Brazilian Journal of Physics

BRAZILIAN JOURMAL OF

> ISSN: 0103-9733
luizno.bjp@gmail.com
Sociedade Brasileira de Fisica
Brasil

Evangelista, Edgard F. D.; de Araujo, José C. N.

Stochastic Background of Gravitational Waves Generated by Compact Binary Systems
Brazilian Journal of Physics, vol. 44, nim. 2-3, -, 2014, pp. 260-270
Sociedade Brasileira de Fisica
Séo Paulo, Brasil

Available in: http://www.redalyc.org/articulo.oa?id=46431122012

How to cite é} //._‘-

.
p .

Complete issue o .
P Scientific Information System

More information about this article Network of Scientific Journals from Latin America, the Caribbean, Spain and Portugal

Journal's homepage in redalyc.org Non-profit academic project, developed under the open access initiative


http://www.redalyc.org/revista.oa?id=464
http://www.redalyc.org/articulo.oa?id=46431122012
http://www.redalyc.org/comocitar.oa?id=46431122012
http://www.redalyc.org/fasciculo.oa?id=464&numero=31122
http://www.redalyc.org/articulo.oa?id=46431122012
http://www.redalyc.org/revista.oa?id=464
http://www.redalyc.org

Braz J Phys (2014) 44:260-270
DOI 10.1007/s13538-014-0178-x

PARTICLES AND FIELDS

B~

SOCIEDADE BRASILEIRA DE FISICA

Stochastic Background of Gravitational Waves
Generated by Compact Binary Systems

Edgard F. D. Evangelista - José C. N. de Araujo

Received: 28 August 2013 / Published online: 20 February 2014
© Sociedade Brasileira de Fisica 2014

Abstract Binary systems are the most studied sources of
gravitational waves. The mechanisms of emission and the
behavior of the orbital parameters are well known and can
be written in analytic form in several cases. Besides, the
strongest indication of the existence of gravitational waves
has arisen from the observation of binary systems. On
the other hand, when the detection of gravitational radia-
tion becomes a reality, one of the observed pattern of the
signals will be probably of stochastic background nature,
which are characterized by a superposition of signals emit-
ted by many sources around the universe. Our aim here is
to develop an alternative method of calculating such back-
grounds emitted by cosmological compact binary systems
during their periodic or quasiperiodic phases. We use an
analogy with a problem of statistical mechanics in order
to perform this sum as well as taking into account the
temporal variation of the orbital parameters of the sys-
tems. Such a kind of background is of particular impor-
tance since it could well form an important foreground for
the planned gravitational wave interferometers DECI-Hertz
Interferometer Gravitational wave Observatory (DECIGO),
Big Bang Observer (BBO), Laser Interferometer Space
Antenna (LISA) or Evolved LISA (eLISA), Advanced Laser
Interferometer Gravitational-Wave Observatory (ALIGO),
and Einstein Telescope (ET).
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1 Introduction

Of all the theoretically possible sources of gravitational
waves, the compact binary systems, that is, those systems
whose components are black holes or neutron stars, are the
most interesting, both from the theoretical and observational
viewpoints. Concerning the theoretical aspects, it is possi-
ble to derive equations which hold even in the advanced
stages of spiralling, while from the observational viewpoint,
binary systems are among the most probable sources to have
their gravitational radiation detected in the near future by
the planned gravitational wave interferometers DECI-Hertz
Interferometer Gravitational wave Observatory (DECIGO),
Big Bang Observer (BBO), Laser Interferometer Space
Antenna (LISA) or Evolved LISA (eLISA), Advanced Laser
Interferometer Gravitational-Wave Observatory (ALIGO)
(and VIRGO), and ET, as we will see later on.

On the other hand, concerning the study of the gravita-
tional waves themselves, of special interest for us are the
stochastic backgrounds, which are characterized by spectra
spanning a wide range of frequencies, where we cannot dis-
tinguish individual sources, instead, we can distinguish only
a “smooth” shape, characteristic for each type of physical
process which created them.

Here, we are interested in the background of gravitational
waves generated by compact binary systems during their
periodic or quasiperiodic phases in a cosmological scenario.
The background considered here is similar to the confusion
noise generated by Galactic binaries in the LISA or eLISA
frequency band [1].
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Before proceeding, it is worth mentioning the well-
known fact that other authors studied such a subject. For
example, in a recent review paper, Regimbau [2] consid-
ered the astrophysical gravitational wave stochastic back-
ground, where the background by the compact binaries is
also considered. Recently, Zhu et al. [3] considered the
stochastic gravitational wave background from coalescing
binary black holes and Rosado [4] the gravitational wave
background from compact binary systems in general. It
is also worth mentioning some earlier works on this sub-
ject, including Farmer and Phinney [5], Regimbau and de
Freitas Pacheco [6], and Schneider et al. [7]. Some ingre-
dients considered by many of these authors include, for
example, population synthesis and cosmic star formation
histories.

Given that many authors studied the background gener-
ated by compact binaries, one could ask whether it is still
worth studying such a subject. Since there are other possible
approaches, such as the one considered in the present paper,
there is still space for keeping studying such a subject.

Then, we shall present here an alternative method to cal-
culate such a background, which is organized in steps. First,
in Section 2, we present some properties of the gravitational
radiation emitted by binary systems such as frequencies,
intensities, and their relation with the orbital parameters;
in Section 3, we describe the population characteristics of
the systems in the form of distribution functions involving
orbital parameters such as orbital distances and masses of
the components of the systems and the star formation rate.
Once we have individual and population characteristics, we
are ready to calculate the stochastic background, and in
Section 4, a method for this calculation is shown, where
we adapted a method used in the solution of a simple prob-
lem of statistical mechanics in order to obtain the desired
background spectrum; in Section 5, we present and dis-
cuss some results obtained by using the method mentioned
above, besides showing and justifying the numerical param-
eters we used in the calculation; in Section 6, we consider
the detectability of the spectra by the cross-correlation of
pairs of LIGO and ET, and in Section 7, we present some
conclusions and perspectives. Finally, in order to give the
reader more details, there is one Appendix at the end of the

paper.

2 Binary Systems and Gravitational Waves

In the present paper, we are concerned with systems in
circular orbits, where the only harmonic present in the emit-
ted radiation is the first one, whose frequency is twice
the orbital frequency; for non-null eccentricities, the higher
harmonics will be in general importance, in such a way
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that a fraction of the total power will be emitted at higher
harmonics [8-10].

For circular orbits, the expression for the total power
emitted in gravitational waves by binary systems is given by
(11]

dE  32GQ° [ mim; 4
= re. (D
dt 5¢5 mi + mo

where m| and m, are the masses of the components of the
system, r is the orbital distance, and 2 is the orbital angular
frequency which can be written as a function of the orbital
distance via Kepler’s third law:

_ G(my+myp)

92
73

2

Besides, it is possible to put €2 as a function of time; with
the aid of (1) and after some algebraic manipulation, we
obtain

a2 96
_ m1m2G5/3

0 5.5 (my +mp)~ '@ 3)

whose integration yields the orbital frequency as a function
of time, namely,

_ —8/3 8
Qgﬁzgo/—3K0—m) @

In (4), Q2 is the initial frequency, #( is the initial time,
and K is a constant given by

K — 96m1m2 G5/3

5.5 (my +mp)~'7. (5)

This expression, even though valid only for circular
orbits, will be useful because the method developed in the
present paper for the calculation of the stochastic back-
ground was first applied to circular orbits. Besides, it gives
us a good physical insight on how the evolution of the
systems takes place.

3 Population Characteristics

Binary systems that contribute to the background may
present orbital parameters such as semimajor axis and
masses of the components that are quite different from sys-
tem to system, which generally fill a continuous range of
values. In general, it is possible to define mathematical
functions which describe how the several values of a given
parameter are distributed among the elements of the popula-
tion. Such distribution functions are vital to the calculation
of the background and may be found in the literature under
several forms.

@ Springer
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3.1 Mass Distribution Function and the Star Formation Rate

We are considering here the so called Salpeter distribution
[12], which is written as

¢(m) = Am~ 1 (©6)

where x = 1.7 and A = 0.17, with ¢(m) obeying the
following normalization condition

my
/ me(m)dm = 1. @)
mi

Here, m y and m; are the maximum and minimum values of
the masses that stars can have, respectively.

We consider that stars can have minimum masses of
0.1Mg and maximum masses of 125Mg, [13], where this
interval is split in subdivisions: stars with masses between
0.1Mg and 8Mg give rise to white dwarfs at the final stage
of their evolution, stars with masses in the interval between
8Mp and 25Mg originate neutron stars, and stars more
massive than 25M, end their existences as black holes.

It is worth mentioning that the Salpeter distribution is
valid only for the masses of the progenitor stars, and when
such progenitors become black holes or neutron stars, their
masses change, so we must estimate the values of the masses
of such remnants. For the mass of the neutron stars, we use
a constant value of 1.4Mg, according to the Chandrasekhar
limit and the theories of formation of supernovae II and Ib/c
[13]. For the remnant black hole mass distribution, we use
(8), found in a recent study by Ozel et al. [14], namely,

G (myp) = 0.332exp [—0.347(mbh - 7.8)2] : )

where the masses are given in solar masses. Concerning
the range of masses of black holes, we consider the range
of SMgp < mypy < 20Mg [14, 15]. However, we must
emphasize that there are uncertainties in the determination
of exact values of this interval of masses, so we chose val-
ues that seem suitable, bearing in mind the cited references.
An interesting study concerning the black hole formation
parameters can also be found in Postnov and Yungelson
[16]. Later on, we comment on how our results would be
affected if a wider range of values were assumed.

However, the description of the star population is not
complete without the star formation rate density (SFRD),
and we use the function by Springel and Hernquist [17],
where the authors—considering a ACDM cosmology in a
structure formation scenario with the following cosmolog-
ical parameters: Q) = 0.3, Q5 = 0.7, Hubble constant
Hy = 100h kms~'Mpc~! with h = 0.7, Qg = 0.04, and a
scale invariant power spectrum with index n = 1, normal-
ized to the abundance of rich galaxy clusters at present day
(0g = 0.9)—found a star formation rate covering a range of
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redshifts from z = 0 to the “dark ages” (z ~ 20). Such a
function is given by

,Beol (Z—Zm)

,3 — o+ aeﬂ(Z*an) (9)

0x(2) = pm
where « = 3/5, 8 = 14/15, and z,,, = 5.4, with p,, =
O.ISMde:ar*]Mpc_3 fixing the normalization. Further, it
is worth mentioning that the authors used hydrodynamic
simulations, taking into account radiative heating and cool-
ing of gas, supernova feedbacks, and galactic winds.

Even though (9) gives information about the star forma-
tion up to z = 20, we must point out that the observations
can give information from at most z ~ 5. Therefore, uncer-
tainties are inherent in any modeling above a given redshift.
Also, the star formation rate adopted in this work refers to
the first population II stars formed; therefore, it is consistent
with the Salpeter IMF adopted.

On the other hand, in order to see how the spectra depend
on this important ingredient, we also performed calculations
using other SFRDs. In particular, we considered four addi-
tional star formation rates [18]. Three of them are given by

p+(2)i = 1.67C;hes F(2)Gi(z)Mpyear™'Mpc > (10)

with i = 1,2, 3 denoting each case, hgs = h/0.65, h =
0.7, F(2) = [Qu(1 + 2% + Q2]"? /(1 + 232, ¢, = 03,
C, = 0.15,C3 = 0.2, Qx = 0.7, Qy = 0.3, and the
functions G;(z) given by

e3-4z
G = Ly 45 (11)
e3-4z
G = 12
2(2) 34z 420 (12)
63'052_0'4
G = Lose 15 (13)
The fourth one has the following form
0.017+0.13
pey = Moyear Mpe? (14)

1+ (z/3.3)53

It is worth mentioning that we will not consider here a
complete description of these additional SFRDs. We refer
the reader to the paper by Zhu et al. [18] for a detailed
discussion concerning this issue.

Notice that the three first functions describe formation
rates for redshifts of up to z & 4, and the fourth one is valid
for redshifts of up to z &~ 6. Besides, we use the following
notation [18]: for the rates given by (10), we use the labels
SFR1, SFR2, and SFR3, and for (14), we use HB06; the
formation rate by Springel and Hernquist is written as SHO3.
Figure 1 shows the SFRDs adopted in the present paper.
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Fig. 1 The SFRD’s adopted in the present paper. See the text for
details

3.2 The Binary Formation Rates

Before proceeding, it is necessary to know the rate of for-
mation of compact binary objects; that is, given a population
of progenitor stars, we need to know the fraction of stars
which generate double compact binaries. As we may sup-
pose, such fractions may assume different values because,
from the formation of a population of stars to the final
configuration (which is characterized by a population con-
taining main sequence stars, neutron stars, black holes, and
binaries formed from these objects), several processes may
affect the final number of compact binaries present. For
example, if a component of a binary system gives rise to
a supernova, the explosion may break the system. Further,
note that not all progenitor stars form binary systems, and
not all stars will generate black holes or neutron stars.

For the formation rate of double neutron star (DNS) sys-
tems, we consider the mass fraction A4, that is converted
into DNS systems [6], which is given by

)‘dns = .anqu’ns (15)

where Bps is the fraction of binary systems that survive to
the second supernova event, f}, gives us the fraction of mas-
sive binaries (that is, binary systems where both components
could generate a supernova event) formed inside the whole
population of stars, and ®pg is the mass fraction of neutron
star progenitors that, in our case and using (6), is given by

25

Pns = ¢ (m)dm. (16)

Numerically, we have Bps = 0.024, f, = 0.136,and &g =
5.97 x 1073Mg".
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Finally, the binary formation rate for DNS systems is
given by

Ndns (2) = Adng P (2)- (17)

For black hole—neutron star (BHNS) and binary of black
holes (BBH) systems, we consider that the population of
compact binaries is composed by DNS systems (61 %),
BBH systems (30 %), and BHNS systems (9 %) [19]. There-
fore, we may use these proportions to estimate the mass
fraction for BHNS and BBH systems.

3.3 The Semimajor Axis Distributions

For the distribution function of the semimajor axis, we
followed Belczynski et al. [19], who made a very compre-
hensive study of the compact binary systems. In particular,
we used the results present in Fig. 4 of that paper. To
deal more easily with the distribution functions obtained by
Belczynski et al., we fit them with gaussian functions. A
close comparison between our functions (see Fig. 2) and
Fig. 4 of the cited paper shows that the fits work very well.

The semimajor axis distributions are then written as
follows:

(18)

202

_ =2
ﬂﬂszﬂ ” ”}

where r is the semimajor axis, which is given in solar radius
units, and the parameters C, 7, and ¢ are given in Table 1.

It is worth noting that the above distribution functions
obey the following normalization condition [19]:

‘/mwwmwwmmw=l (19)

In addition, it is useful to have information about the
orbital periods or frequencies of the systems. A convenient

0.1 T T
NS-N§ ——
BH-BH
BH-NS ——
0.08 |- —

0.06

0.04

0.02

Fig. 2 Distribution functions of orbital separations of compact
binaries

@ Springer
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Table 1 Parameters of the distribution functions of the orbital
distances

System C r(Re) o(Rp)
DNS 0.070 0.6 0.2
BHNS 0.015 5.5 1.5
BBH 0.070 11.0 2.5

way to achieve this is to plot the distribution of the ini-
tial frequencies. As separations and frequencies are closely
related by Kepler’s third law, it is straightforward to obtain
the distribution of the frequencies from (18) (see the next
subsection).

3.4 Time Evolution of f(r)

A remarkable feature of binary systems is the time evolution
of the orbital distance due to the emission of gravitational
radiation. For the systems considered in this paper, such
variations are very important, especially at the stages near
the coalescence, so the distribution functions shown above
must be modified in order to take into account the time as
an independent variable. First, let us consider the distribu-
tion given by (18), which will be modified with the aid of
(4) and is valid for circular orbits.

Before including the time variable in (18), it is convenient
to put this function in terms of the frequency, by means of
(2). So, changing the variables via

f(r)dr = g(Q)d2 (20)

we get after some algebra

2C

g(Q) = 3

—(r — 72
x[G(m]+m2)]1/3Q_5/3exp[ (g 2")} 1)
o

Now we use (4) and perform a change of variables in
(21), writing
8(820)d2 = H()d2 (22)

where €2 is the initial frequency, which was associated with
the variable €2 in (21). So, performing the derivative ”;%0 of
(4), we have

dS0

B Q0 11/3
dQ  \ Q

@ Springer
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which, substituting in (22), gives after some algebra

2
HQ) = 3C[G<m1 +ma)]3

=\2
Q-15302exp| ~ 77 24
X 0exXP| 5 (24)
where
8 -3/8
Qo = [98/3 + 31((: — ;O)} (25)

and K is given by (5). We should do a further coordinate
transformation, writing H(€2) as a function of the emitted
frequency v instead of the angular frequency 2. Such a
transformation, given by v = Q/m, is trivial, and all the
equations used from now on will be written as a function of
v. As an example, Fig. 3 shows the initial distribution g(v)
for DNS systems.

Note that » and 7 were maintained in the above equations
just for simplifying their presentations; they are effectively
substituted by the appropriate set of variable transforma-
tions.

It is worth noting that Hils et al. [20] followed a sim-
ilar procedure; namely, they started with a given initial
distribution function and evolved it as a function of time.

3.5 Cosmological Parameters

The cosmological model adopted here, which is the ACDM,
has the volume element given by

adv c 5
dz =4 Ho ry F(QM, Q4L 2), (26)
where
1
F(QM, Qa,2) = ,
VA + 221+ Qp2) — 22+ 2)Q0
27
10* : : . y
initial
102 .
z
on
L ]
102 F E
108 10°® 104 1078 102 107!

v(Hz)

Fig. 3 Distribution g(v) for NSNS systems
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and the comoving distance given by

S[J|szk| / P QA,z@dz’] (28)
0

r. =

© HoyIul
where the density parameters (which should not be con-
fused with the frequency €2 in the previous sections) obey
the following relations:

QM:QDM+QB and QM+QA+Qk=1 (29)

The subscripts M, DM, B, A, and k refer to matter, dark mat-
ter, baryonic matter, cosmological constant, and curvature,
respectively. Furthermore, the function S is defined by

sin(x) closed universe
Sx)y=4{ x flat universe
sinh(x) open universe

In the present paper, we consider the case of a flat uni-
verse (i.e., Qx = 0), where the cosmological parameters
were presented in the previous section.

4 The Stochastic Background

The stochastic background of gravitational waves generated
by compact binaries will be calculated by means of [21]

1
/ hgourcedR (30)

where hpg represents the dimensionless amplitude of the
spectrum, hgource is the amplitude of the emitted radiation
of a single source, vy is the observed frequency, and dR is
the differential rate of generation of gravitational radiation.
The differential rate of production of gravitational waves is
derived by using a statistical approach. One of the aims of
such a derivation was to take into account the change in the
gravitational wave frequency emitted by binary systems that
are particularly important for the system emitting at the high
band of the spectra.
In the present case, hsource is given by [8, 22]

h -~ =
B
G Vobs

hsource = 7.6 x 10723

m M \*”* [ 1Mpc v \2/3
(o) () () G 0

where u is the reduced mass of the system, M is the total
mass, and d[, is the luminosity distance. Besides, the differ-
ential rate dR in (30) for the case of BBH systems may be
written as

dR
dRoph =, G (m1)Goh (mo)dzdm dmy. (32)

Notice that we consider in the above equation the most
general case, where the masses of the components of the
systems are not constant, which in our case refers to the
systems which are formed by two black holes obeying the
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distribution function given by (8). For the case where one
or both components are neutron stars, one or both distribu-
tions for the masses in (32) will be considered as a Dirac
delta, since we are considering that all neutron stars have
the same masses. Further, note that, in order to simplify the
notation, we have written the masses of the black holes as
m1 and my. In addition, the term d R /dz will be determined
in a subsequent section.

Still concerning (30), it is worth mentioning that the
starting point of its derivation comes from an energy flux
equation. This equation was first derived in a paper by de
Araujo et al. [23] and was used in their various articles.
In particular, in a subsequent paper [21], they gave a more
detailed derivation of this equation, showing its robustness.
Also, although apparently simple, it contains the correct
and necessary ingredients to calculate the background of
gravitational waves for a given type of source.

It is also important to call attention to a particular issue
considered in the cited paper [21]. They raised a discussion
regarding the inclusion or not of an additional (1 + z) fac-
tor in the denominator of the integrand of (30), which many
authors consider to take into account the time dilation due to
the expansion of universe. These authors argued that when
one uses the luminosity distance in the calculation of the
gravitational wave amplitude hgource, this distance already
contains all necessary (1 + z) factors. This is in fact a con-
troversial issue. In practice, however, the inclusion of the
additional time dilation factor does not modify significantly
the amplitude of the gravitational wave background. There-
fore, in the present paper, we included the (1 + z) factor in
the denominator of the integrand of (30).

4.1 The Statistical Problem

Basically, the problem of determining the stochastic back-
ground comes down to the counting of the number of binary
systems that, at a given instant of time, emit gravitational
waves at a given frequency. Specifically, when one is deal-
ing with high frequencies (about 1 Hz or more), the systems
evolve very fast, and the frequencies of the emitted radia-
tion vary in a small timescale, making the calculation of the
systems which have the same frequency at a given moment
of time more difficult. However, the problem can be han-
dled by adopting a particular way of modeling the behavior
of the population of binary systems; let us idealize a one-
dimensional “space” where the values of the coordinates are
the values of the emitted frequencies.

In this context, the evolving binary systems can be repre-
sented as points moving in the direction of increasing values
of the coordinate (emitted frequency). At this point, we can
note that those points have a behavior similar to a gas inside
a chamber, where the particles have a certain spatial dis-
tribution and move towards a given wall of the chamber at
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different velocities. So, using this analogy, we can adapt
some techniques of statistical mechanics in order to develop
a method to calculate the background.

Let us consider a gas in thermal equilibrium contained
in a rectangular chamber of cross section (relatively to
the x axis) equal to A. An elementary question concern-
ing such a configuration is to calculate how many particles
(or molecules) reach a given surface (perpendicular to the
x axis) of area A in a time interval dt; that is, the aim is to
calculate the flux F of particles through a given area. Dis-
cussions on this question may be found in the literature, and
we follow a particular way of handling the problem [24];
let then Adx = dV be a differential volume adjacent to the
surface A, according to Fig. 4.

If we consider that the particles are distributed in a homo-
geneous way inside the chamber, the fraction of particles
inside the volume dV is given by

dv Adx
dn = = (33)
Vv Vv

where V is the total volume of the chamber, but using the
velocity of a given particle at the x direction, we have

dV = Avdt (34)

In this way, all the particles inside the volume dV will
reach the surface A in a time interval dt. In order to calculate
the total number of particles that hit the area A, we should
integrate over the velocities v,, using a given velocity dis-
tribution function, which we write as n(v). So, considering
that 77(11)dv3 is the total number of particles at a given
interval d v3, we get

B Av,dt

du n(v)d3v (35)

where du is the number of particles in dV, which have
velocities in the interval 43v. Now, we should integrate only

d
v A
o« V
L

Fig. 4 The volume element dV adjacent to A
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over the positive values of v, because we are considering
only particles that are moving towards the surface A, so we
get the number of particles per area A and time interval dt
(the desired flux F):

1 o0 o o
F = / dvx/ dvy/ dvzven(v) (36)
14 0 —00 —00

This is sufficient for the solution of the statistical prob-
lem, but we need to make two modifications in the above
derivation in order to adapt it to the calculation of the
stochastic background. First, note that the cross section of
the chamber is constant, so (33) may be rewritten as

Adx  d
dn =" = (37)
AL T L

where L is the total length of the chamber. Thus (35) is
rewritten as

d
dp = an(v)d3v. (38)

A second modification is to consider a more general
case, where the spatial distribution is not constant. So, it is
reasonable to write the expression above as

dp = ¥ (x)n(v)divdx (39)

where 1 (x)dx is the fraction of particles at the interval dx.
If the spatial distribution obeys a function which depends
only on x, which we call ¢(x), we can write the function
¥ (x) in the following way:

(40)

for the case where ¢(x) is not normalized. With these two
considerations at hand, the problem is ready to be used in
the calculation of dR.

4.2 Calculation of dR

Before proceeding, it is worth stressing that the derivation
of dR presented here refers to the source frame. Therefore, v
in the equations below is the emitted frequency, and the time
derivatives are also taken with respect to the source frame.
The calculation of dR by means of the statistical approach
shown above is done by performing two changes: instead
of using the spatial distribution ¢ (x), let us use a frequency
distribution ¢(v) and change the velocity distribution for a
distribution in a new variable v,,, which we shall define by

d
w="" (1)
dt

that is, the time derivative of the frequency (in analogy to the
definition of velocity, which establishes the time variation
of the spatial coordinate). Once this is done, we need to find
out the forms of these two new functions.
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So, the function ¢ (v) may be defined as follows:

o) = f npin (to) H (¢, to, v)dto (42)

where fo represents the instant of the birth of the systems,
Npin (fo) is the formation rate of binary systems (where the
subindex bin is to be substituted by dns, bhns, and bbh in
each case), and H(t, tg, v) is given by (24) and represents
the fraction of systems that begins to exist at the instant 7
and that has frequencies in a given interval dv. Note that
here, for sake of notation, we explicit the dependence of (24)
on t and 7. Besides, we refer the reader to Appendix to see
the derivation of (42). Further, note that zy and f¢ are related
to each other by 7y = 2H0_1[1 + (14 z0)217 ' [25].

The distribution 7n(v,) will have a peculiar form. First,
we need to note that from (3) we have
o= syt (43)

YT dt

Then, we conclude that there will be just one value of v, for
each value of v, which allows us to write n(v,) as a Dirac
delta function

n(wy) = Né(vy — vy, p) (44)

where N is the total number of systems, and v, , is the
particular value of v, corresponding to each frequency v.
Now, we can rewrite (39) as

( e(v)dv
[ @()dv

where we used (40) with the variable x substituted by v.
Now, noting that the denominator of the term between
parenthesis is the total number of systems, using the func-
tion given by (44) and changing the differential dv by means
of the chain rule, we get

) n(w)dv, (45)

dv
di (w(v)]\?t dt) N5y — o p)dve (46)

By integrating over v,, and rearranging the result, we obtain
R=p)® 1)
=W
W 4

where R is a number or systems by time interval dt. Recall-
ing that this rate R is per comoving volume, we may write
explicitly

dv dR
= 48
@(v) dt = av (48)
and (30) takes the form
1 dR dV
W = h2 . 49
BG Vobs / sourcedv 142z ( )
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Further, using this amplitude, we can derive a largely
used quantity, the so-called spectral amplitude, which is
given by

h2
s, = BO. (50)
Vobs

It is worth noting that we use a classical (i.e., nonrela-
tivistic) approach in the above statistical problem. There
are two reasons for this choice: first, we should note that
even in the late stages of evolution, the components of the
binary systems have low orbital velocities (i.e., nonrelativis-
tic velocities), and second, in all stages of evolution, the time
variation of the orbital frequency (v,) is not fast enough, and
therefore, it is not necessary to consider special relativistic
corrections when one makes the analogy between v, and
the velocity of the particles. Concerning general relativis-
tic effects, the well-known quadrupole formula is more than
enough. This formula is (implicitly) used in the calculation
of the time evolution of the orbital frequency (see, e.g., (4)).

Besides, we refer the reader to the paper [26], where
we show the (first) simple example of application of the
method described here; namely, we calculate the stochas-
tic background generated by double neutron star systems,
considering a uniform orbital period distribution.

5 Results and Discussions

One of the aims of the present paper is to investigate whether
the background of gravitational waves by the cosmological
compact binary systems could, in principle, generate a “con-
fusion noise” for the spatial and terrestrial interferometers;
in the same way, the Galactic binary systems do for LISA
[1]. If such confusion noise really exists, it must necessa-
rily be taken into account since it could well dominate the
sensitivity curves of the detectors.

5.1 Setting the Maximum and Minimum Frequencies

For DNS systems, we consider for the maximum frequency
of the gravitational waves the emitted value of ~900 Hz
[27]; for BHNS systems, we use (51) in order to determine
the maximum frequency

G 172
Pmax = |: (mnps +mbh):| 1)

23
1SCO

where mps = 1.4Mg, mpp, = 5.0Mg, and rigc is the inner-
most stable circular orbit (ISCO) of the black hole [28],
given by

6Gmpp
Tisco = 2 (52)
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For BBH systems, the maximum frequency is given by
[29]

3 aon? + bon + co

Vmax = G M (53)
where 1 = mpp mpp, /M? is the symmetric mass ratio, M
is the total mass, and the polynomial coefficients are ag =
2.974 x 107!, by = 4.481 x 1072, and ¢y = 9.556 x 1072.

The values of the minimum frequencies do not play a
decisive role in the calculation; that is, they do not affect the
shapes of the spectra. Therefore, we considered the value of
107°-107> Hz for the three families of compact systems.
This choice is suggested by analyzing the behavior of (21)
(see also Fig. 3). As can be seen, the number of systems
emitting below 107°~107> Hz is negligible as compared
with those emitting around ~10~4~10~3 Hz.

5.2 The Spectra

Figures 5, 6, and 7 show the spectra for DNS, BHNS,
and BBH systems, respectively, which are compared to
the sensitivity curves of LISA, eLISA [30], BBO [31],
DECIGO [32], ET [33], and ALIGO [33]. The sensitivity
curve for LISA may be found at www.srl.caltech.edu/shane/
sensitivity/.

When observing the curves for the DNS and BBH sys-
tems, we note that LISA, eLISA, BBO, DECIGO, ALIGO,
and ET would not be affected by such a background.
BHNS binaries would be marginally important for ET at the
frequencies of highest sensitivity.

When observing the shape of the spectra, we note that
there is a cutoff frequency, which in the present case is
equal to the maximum frequency of the gravitational waves
allowed for each type of system. Beyond this maximum

Spectral Amplitude for NS-NS Systems

16 I NSNS L i

18| LISA eLISA i

12

log S,

-26 -
28 | 4
.30 1 1 1 1 1
-4 2 0 2 4
log v

Fig. 5 Spectral amplitude for DNS systems and the sensitivity curves
of some interferometric detectors
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Spectral Amplitude for BH-NS Systems
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Fig. 6 Spectral amplitude for BHNS systems and the sensitivity
curves of some interferometric detectors

frequency, the systems reach the chirp phase that is char-
acterized by a particular pattern of emission, but we are
not considering such a phase here. In fact, the chirp and
coalescing phases will be considered in forthcoming papers.

It is also interesting to see the influence of the ini-
tial distribution function of frequencies on the spectra. As
the distributions for orbital separations and frequencies are
closely related, we can achieve this objective by handling
the distribution of the initial separations. So, as an exam-
ple, we calculated the spectra for DNS systems, considering
the hypothetical cases where for the standard deviation o of
the initial distribution given by (18) gives the values 2o and
o /2. As expected, the semimajor axis distribution has little
influence on the spectra for frequencies much shorter than
the smallest typical birth period.

Our calculations also show that the resulting spectra do
not depend significantly on the SFRDs adopted. There are
two main reasons for this result. The first one has to do with
the fact that the sources located at z > 5 do not significantly

Spectral Amplitude for BH-BH Systems
T T T T T T Bi—lBH T ]
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Fig.7 Spectral amplitude for BBH systems and the sensitivity curves
of some interferometric detectors
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affect the resulting spectra. The second reason is related to
the fact that the SFRDs for z < 5 are similar.

Besides, through (31), we observe the influence of the
masses of the systems. For comparison, let us consider a
BBH system where both components have the maximum
value of mass, but considering two cases: in the first case,
considering that the maximum mass is of ~ 60Mg, [34], and
in second case, using the more realistic value of 20M, as an
upper limit (remembering that this is the value considered in
the present paper). The amplitude given by (31) in the first
case is ~6 greater than the amplitude given by the second
case. As a result, the amplitude of the background would
also be higher.

Notice that the shapes of the spectra are different. The
reason for this is the following. For a given semimajor
axis, DNS systems emit gravitational waves at the same
frequency, since we consider that all neutron stars have
the same masses. For BBH (BHNS) systems, however, the
emitted frequencies depend on the black holes masses that,
contrary to the neutron stars, assume different values since
they follow a distribution function.

It is worth paying attention to some similar studies found
in the literature, since they could well consider different
approaches. For example, in Schneider et al. [7], the spec-
tra were calculated for binary systems formed by neutron
stars, black holes, and white dwarfs at the early stages of
spiralling. These authors used a different method, based on
binary population synthesis programs. The differences in
the results have to do with the fact that in their calculations,
the number of systems that contributes to the lowest fre-
quencies is much greater than that of those that contribute to
the highest frequencies. Furthermore, these authors consid-
ered lower values for the minimum frequencies than those
we are using.

In Regimbau [35], the stochastic background generated
by DNS systems in the frequency band of LISA is consid-
ered, where the author used a particular probability distribu-
tion [36] in order to generate a population of DNS systems.
Here, the author considered the time evolution of the orbital
parameters in a different way we do; actually, she consid-
ered the difference between the redshift of the birth of the
systems zp, and the redshift of the emission ze of gravita-
tional waves, where zy, and ze are related to each other by
the frequency of the emitted waves.

6 Cross Correlation of Detectors

The predicted spectra of the present paper cannot be
detected by single interferometric detectors such as the
ones cited above, but a putative detection of these spec-
tra can occur by means of a suitable correlation of two or
more detectors [37-39]. More specifically, we will consider
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Table 2 The S/N for pairs of ILIGO, ELIGO, ALIGO, and ET
System (S/N)

ILIGO ELIGO ALIGO ET
DNS 3.1 x 1072 2.7 12.0 1.6 x 10*
BHNS 5.6 x 1072 42 16.0 3.1 x 10*
BBH 2.0 x 1073 0.18 0.69 1.9 x 103

the cross correlation for pairs of Initial LIGOs (ILIGOs),
Enhanced LIGOs (ELIGOs), ALIGOs, and ETs.

For a cross correlation of two interferometric detectors,
we can quantify the detectability of a stochastic background
by calculating the signal-to-noise (S/N) ratio, which in this
case is given by [39]

4 2 2
(S/NY? = 9H, T/ Y (U)ng(v)dv (54)
5074 VOS (1) 82 (v)
where S ,]l and S,% are the spectral noise densities; 7T is the
integration time (we are considering 7' = 1 year); y (v) is
the overlap reduction function, which depends on the rel-
ative positions and orientations of the two interferometers;
and Qgy is the energy density parameter, which is given by
[40]
4r?
7 3m2
In Table 2, we show the results for S/N ratio for the three
families of compact binaries. For pairs of ILIGO, we have
S/N ratio of <1 for the three families of compact binaries,
which indicates that there is no possibility of detection; for
pairs of ELIGO and ALIGO, we have S/N ratio of >1 for
the BHNS and DNS systems, where BHNS systems have
the highest possibility of detection; for pairs of ET, the S/N
is higher than ~10 for the three families of systems.

V2 hyg (55)

7 Conclusions

Our main aim here was to develop an alternative method to
calculate the background generated by cosmological com-
pact binary systems during their periodic or quasiperiodic
phases. We use here an analogy with a problem of statis-
tical mechanics in order to perform such a calculation as
well as taking into account the temporal variation of the
orbital parameters of the systems. Such a background is of
particular interest since it could well form an important fore-
ground for the planned gravitational wave interferometers
DECIGO, BBO, LISA or eLISA, ALIGO, and ET.

This new tool for the calculation of the background has
the advantage of being simple and versatile, because the
distribution functions and other functions and parameters

@ Springer



270

could be easily changed without the need of modifying the
formalism.

Our results show that the background generated by the
cosmological compact binaries during their periodic and
quasiperiodic phases does not form a foreground for LISA,
eLISA, BBO, DECIGO, and ALIGO. For the ET, a fore-
ground (confusion noise) could marginally be formed. It is
worth recalling that in the present study, we only considered
systems in circular orbits, and the inclusion of the eccentric-
ity will be investigated in a future study. Besides, we will
use the formalism developed here in the calculation of the
background generated by the coalescence compact binary
systems.

We also investigated if the backgrounds studied here
could be detected using a cross correlation of two interfer-
ometric detectors. We note that pairs of ALIGOs and ETs
could, in principle, detect such backgrounds.

Given that by the time ET becomes operative, there will
probably be some advanced configuration of VIRGO, and
then, it will be possible to correlate them. Such a cross cor-
relation would be, in principle, much more sensitive than a
pair of ALIGOs. Therefore, it will be possible to investigate
the kind of backgrounds studied here.
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Appendix

Using the definition given by (24), we have
dn = H(v)dv, (56)

which is the fraction of systems originated at time #y with
orbital frequencies in the interval dv. Using the binary for-
mation rate corresponding to each type of system, we have

dn

= npin(to) H 57
dvdVdiy npin (fo) H (v), (57)

where the subindex bin refers to each type of system (DNS,
BHNS, and BBH). Now, integrating over dtg, we get

dn

v = [/ nbin(to)H(v)dto} dv, (58)

where the expression in brackets is the number of systems
per unit frequency interval and per comoving volume, which
may be used as a distribution function in the calculation of
the background.
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