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Abstract A dimensional scaling computation of the elec-
tron concentration-dependent ground-state energy for the
repulsive Hubbard model is presented, a generalization of
Capelle’s analysis of the 2D and 3D Hubbard Hamiltonians
with half-filled bands. The computed ground-state energies
are compared with the results of mean-field and density-
matrix functional theories and of quantum Monte Carlo
calculations. The comparison indicates that dimensional
scaling yields moderately accurate ground-state energies
close to and at half filling over the wide range of interaction
strengths in the study. By contrast, the accuracy becomes
poor at low filling for strong interactions.
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1 Introduction

The Hubbard model [1-3] is a well-known prototypical
Hamiltonian for a variety of strongly correlated electronic
systems. The model proposes to offer qualitative insight
into the mechanisms linking such distinct states as insulat-
ing, magnetic, and even novel superconducting phases to the
electronic interactions in solids [4]. The Hubbard Hamil-
tonian Hy is defined for arbitrary dimensionality d. For a
d = 1 lattice of L sites, for instance, in standard notation,
the Hamiltonian reads

L—1 L
Hy = —t Z (ci'+lcrci‘7+H' C')+UzﬁiTﬁil' (1)
i=1

i=l,0
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The first term on the right-hand side is the kinetic
Hamiltonian describes the hopping of electrons with spin o
(0 =17, ]) between nearest-neighbor sites with amplitude
t > 0, while the second term, where n;, = c;r(rc,'g is the
o-spin occupation at site i, accounts for the electrostatic
repulsion U > 0 in doubly occupied sites. At zero tem-
perature, a single energy scale arises, and the ratio U/t
determines all electronic properties (a second energy scale
would arise if an on-site energy Zle) » €illic mimicking a
ionic lattice were added to Hy). The model is parametrized
by the electron concentration, or band filling, n, defined as
the number N of electrons per lattice site, i.e.,n = N/L.

Over the years, many analytical and numerical tech-
niques were developed to deal with the model, which
nonetheless still defies theorists. Exact solutions are pos-
sible in any dimensionality, via exact (Lanczos) diagonal-
ization (ED) [5], but the scope of this approach is limited
to small lattices, because the multiplicity of states in the
Hilbert space associated with the L-site Hamiltonian is 4~ .
Among the non-perturbative algorithms, quantum Monte
Carlo (QMC) [6] is particularly powerful. Nonetheless,
QMC calculations are carried out at finite temperature, con-
tain statistical errors, and their applicability is limited by
the intrinsic fermionic sign problem. For low-dimensional
systems, besides the Bethe ansatz (BA) technique [7, 8],
numerical tools are available. The Density Matrix Renor-
malization Group (DMRG) method [9], which provides
results as accurate as ED, stands out. Unfortunately, it calls
for intensive computational resources. Alternative approx-
imate methods, such as lattice density functional theory
within the BA local density approximations [10, 11] have
been explored in diverse successful applications [12-21].

Scaling techniques attempting to determine the prop-
erties of a system with a certain dimensionality from
the known properties of the same system with smaller

@ Springer


mailto:akandea@tcd.ie

216

dimensionality have been proposed by Capelle and
Oliveira [22], who studied the approximate dimensional
scaling properties of the 1D, 2D, and 3D half-filled Hubbard
model. To study the 1D system, they considered a two-site
system as an artificial zero-dimensional model and obtained
quantitative agreement with the exact BA solution. The total
energies of the 2D and 3D models are likewise in close
agreement to the QMC estimates at intermediate U'.

An alternative test of this scaling procedure, one that has
not yet been tried, is offered by the n dependence of the
ground-state total energy for different values of U. Here,
we employ dimensional scaling to study on the energet-
ics of the 2D and 3D Hubbard model at arbitrary band
filling. We consider the 2D square lattice and 3D cubic
lattice models with nearest-neighbor hopping. We com-
pare the n-dependent energies with the results from QMC,
mean-field theory, and the density-matrix theory of strongly
correlated lattice fermions in Ref. [23]. Our findings estab-
lish benchmarks for the accuracy of energy computations
in dimensional scaling analysis of quantum mechanical
systems.

The paper is organized as follows: the next section briefly
reviews the dimensional scaling technique and its approx-
imate treatment of the Hubbard Hamiltonian. Section 3
numerically computes the ground-state energies and com-
pares them with the results of other accurate methods in the
literature. Section 4 summarizes the work.

2 Dimensional Scaling Technique

The virial theorem [24, 25], which relates the expecta-
tion values of the kinetic and potential Hamiltonians in
eigenstates of the model Hamiltonian, can be stated in two
equivalent forms: (a) the potential energy equals twice the
ground-state total energy and (b) the average kinetic energy
is equal to the negative of the ground-state total energy. The
theorem is a remarkably useful tool that yields exact results
describing otherwise unsolvable or only approximately
solvable many-body problems [26]. Given two dimension-
alities d and d’, the virial theorem immediately yields
the following scaling expression relating the d-dimensional
total energy Eioi(d) to the associated kinetic energy Exin(d)
and d’-dimensional total energy Eo(d’) and kinetic energy
Exin(d’) [22]:

Eior(d")
Eiot(d) = Exin(d . 2
tot(d) kin ( )Ekin(d,) (2)
Equation (2) shows how solutions to higher-

dimensional problems can be recovered from their
lower-dimensional counterparts. Although the virial theo-
rem is not applicable to the Hubbard Hamiltonian, a similar
expression can be derived via the Hellmann—Feynman
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theorem [22]. The ground-state energy can then be written
in the following form:

Ew (U, d")
Exin(U,d')’

The equality in (3) is only exact in the limits of small or
large U. It is, however, approximately valid for intermedi-
ate interactions. Except for the 1D Hubbard model, closed
forms for the expectation values of the kinetic energy in the
ground states are not readily available. We can, however,
substitute the expectation values for the kinetic energy in the
noninteracting ground state for Eyi, (U, d) and Eyin(U, d'),
so that (3) takes the following form:

E(U,d) ~ ER5(U, d) = Exin(U, d) 3)

Ew(U,d")
E(U,d) = ERSOW, d) = Exin(0,d) " " 7 (4
tot( ) tot ( ) kll’l( ) Ekin(oa d’) ( )
To emphasize that (4) is valid at arbitrary band filling n,
it is convenient to substitute the following equality for (4):

Ei(n, U, d) ~EB(n, U, a)
Etot(l’l, U, d’) (5)
Ekin(n7 07 d’) '

Equation (5) has been employed in Ref. [22] to esti-
mate the ground-state energies the higher-dimensionality
Hubbard models from the ground-state energies of lower-
dimensionality models at half filling (n = 1). Since the
physical properties of the Hubbard model depend on the
band filling and interaction strength [7], it will be instructive
to perform analogous calculations for various n’s and U /t’s,
in order to test dimensional scaling beyond half-filled bands.

EEkin (ns Os d)

3 Results and Discussions

We now discuss the performance of dimensional scaling
in describing the ground-state energy of the 2D and 3D
Hubbard models from their 1D counterparts. We start out
with d = 2 and apply (5) to d’ = 1 for representative n’s and
various U/t ratios. Table 1 shows of Exi,(n, 0, d) for four
band fillings n with d = 1, 2, and 3. The resulting ground-
state total energies as functions of U/t are shown in the
four panels of Fig. 1. For comparison, accurate QMC data,
obtained at considerable computational cost [27], results
from the density-matrix theory of strongly correlated lat-
tice fermions [23] (labeled LDFT), and Hartree—Fock (HF)
results are also shown.

Figure 1 shows that all methods agree at all fillings for
very small U/t. At low band filling, the deviation separat-
ing the dimensional scaling and LDFT results increase as
the electronic correlation grows. For n = 0.25 and n = 0.5,
the ground-state total energies from dimensional scaling are
only comparable with LDFT for small interactions, signif-
icant differences between the two energies arising as U/t
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Table 1 Noninteracting kinetic energy Exiy(n, 0, d) for four represen-
tative band fillings » and dimensionalities d = 1, 2, and 3

n Exin(n,0,d = 1) Exin(n,0,d =2)  Exin(n,0,d =3)
0.25 —0.49 —0.84 —1.01
0.50 —0.90 —1.31 —1.57
0.75 —1.17 —1.56 —1.89
1.00 —1.27 —1.62 —2.00

increases. Closer to half filling and at half filling, i.e., for
n = 0.75 and n = 1.0, the dimensional scaling results agree
well with the LDFT curves even at high U/t.

We associate the substantial discrepancies on the right-
hand sides of the bottom panels in Fig. 1 with the metal-
insulator phase transition—the Mott transition—which, for
d = 2 and 3, occurs at intermediate U/t ~ U./t. Ford =
1, the ground state of the Hubbard model for a half-filled
band is insulating for all U/¢ > 0 and conducting for U/t =
0. Away from half filling, the metallic phase arises for any
interaction strength U/¢. For large U/t and small fillings,
the energies of the 2D and 3D systems, which are in the
insulating phases, have to be estimated from those of the 1D
ground states, which are metallic. This is the source of the
deviations at small fillings for large U/z.

Additional insight comes from Fig. 2. The solid line
shows the ground-state energies resulting from dimensional
scaling for U/t = 4 as a function of the band filling n.
The relatively small U/t ratio was chosen because it allows
comparison with the QMC results in Ref. [27], shown as
triangles. At low filling, n < 0.45, the solid line coin-
cides with the dashed line representing the LDFT results,
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Fig. 1 (Color online) Ground-state total energy Eio of the Hubbard
model on a 2D square lattice as a function of the Coulomb repulsion
U/t for various band fillings n. The solid curves represent our dimen-
sional scaling calculations. The dashed lines, labeled LDFT, show the
results from the density-matrix functional theory of strongly corre-
lated lattice fermion in Ref. [23]. The friangles, labeled QMC, are the
quantum Monte Carlo results in Ref. [27, 28]. The dash-dotted lines,
labeled HF, represent Hartree—Fock results
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Fig. 2 (Color online) Ground-state energy Eiy of the U/t = 4 Hub-
bard model on a 2D square lattice as a function of the band filling n.
As in Fig. 1, the solid, dashed, and dot-dashed curves and the triangles
represent the results of dimensional scaling, the density-matrix func-
tional theory in Ref. [23] (LDFT), Hartree-Fock (HF), and quantum
Monte Carlo [27] computations, respectively

a congruence that is hardly surprising since we are dealing
with relatively weak correlation. As the band filling grows,
LDFT shows very good agreement with QMC, while the
solid line displays discrepancies between dimensional scal-
ing and QMC that are substantial and become progressively
larger, even if the solid line lies closer to the more accurate
calculations than the dash-dotted line representing HF.
Next, we consider d = 3, with d’ = 1 in (5), even though
it has already been noted [22] that estimating 3D energies
from the 1D ground state constitutes a drastic approxima-
tion. Figure 3 shows the ground-state energy for the 3D
Hubbard model as a function of U/t at four band fillings n
and different methods. The QMC data were computed on a
L = 43site lattice at half filling (n = 1) [30]. The LDFT
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Fig.3 (Color online) Ground-state energy Eo; for the Hubbard model
on a 3D cubic lattice as a function of the Coulomb repulsion U/t
at four band fillings n. The solid, dashed, and dash-dotted lines
and the triangles represent dimensional scaling, the density-matrix
functional theory of strongly correlated lattice fermions in Ref. [29]
(LDFT), Hartree-Fock (HF), and quantum Monte Carlo (QMC)
[30, 31] calculations, respectively
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results [29] at half filling show excellent agreement with the
QMC data for all U/t and therefore provide benchmarks
against which the accuracy of alternative procedures can be
tested at other band fillings n. Qualitatively, the plots repro-
duce the d = 2 pattern portrayed in Fig. 1. On the one hand,
the four panels indicate that, at low filling and weak inter-
action, the scaling approach, which is simpler and easier to
implement, yields energies comparable to the results of the
more accurate LDFT and QMC methods. On the other, for
fillings that are close to or at half filling, the energies cal-
culated with dimensional scaling become more accurate as
U/t grows.

4 Conclusion

The ground-state energy for the repulsive Hubbard model
was calculated via dimensional scaling. The results, which
sample the U/t x n parametric planes for the 2D and 3D
Hubbard Hamiltonians, were obtained from the ground-
state energies of the 1D model. Comparison with the accu-
rate results of QMC and density-matrix LDFT computations
shows good agreement for very weak interactions at all fill-
ings. The largest discrepancies occur at low fillings with
large U/t. Reasonable agreement results for the 2D and 3D
Hubbard Hamiltonians at » = 1 and n &~ 1 over the wide
range of U/t parameters in our study.
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