient T (ω) through

σ
(l)
abs =

π

ω2
(2l + 1)Tl(ω). (30)

In Fig. 4, we present the reflection coefficients R(ω) for
l = 0, 1, ..., 10 for scalar perturbations (s = 0). The trunca-
tion orders vary from Nmin = 100 to Nmax = 500 depending
on the chosen value of l, such that the error δ never exceeds
0.2 % to produce smooth curves. With these data, we show
in the second graph of Fig. 4 the partial and total absorption
cross sections for the scalar perturbations. The total absorp-
tion cross section tends to the predicted geometric optics
value [16] given by σabs = 27πM2/4 ≈ 21.21M2 (the fac-
tor 1/4 comes from our rescaling ω → 2Mω). We also have
solved the scattering problem for gravitational perturbations
(s = 2) for l = 2, 3, ..., 9 and present in Fig. 5 the plots of
the partial and total absorption cross sections. In this case,
the numerical result tends to the predicted value of the total
absorption cross section in the high-frequency limit, which
is the same of the scalar perturbations.

The canonical acoustic hole [17, 18] is the simplest ana-
logue black hole which may be created in a laboratory. In
this analogue, no sound waves can escape from a given
region limited by a horizon. It can be shown that, as a
response of fluid perturbations, the canonical acoustic hole
produces the following effective potential:

Veff =
(

1 − 1

x4

) [
l(l + 1)

x2
+ 4

x6

]
, (31)

where x = r/rc with rc as the distance from the origin to
the point at which the flow speed exceeds the sound velo-

Fig. 5 Partial and total absorption cross sections in units of M2

for gravitational perturbations for l = 2, 3, ..., 9. The total absorp-
tion cross section tends to the same geometrical optics limit σabs =
21.21M2 as expected

Fig. 6 Error δ for the case l = 4 with truncation order N = 100.
The upper graph (solid boxes) corresponds to the basis T Bk(x∗), and
the lower graph (solid circles) the basis and χk(x∗). The improvement
due to the new basis functions is clear where for some values of ω, the
error becomes an order of magnitude smaller

city in the fluid. As a consequence, it follows that in the
Schrodinger equation (2), ω → ωrc. The relation between
x and x∗ is obtained from dx∗/dx = x4/(x4 − 1).

Fig. 7 Reflection coefficients for l = 0, 1, ..., 7 (from left to right).
The truncation orders vary from a minimum value of N = 150 to a
maximum of N = 450 for l = 0 and 7, respectively. In all cases,
L0 = 14. The partial and total absorption cross sections are shown
in the second panel. Notice that the limit value of the total absorption
cross section for high frequencies is in agreement with its geometric
optics value σabs � 8.163r2

c [19]
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The error δ is evaluated for the case of acoustic hole and
considering the basis functions χk(x∗) and T Bk(x∗). The
result shown in Fig. 6 confirmed that the first basis functions
are preferable than the pure Chebyshev polynomials.

We have solved the scattering problem for l = 0, 1, ..., 7
and plotted the corresponding reflection coefficients in
Fig. 7. Its behavior is in agreement with the results of Dolan
et al. [19]. The partial and total absorption cross sections are
also computed and depicted in Fig. 7. The numerical value
of the total absorption cross section for high frequencies is
in agreement with the geometric optics limit σabs � 8.163r2

c

[19].
We now examine the exponential decay of the reflec-

tion coefficient described by R(ω) ∼ exp(−κω), which is
a general feature of any scattering problem. We have deter-
mined the coefficient κ for the scattering by Schwarzschild
and standard acoustic black holes (Fig. 8). In both cases,
the numerical experiments have indicated that κ tends to a
constant value for large l. In particular, for the scattering by
Schwarzschild, this limit value is independent of the type of
perturbations (s = 0, 1, 2). Although not shown here, the
same results are valid for the scattering by a charged black
hole, which we consider in the next section.

4 Reissner–Nordström Black Holes

The problem of wave scattering by charged black holes can
be divided into two parts. The first part deals with the prob-
lem of scalar waves, whose treatment is similar to the previ-
ous cases but with a different effective potential. The second
part deals with the scattering of electromagnetic and gravi-
tational waves. These two forms of perturbations couple via
charge; for this reason, they cannot be treated independently.
It means that if a purely gravitational radiation is incident

Fig. 8 Behavior of κ for the scattering of scalar (l ≥ 0), vectorial
(l ≥ 1), and tensorial (l ≥ 2) perturbations by a Schwarzschild black
hole. The lower plot represents the case of scattering by an acoustic
hole

on a charged black hole, a given amount is reflected as
electromagnetic waves and conversely. This is the simplest
scenario in which the relativistic phenomenon of conversion
of gravitational energy into electromagnetic energy and vice
versa [4, 20] takes place. Therefore, after determining the
transmission and reflection coefficients associated to elec-
tromagnetic and gravitational waves, the conversion factor
between these forms of radiation can be evaluated.

4.1 Scalar Perturbations

We begin with scalar perturbations. In this case, the effective
potential is given by [4]

Veff(x) = f (x)

[
l(l + 1)

x2
+ 1

x3
− q2

2x4

]
, (32)

where q ≡ Q/M , M and Q are the mass and the charge of
the black hole, respectively, and

f (x) =
(

1 − 1

x
+ q2

4x2

)
. (33)

In our analysis, we are going to consider the case 0 < q < 1
and the extremal charged black hole q = 1. The relation
between x and x∗ becomes

dx∗
dx

= 1

f (x)
=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

x2

(x−x+)(x−x−)
, 0 ≤ q < 1

x2
(
x− 1

2

)2 , q = 1,
(34)

Fig. 9 Reissner–Nordström total absorption cross sections for q =
0, 0.5, 0.8, and 1.0 (from top to bottom). The numerical results
approach the predicted geometrical optics limits [16, 21] σabs/M

2 �
21.21, 19.38, 16.23, and 12.57, respectively, which are indicated by
straight lines. In these numerical experiments, we have set Nmax =
400 and maximum map parameter L0 = 30
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where x± indicates the positions of the horizons of the black
hole for the case q < 1. For the extremal case, there is only
one horizon (x = 1/2).

The boundary conditions are the same as in Eq. (3), and
the application of the spectral algorithm is straightforward.
We have solved the scattering problem for q = 0.5, 0.8 and
q = 1.0. The results are summarized in Fig. 9 with the
total absorption cross sections for these values of the charge.
Notice that the increase of charge produces a decrease of the
total absorption cross section [21]. Also, we have obtained
the correct geometrical optics limits predicted analytically
[16].

4.2 Electromagnetic and Gravitational Perturbations

We follow the notation of Chandrasekhar and represent
H

(±)
1 (x∗) and H

(±)
2 (x∗), which are the electromagnetic and

gravitational perturbations, respectively. Their correspond-
ing equations of motion can be decoupled [4, 22] with the
introduction of two functions, Z

(±)
1 (x∗), Z(±)

2 (x∗), that sat-
isfy a Schrodinger-like equation (2). The signs ± indicate
that the perturbations consist of polar (even parity) or axial
(odd parity) modes, respectively. The relevant equations can
be summarized as [4, 22]

d2Z
(±)
i

dx2∗
+

(
ω2 − V

(±)
i

)
Z

(±)
i = 0, (35)

where i = 1, 2 and the effective potentials are given by

V
(−)
i = f (x)

[
l(l + 1)

x2
− qj

2x3

(
1 + qi

2μ2x

)]

V
(+)
i = V

(−)
i + 2qjf (x)

d

dx

[
f (x)

x(2μ2x + qj )

]
. (36)

In the above expressions, i �= j , q = Q/M , μ2 = (l−1)

(l + 2), and

q1 = 3 +
√

9 + 4q2μ2, q2 = 3 −
√

9 + 4q2μ2. (37)

We are interested in the solutions of Eq. (35) satisfying
the following asymptotic behavior:

Z
(±)
i =

⎧
⎪⎨

⎪⎩

e−iωx∗ + α
(±)
i eiωx∗ x∗ → ∞

β
(±)
i e−iωx∗ , x∗ → −∞.

(38)

As before, since the effective potentials V
(±)
i are real, the

following conservation law holds:

Ri(ω) + Ti(ω) = 1, (39)

where i = 1, 2, Ri(ω) = |α(±)
i |2, and Ti(ω) = |β(±)

i |2.

Fig. 10 (Colored online) Plots
of the conversion factor (Eq.
(40)) for q = 0.3, 0.5, 0.8, 0.99
(from left to right, up and
down). The results for axial
perturbations are in black while
those for polar perturbations are
in blue. In all figures, we read
l = 2, 3, 4, 5 from left to right.
In all cases, L0 = 50 and
N = 600
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We have applied the spectral algorithm to solve the
scattering problem governed by Eq. (35) with bound-
ary condition (38), to determine the complex coefficients
α

(±)
i (ω), β

(±)
i (ω) for several values of q and l. The accu-

racy of the solutions was monitored by the conservation law
(39), not allowing δ = |Ri(ω) + Ti(ω) − 1| × 100 to be
greater than 0.2 %.

The most interesting phenomenon in the present case
is the conversion of gravitational to electromagnetic per-
turbations, and vice-versa. The conversion factor from an
incident perturbation which is entirely from one form (elec-
tromagnetic or gravitational) that is reflected of the other is
given by [4, 23, 24]

|C(±)(ω)| = 1

4
|α(±)

1 (ω) − α
(±)
2 (ω)|2 sin2 (2ψ), (40)

where [4, 22]

sin2 (2ψ) = ∓2q

√
(l − 1)(l + 2)

9 + 4q2(l − 1)(l + 2)
. (41)

Another equivalent expression for the conversion factor,

|C(±)(ω)| =
(
R1 + R2 − 2

√
R1R2 cos

(
δ
(±)
1 − δ

(±)
2

))

sin2 (2ψ)/4, is obtained if we consider α
(±)
j (ω) =

√
Rj (ω) exp(iδ

(±)
j ), j = 1, 2, where δ

(±)
j are the phases of

reflected waves. Although the reflection coefficients do not
depend on the parity, this is no longer valid for the reflected
phases. Therefore, the conversion factor |C(±)(ω)| repre-
sents one of the few aspects of the black hole physics in
which the parity has a direct influence.

After solving the scattering problem for both effective
potentials, we have focused on determining the conversion
factor |C(±)(ω)|. In Fig. 10, we show the conversion fac-
tor for q = 0.3, 0.5, 0.8, 0.99 and taking l = 2, ..., 5. Note
that the conversion factors for polar perturbations are larger
than those corresponding to axial perturbations, which is
also confirmed by Gunter [23] and Crispino et al. [25].

5 Conclusions

In this work, we have adapted Boyd’s spectral algorithm
[1] to solve the black hole scattering problem. One of the
main achievements of Boyd’s algorithm was the introduc-
tion of the radiative functions, allowing to overcome the
limitation of the basis functions to model the incoming
and outgoing waves due to the rapid oscillatory behav-
ior at the boundaries. Boyd has used the standard rational
Chebyshev polynomials as the basis functions, but here we
have considered a new set of basis functions obtained by
a suitable combination of these polynomials. As a conse-
quence, a considerable gain in the accuracy was obtained.

Another modification was the introduction of the parameter
ε0 assumed to be proportional to the inverse of L0.

We successfully have applied the spectral code to solve
the scattering problem for the Schwarzschild, canonical
acoustic, and Reissner–Nordström black holes. These prob-
lems exhibited a considerable degree of difficulty not found
in the example treated by Boyd, which consisted in a sym-
metric sech2 potential barrier. As pointed out by Boyd [1],
very high accuracy is required to determine the tiny reflec-
tion coefficient for high frequencies. We have used N =
600 as the maximum truncation order, but the appropriate
choice of the map parameter L0 was a very important factor
for the accuracy of the results. We have considered scalar
(s = 0), electromagnetic (s = 1), and gravitational (s = 2)
perturbations for the cases of Schwarzshild and Reissner–
Nordström black holes, but the case of neutrino (s = 1/2)
waves could be well considered. In general, the results are
in agreement with the corresponding of previous studies
on black hole scattering. We have determined precisely the
exponential decay of the small reflection coefficient in each
case of interest. According to the numerical experiments, κ

tends to a limit value for large l in all cases.
We intend to study the wave scattering by a Kerr black

hole due its astrophysical relevance. In this case, the code
needs to be modified due to the slight variation of the
boundary conditions [26, 27]. Also, another wave scattering
problem of interest is due to a black hole in AdS spacetime,
where the motivation arises from the AdS/CFT conjecture.
In this case, the code needs to be further modified in view
of the spacetime not being asymptotically flat.
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