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Abstract The problem of oscillating flows inside pipes
under periodic forcing of viscoelastic fluids is addressed
here. Starting from the linear Oldroyd-B model, a general-
ized Darcy’s law is obtained in the frequency domain and an
explicit expression for the dependence of the dynamic per-
meability on the fluid parameters and forcing frequency is
derived. Previous results in both viscoelastic and Newtonian
fluids are here shown to be particular cases of our results. On
the basis of our calculations, a possible explanation for the
observed damping of local dynamic response as the forcing
frequency increases is given. Good fitting with recent exper-
imental studies of wave propagation in viscoelastic media
is here exhibited. Sound wave propagation in viscoelastic
media flowing inside straight pipes is investigated. In par-
ticular, we obtain the local dynamic response for weakly
compressible flows.
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1 Introduction

Wall-bounded oscillating flows of Newtonian fluids driven
by periodic forcing have been extensively studied both the-
oretically and experimentally. Interesting phenomena such
us the formation of non-steady boundary layers have been
observed, provided that the frequency of the applied force is
larger than the inverse of the characteristic time in which the
vorticity diffuses along the cross-section (see for instance
[1] and references therein). Recently, the formation of a
non-steady boundary layer has also been predicted for
Oldroyd-B fluids [2].

In recent advances in many topics ranging from soft-
matter, biofluid mechanics, rocket propulsion, rheology
among others are encountered flows in which Newto-
nian approximation breaks down. Remarkably, it has been
recently observed in oscillating wall-bounded flows of these
fluids that when relaxation times of elastic stresses are com-
parable with characteristics times scales of the flow, the
nontrivial interactions of elastic degrees of freedom with
the inertial ones and flow geometry give rise to a resonant
like behavior that is absent in the corresponding Newto-
nian flow [4, 5, 7]. More recently, it has been observed that
these basic oscillating parallel shear flows become unsta-
ble as the frequency and/or the amplitude of oscillations
are increased [6]. In contrast to the observed instabili-
ties in Newtonian fluids, these instabilities take place at
vanishingly small Reynolds numbers. As a consequence,
inertial effects are negligible and these instabilities are of
a pure elastic nature caused by anisotropies in the vis-
coelastic stress tensor induced by the large shear flow rates
formed in the oscillating flows. As this instability develops,
many properties of the flow such mass and heat transport
might change dramatically throughout the entire system as
the flow become rather chaotic. Thus, the description of
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oscillating wall-bounded flows of non-Newtonian fluids
is of great importance for both fundamental physics and
applied topics.

In [5, 7], by means of velocity measurements at the cen-
ter of a viscoelastic fluid column (NayCl/NaSal in water)
flowing inside a straight pipe of circular cross section [5]
and more recently in the entire cross section of the fluid
column [7], it was found a dramatic enhancement in the
dynamic response to an oscillating periodic pressure gra-
dient, that is, the fluid response, measured in terms of
the velocity for a given amplitude of the pressure gradi-
ent, exceeds by several orders in magnitude that obtained
for the steady case. It is noteworthy that most of the fea-
tures observed in experiments, namely the values of the
driving frequencies at which the resonant behavior takes
place and the formation of Couette-like flows as the driv-
ing frequency increases, are successfully reproduced by a
linear Navier-Stokes and Maxwell constitutive equations
[4, 7, 8]. Nevertheless, theoretical predictions within this
model overestimate the magnitude of the response ampli-
tude as well as the root mean square velocity at the pipe
axis and the velocity at certain points of the cross section
of the fluid column. Furthermore, the Maxwell model
cannot describe the damping observed in the peaks of
dynamic permeability as the driving frequency is increased
(at least in the range of frequencies covered by both exper-
iments). These issues motivated us to extend earlier theo-
retical works in the hope that this may shed light on the
the physical mechanisms that could lead to the observed
phenomena.

In this article, specifically, we shall try to assess the
effects that pure Newtonian contributions (due to the sol-
vent) to the total stress tensor of viscoelastic solutions will
have on the fluid response in wall-bounded oscillating flows
under periodic forcing. In order to achieve that, we shall
assume that stresses in the viscoelastic solution obey the
linear Oldroyd-B constitutive equation [9–11]. In particular,
we present a detailed theoretical derivation of the velocity
field and the dynamic permeability in flows at small both
Reynolds and Weissenberg numbers. As we shall see, our
findings suggest that the (additional) Newtonian component
of stresses due to solvent viscosity might lead to the damp-
ing of the local dynamic response as the forcing frequency
increases, a fact observed in [5, 7]. Since, as observed in
[6], some of the resonance frequencies the shear rates are
sufficiently large, we qualitatively analyze the effects of
nonlinearities of the full Oldroyd-B constitutive equation
on parallel oscillating shear flows by means of a perturba-
tion scheme. This scheme led us to find a criterion for the
onset of the elastic instability which, as stated below, agrees
with the findings reported in [6]. We also investigate the
behavior of the local dynamic response and velocity pro-
files in weakly compressible flows. Our main purpose is to

compare our findings against known results for incompress-
ible fluids.

The article is organized as follows. In Section 2, for com-
pleteness, we briefly review main aspects of the Oldroyd-B
model. In Section 3, we introduce the main assumptions
and the resulting set of governing equations we have used
to derive explicit expressions for the dynamic permeabil-
ity, the velocity field, and the local dynamic response which
are defined within this section. Here, we also compare
our results with the measured values of the local dynamic
response and the root mean square velocity reported in
[5]. In Section 4, the problem of modeling stresses for
weakly compressible flows is revisited and starting from
it, a explicit expression for the local dynamic response is
obtained. A comparison of the latter magnitude against the
corresponding incompressible case, bearing in mind the
experimental conditions, is also made.

Some of the definitions and expressions presented in this
article have already been presented in previous publica-
tions. Wherever needed, we shall repeat them for the sake
of clarity and completeness.

2 Oldroyd-B Model

One of the simplest models that describes basic viscoelastic
behavior of an incompressible liquid having a constant shear
viscosity, and constant relaxation and retardation times, is
the so-called Oldroyd-B model [9–11]. This is an exten-
sion of the Maxwell model that fits quite well data from
polymeric solutions.

In the Oldroyd-B model, it is considered that viscoelas-
tic fluids can be regarded as a dilute suspension of elastic
dumbbells. Thus, the complicated structure of the molecules
that form the liquid is replaced by a simpler mechani-
cal structure consisting of identical pairs of microscopic
beads (of negligible mass) connected by Hookean springs.
Besides, the concentration is supposed to be uniform and
very low. The latter ensures that polymer-polymer interac-
tions are negligible. Furthermore, the viscoelastic solution
is regarded as a continuous medium. The “coarsening”
involved in such description requires to get rid of the micro-
scopic degrees of freedom. Consequently, the reaction of
the dumbbells on the fluid is treated at a mean field level
described by an elastic contribution σe to the total stress ten-
sor, which is found to be proportional to the conformation
tensor , i.e.,

σe
ij ∝< RiRj >, (1)

where Ri denotes the ith component of the elongation vector
(obtained by subtracting the position of one bead from that
of the other one). In Eq. (1), the average is taken over the
statistics of the thermal noise, or equivalently over a volume
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large enough to contain a huge number of molecules but
small compared with the whole fluid volume. The confor-
mation tensor is defined as σc

ij = <RiRj>

R2
0

, where R0 is the

equilibrium length of the spring. The evolution equation for
the conformation tensor can be inferred by considering the
forces which act on the beads, namely, the hydrodynamic
drag, which obeys a Stokes’ law, a Brownian force and the
elastic spring force. When details of the kinetic theory are
worked out, one gets the following model incorporating the
elastic nature of the dumbbells stress tensor [11–13], the
so-called Maxwell model

σe + λ
δσe

δt
= ηp

[∇v + (∇v)t
]
, (2)

where ηp is the contribution of the elastic additives to the
total shear viscosity in steady flows at small shear rates,
(∇v)ij = ∂vi

∂xj
is the velocity gradient tensor, (∇v)t is its

transpose, and λ is the relaxation time of elastic stresses.
The symbol δ

δt
denotes the upper-convected time derivative

defined by [11, 14]

δG

δt
= ∂G

∂t
+ (v · ∇)G− [

G · ∇v + (∇v)t ·G]
(3)

Thus, the above time derivative takes into account that
the relation between stresses and kinematic tensors at a fluid
particle are independent of the instantaneous orientation of
that particle. One can see that the ratio between the terms
inside brackets on the right-hand side of Eq. (3) to the linear
relaxation term is determined by the dimensionless expres-
sion λV

L
, called the Weissenberg number, where V and L

are a typical velocity and length scale of the flow, respec-
tively. For instance, in a flow inside a straight pipe, those
magnitudes could be taken as the maximum value of the
velocity across the cross section and the radius, respectively.
We may also note that the ratio between the advection term
(v · ∇)G and the relaxation one is given by the Weissenberg
number as well. Thus, when the latter number is sufficiently
small, the relaxation of elastic stresses overcomes the effects
caused by nonlinearities in the constitutive equations (2) and
(3). In this limit, the upper-convected derivative could be
replaced by the local time derivative

δG

δt
� ∂

∂t
. (4)

In the Oldroyd-B model, the total stress tensor σ is given
by the sum of a Newtonian solvent contribution σ s and the
elastic additives contribution σe, i.e.,

σ = σe + σ s. (5)

The constitutive equation for the solvent is given by

σ s = ηs
[∇v + (∇v)t

]
, (6)

where ηs is the solvent viscosity.

When the two contributions are added, the result is found
to be

σ + λ
δσ

δt
= η0

(
D + λ

ηs

η0

δD
δt

)
, (7)

where D = ∇v+(∇v)t is the symmetric part of the velocity
gradient tensor, and η0 = ηs + ηp.

From the above expression, the Maxwell’s model is
recovered making ηs → 0. Moreover, if we let λ → 0, the
Newtonian model is obtained.

3 Non-Steady Flow of Oldroyd-B Liquids in Straight
Cylindrical Pipes

3.1 Set of Governing Equations

We shall now proceed to derive an analytical expression of
the velocity field of an Oldroyd-B liquid subject to an oscil-
latory pressure gradient and confined in a pipe of uniform
circular cross section.

To this end, we must solve the Navier-Stokes equation
for incompressible fluids, i.e.,

ρ

(
∂ �v
∂t

+ (�v · ∇)�v
)
= −∇p + ∇ · σ (8)

∇ · �v = 0 (9)

with σ given by the constitutive Eq. (12). This is a highly
nonlinear set of coupled equations. Hence, it turns out to be
rather difficult to carry out an analytical treatment of any
flow property of a viscoelastic fluid.

Henceforth, we shall consider only flows in which the
Weissenberg and Reynolds numbers are very small. The
latter means that the convective term (�v · ∇)�v in the Navier-
Stokes equation is negligible. With these assumptions, the
set of governing equations is determined by

ρ
∂ �v
∂t

= −∇p + ∇ · σ, (10)

∇ · �v = 0 (11)

and

σ + λ
∂σ

∂t
= 2η0

(
D + λ

ηs

η0

∂D
∂t

)
. (12)

A more precise discussion of the above assumptions
comes in the following. This type of flow occurs, typically,
under the influence of a reciprocating piston located at one
end of a pipe of circular cross-section [1, 5, 7] and refer-
ences therein. We assume that the pipe length is much larger
than its radius and we shall study the flow very far from
the moving piston. There, under the previous assumptions,
the flow can be described by the component of the velocity
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along the pipe axis. Moreover, owing to the incompress-
ibility assumed and symmetries involved, the velocity only
depends on the distance to the pipe axis, �v = vz(r, t)ez

and the pressure only varies in the longitudinal direction
∇p = dp(z,t)

dz
ez. With these assumptions, the pressure

gradient must be constant along the pipe.
Then, the convective term in the Navier-Stokes equation

vanishes identically leading to

ρ
∂vz(r, t)

∂t
= −∇p + ∇ · σ. (13)

Taking the divergence of both sides of Eq. (12), from
the definition of D, and bearing in mind the expression for
the velocity, it can be obtained 2∇ · D = ∇2vz. These
assumptions lead (12) to

∇ · σ + λ
∂∇ · σ
∂t

= ηo

(
∇2vz + λr

∂∇2vz

∂t

)
, (14)

where λr = λ
ηs
η0

is a constant with dimensions of time.
If we derive with respect to time, multiply by λ both sides

of (13) and substituting the term λ
∂∇ · σ
∂t

from (14), we

obtain

λρ
∂2vz(r, t)

∂t2
+ ρ

∂vz(r, t)

∂t
= −λ

∂∇p

∂t
+ ηo

(
∇2vz + λr

∂∇2vz

∂t

)

(15)

Let us now refer all linear dimensions to the pipe radius R,

time to R2

νo
, and the velocity to KR2

νo
where K is the amplitude

of the pressure gradient divided by the fluid density and νo
is its kinematic viscosity at steady motion.

Thus, it can be obtained that

A
∂2	(ξ, τ)

∂τ 2 + ∂	(ξ, τ )

∂τ
= ∇2	(ξ, τ)+A

ηs

ηo

∂∇2	

∂τ
(16)

−
(
A
∂∇p

∂τ
+ ∇p

)
,

where A = λν0
R2 denotes the inverse of Deborah number,

τ , ξ , and 	(ξ, τ) denote the dimensionless time, radial
coordinate and velocity, respectively.

Fourier transformation of the latter equation leads to

1

ξ

∂

∂ξ
(ξ

∂	̃(ξ, α)

∂ξ
)+ iα

1 − iαA

1 − iαAη′
	̃(ξ, α) = 1 − iαA

1 − iαAη′
∂p̃(α)

∂z

(17)

where α = ωR2

νo
. This number is the ratio between inertia and

viscosity forces, so it can be regarded as a Reynolds number
for non-steady flows. 	̃(ξ, α) and ∂p̃(α)

∂z
denote the Fourier

transform of the velocity and pressure gradient, respectively.
Hereafter, we shall drop the upper hat and the dependence
on α will indicate the Fourier Transform, unless otherwise
noted. In (17) η

′ = ηs
ηo

is the viscosity ratio.

To obtain the velocity field, boundary conditions must be
added, namely, the no-slip condition at the wall and the fact
that the velocity must remain finite at the pipe axis.

Then it follows for the velocity

	(ξ, α) = 1

iα

(

1 − J0(β
′
ξ)

J0(β
′
)

)
dp(α)

dz
, (18)

β
′2(α) = iα

1 − iαA

1 − iαAη
′ (19)

If we make η
′ → 0 in the above equation, the same

result as for the Maxwell model is obtained, see [4, 5, 15].
In addition, making also A → 0, the Newtonian behavior is
recovered, see [1].

Now, following the same procedure as in [4, 5, 7], we
shall calculate the average velocity over a cross section.
Thus,

〈	(ξ, α)〉ξ =
〈

1

iα

(

1 − J0(β
′
ξ)

J0(β)

)〉

ξ

dp(α)

dz
, (20)

where the symbol 〈(...)〉ξ denotes the spatial average over
the cross-section of the quantity inside brackets.

From the above expression, it can be inferred that the
total flux is proportional to the pressure gradient. This
resembles Darcy’s Law in frequency domain. Then, we
define the dynamic permeability as

K(α) = −R2 〈	(ξ, α)〉ξ
dp(α)/dz

(21)

3.2 Comparison with Experimental Results

To compare with experimental results, we shall, as in [5],
define a local dynamic response (LDR) as follows:

κ(α) = −R2 	(0, α)

dp(α)/dz
(22)

In [5], a detailed experimental study of the dynamic
response of a Newtonian fluid, the Glycerol, and a vis-
coelastic fluid, CPyCl/NaSal solution, under an oscillating
pressure gradient was performed. Measurements of fluid
particles velocity and the root mean square velocity Vrms

were made inside a straight vertical cylinder with circular
cross section.

In [5], the pressure gradient was described by

dp(t)

dz
= ρz0w

2sin(ωt) (23)

in which z0 represents the piston displacement amplitude
equal to 0.8 mm. Thus the experimental value of the (LDR)
κe(α) is defined in [5] as

κe(α) = η0
vrms

dprms/dz
(24)
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Hence, since the velocity in the experiment varies sinu-
soidally, the above expression assumes the form

κe(α) = η0
v0

ρz0w
2 (25)

where v0 denotes the amplitude of the velocity oscillation.
Thus, the absolute value of (22) can be compared directly

with (25), provided the velocity and the pressure gradient
are sinusoidals.

Theoretical results given by the Maxwell model [5, 7,
15], reproduce quite well the values of α at which the peaks
in the LDR of the CPyCl/NaSal solution are observed.
However, the predicted relative amplitude deviates from
the experimental results. In the Maxwell model, the rela-
tive amplitude is larger than the experimental values, and
this model also fails in predicting the decrease of the LDR
observed experimentally. In [5], it is speculated that these
differences might be due to nonlinear phenomena that occur
in the CPyCl/NaSal solution as well as to compressibil-
ity effects that could take place when the frequency is
increased. A thorough discussion about the influences of
compressibility and nonlinearities in the mechanical prop-
erties of the viscoelastic solution is presented below.

Let us now compare our presents derivations with the
experimental data reported in [5, 7], and with the corre-
sponding calculations for the Maxwell model, also reported
in these references.

In Fig. 1, the comparison of our calculation with exper-
imental results is shown. As in [5], we plot the LDR
scaled by its value at steady motion versus α. The theo-
retical curve exhibits a good agreement with experiments.
The curve shape is quite similar for values of α in the
range of 0.4 to 1 and only slightly differs in the ampli-
tude of the response. We can see that the decrease in the

Fig. 1 Comparison between the Maxwell and Oldroyd-B models
with experiments for the CPyCl/NaSal solution performed in [5]. The
dashed line is the absolute value of κ(α) predicted by the Maxwell
model. The continuous black line is the result for the Oldroyd-B model
with the same value of A=173.71 and η0 = 60Pa · s. The solvent vis-
cosity is ηs = 0.08Pa · s, leading to η

′ = 0.8 · 10−3. Experimental
values are shown by points

dimensionless LDR observed experimentally is quite well
reproduced. This allows us to infer that as α increases, the
purely Newtonian component becomes stronger and dissi-
pative effects are more evident. In fact, this can be predicted
from Eq. (12). From the definition of α and assuming that
the viscosity ηo does not depend on the velocity gradients,
an increase in α leads to an increase in the number ωληs

η0
. If

the latter number is much larger than unity, we have in Eq.
(12)

‖λ∂σ
∂t

‖ � ‖σ‖ ‖ληs
η0

∂D

∂t
‖ � ‖D‖. (26)

Therefore, in this limit, we have for the stress in the
viscoelastic solution

σ ∼ 2ηsD (27)

Hence, the solution behaves in this case as a Newtonian
liquid. Moreover, from the above arguments, we see that the
Newtonian factor becomes stronger as the number ωληs

η0
is

increased. This is a significant difference from Maxwell liq-
uids, whose behavior is similar to a Hookean solid when
ωλ � 1 [11]. Thus, there is a transition from viscoelastic
to purely dissipative (Newtonian) dynamics of oscillating
flows of Oldroyd-B fluids. We stress the fact that the rele-
vant parameter for this transition is the number ωληs

η0
, which

does not depend on the geometrical properties in which the
fluid is confined. Another noteworthy observation is that
neither nonlinearities nor compressibility effects have been
taken into account. Nevertheless, in Fig. 1, it can be seen
that both models exhibit similar behavior and overestimate
the relative amplitude of the LDR at low frequencies.

The curve for the Oldroyd-B model was obtained using
the relaxation time λ = 1.9 s, and the viscosity at steady
flow, η0 = 60Pa · s reported in [5, 18]. Besides, the value
of the solvent viscosity which provides the best fit to the
experimental data was ηs = 0.08Pa·s. This value is approx-
imately 80 times larger than the water viscosity, which is the
solvent of the CPyCl/NaSal 60/100 solution. Thus, the New-
tonian factor considered here within the Oldroyd-B model
must be thought as a contribution leading to an effective
viscosity larger than the water viscosity. This result might
be due to the fact that CPyCl/NaSal 60/100 solution is not
very dilute [18], whereas the Oldroyd-B model is valid only
for dilute polymer solutions [14, 19], where the hydrody-
namic interactions are neglected. For highly concentrated
solutions, disturbances of the solvent velocity field gener-
ated by the motion of the polymer molecule (coil) affects
the drag force on the neighboring coils. As a consequence,
the total drag force is larger than the total force that would
be produced if the solution were very dilute. So, using in
this case, the Oldroyd-B model leads to consider effective
values of the parameters involved in the model.
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Another quantity reported in [5] is the root mean square
value of the velocity at the pipe axis. Since, as mentioned
before, the pressure gradient varies sinusoidally, we assume
that the velocity field has the form

vz(r, t) = Im(φ(r)eiωt ) (28)

Substitution of Eqs. (28) and (23) in (15) leads to an
ordinary differential equation for φ(r)1, whose vanishing
solution at the pipe wall, r = R, is given by

φ(r) = z0ω

i

(
1 − J0(βr)

J0(βR)

)
, (29)

β2 = −i
ω

ν0

(
1 + iωλ

1 + iωληs/η0

)
. (30)

From Eqs. (29) and (28), we have for the velocity

vz(r, t) = H0(r, ω)sin(ζ + ωt) (31)

where H0(r, ω) = √
Re2(φ(r)) + Im2(φ(r)) and ζ =

arctan
Im(φ(r))
Re(φ(r))

Therefore, the root mean square of the velocity can be
calculated as follows:

Vrms = H0(r, ω)√
2

(32)

The next figure shows a comparison between predic-
tions of the Oldroyd-B model and experimental values for
the root mean square velocity at r = 0. We can observe
that the Oldroyd-B model can reproduce accurately the fre-
quencies at which peaks of the root mean square velocity
are observed. Moreover, the curve shape is well reproduced
for frequencies above 4 Hz. These agreements reinforce the
fact that the pure Newtonian contribution of the solvent is
very important in the dynamic behavior of the CPyCl/NaSal
solution.

As a natural extension of the experiments reported in
[5], in [7] the velocity profiles were measured at different
heights from the piston, exploring the behavior of the veloc-
ity throughout the whole cross-section of the pipe. In the
range of frequencies covered in the experiments in the latter
reference, we have found that there is no significant differ-
ences among the velocity profiles predicted by the Maxwell
and linear Oldroyd-B models, given by equations (1) in Ref.
[7] and (31) in our present derivations, respectively. More
precisely, we have compared the velocity profiles for both
models in the frequencies reported in figures 8, 14, and 15
of [7]. We have used for the comparison the same values
of the parameters as for the fit made in Figs. 2 and 1. In
both cases, the velocity profiles are quite similar, namely,
the number of quiescent flow points is the same and they
are located roughly in the same position as can be seen in

1This is the same equation obtained for the Fourier transform of the
velocity

Fig. 2 Superposition of the root mean square velocity predicted by the
Oldroyd-B model at the pipe axis represented by the continuous black
line, (32) evaluated at r = 0, with the experimental values reported in
[5], shown by points in the graph. A better fit than the one provided
by the Maxwell model is exhibited here for frequencies higher than
4 Hz. The curve shape is quite well reproduced, although still the linear
Oldroyd-B model overestimates the response amplitude. The values of
density and viscosity of the CPyCl/NaSal solution were used [5, 18].
The solvent viscosity that provides the fit is equal to 0.08 Pa · s

Fig. 3, only the amplitude of the velocity at the pipe axis is
lower for the Oldroyd-B model. A comparison for a wider
range of frequencies can be found in [2]. It is worth not-
ing that main differences appear at higher frequencies. At
such frequencies, as explained above, the viscous transport
of momentum has a considerable effect on the entire flow
by smoothing out all the small scales inhomogeneities of the
velocity field. As a consequence, for sufficiently high driv-
ing frequency, a flow with boundary layer characteristics is
formed in which large velocity gradients are only found near
the tube wall. In that sense, more measurements of the entire
velocity field at high frequencies, keeping a laminar regime,
are needed in order to elucidate whether this prediction is
correct or not for the viscoelastic solution in question.

However, disagreements are evident for both linear mod-
els at low frequencies with experiments and there is a persis-
tent overestimation of the response amplitude in the range of
frequencies covered by the experiments. As observed more
recently in [6], due to nonlinear rheological properties of the
complex fluid (disregarded in our present derivations), there
are instabilities that arise as the driving frequency and/or
amplitude of the forcing are increased. The origin of such
instabilities might lie in the anisotropies in the stress tensor
field created by the basic shear flow structure [17]. With this
thought in mind, let us now examine a little more closely
the Oldroyd-B constitutive Eq. (7) in the case of pure shear
flows.

Let us first note that in such flows the velocity gradi-
ent tensor satisfies, besides the incompressibility condition
T rD = 0, an additional constraint (∇v)ij (∇v)jk = 0
[16]. Moreover, the operator �v · ∇ vanishes identically, as
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Fig. 3 Comparison of the velocity profiles predicted by the Maxwell
model (dashed line) and Oldroyd-B model (continuous line) at a driv-
ing frequency of a 2 Hz, b 6.5 Hz, c 10 Hz, and d 11.5 Hz. The
value of the solvent viscosity for the Oldroyd-B model used was
ηs = 0.08Pa · s, as in the fit used in Figs. 1 and 2. The remainder
parameters are the same as in [7]. The graphs were obtained at the
instant in which the maximum velocity at the pipe axis was reached.

In b–d, we can see that the number of quiescent point flows are the
same and are located in the same position roughly. We can also note
in c, d that as the driving frequency is increased, the influence of vis-
cosity becomes more significant and then the velocity at the pipe axis
is lower for Oldroyd-B liquids, and consequently the velocity gradient
are also lower than the predicted values for the Maxwell model near
the pipe axis

mentioned above. Then, it follows for the upper convected
derivative of the velocity gradient tensor

δD

δt
= ∂D

∂t
− 2(∇v)t · ∇v. (33)

With the latter result, the Oldroyd-B constitutive equation
can be written as

σ + λ
∂σ

∂t
− λ

[
σ · ∇v + (∇v)t · σ ]

(34)

= η0

(
D + λ

ηs

η0

[
∂D

∂t
− 2(∇v)t · ∇v

])
.

The effects (assumed weak) of the nonlinear terms can be
assessed by a perturbation procedure. Indeed, an expansion
of the stress tensor in terms of the Weissenberg number 2

σ = σ0 + (Wi)σ1 + O(Wi2) substituted in Eq. (35) gives
to zero and first order

σ0 + λ
∂σ0

∂t
= 2η0(∇v + (∇v)t ) (35)

2In oscillating flows, we can define the Weissenberg number as Wi =
λγo, where γo is the root mean square of a characteristic velocity gra-
dient. The latter quantity can be defined, as in [6], as the ratio between
the velocity of the piston and the distance between the pipe axis and
the first quiescent radial position of the flow

and

σ1 + λ
∂σ1

∂t
= ηs

∂(∇∗v∗ + (∇∗v∗)t )
∂t

−2ηsγo∇∗v∗ · (∇∗v∗)t

+ [
σ0 · ∇∗v∗ + (∇∗v∗)t · σ0

]
, (36)

respectively. In Eq. (36), the quantity ∇∗v∗ denotes a
dimensionless velocity gradient tensor defined by the rela-
tion ∇v = γo∇∗v∗. In the particular case we are concerned
with, in which the only nonvanishing component of the
velocity gradient (of the basic flow) is ∇vrz = ∂vz

∂r
, from

Eqs. (35) and (36), we can see that the last two terms in
the r.h.s of Eq. (36) are responsible for the appearance of
a normal stress σzz. This shear-induced anisotropy in the
stress tensor is a nonlinear effect which is absent from the
corresponding Newtonian flow and has been disregarded in
our present derivations. Due to this anisotropy, if the fluid
suffered a perturbation of large enough amplitude it would
have a transition to a sort of weakly turbulent state [17].
This was indeed observed in [6]. In such a case, our analyt-
ical treatment breaks down. From the analysis of the order
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of magnitudes of the terms involved in the equations result-
ing from our perturbation procedure, we can note that shear
stresses becomes much larger than the normal ones when
the following condition is satisfied γo

ω
� 13. In contrast,

when γo
ω

becomes of the order of unity or even larger, the
normal stresses are significant and the fluid might devel-
ops secondary unstable motions. The analysis of figure 20
of reference [6] confirms our assertion. Also, from the anal-
ysis of Fig. 3, we can observe that for a given amplitude
of the piston the fluid experiences larger flow rates as the
resonance frequencies are increased. This is in qualitative
agreement with the results reported in [6]. We stress the
fact that in deriving these results, we did not consider the
shear thinning behavior of the viscoelastic solution. When
the condition γo

ω
� 1 is fulfilled, the replacement of the

upper-convected time derivative by the local time derivative
is a good approximation. It is interesting try to corroborate
this criterion in detail for different types of complex fluids.

As for the compressibility, from Fig. 2, the highest veloc-
ity in the fluid vm is approximately equal to 0.3 m/s. Then,
since the speed of sound in liquids is of order vs ∼ 103m/s,
we have for the Mach number M ∼ 10−4. At such low
Mach numbers, compressibility effects must be weak [1,
21], so the compressibility does not seem to be an important
factor in the decay of the peaks. Let us present in the next
section a detailed derivation that confirms this assertion.

4 Influence of Compressibility

As mentioned above, at these low Mach numbers, com-
pressible effects must be weak. Nonetheless, in this section,
we will be aimed at modeling the problem of sound waves
propagation in viscoelastic fluids flowing inside pipes. The
influence of viscoelastic properties in sound wave propaga-
tion phenomena in infinite fluids and in wall-bounded flows
(inside straight pipes) has already been addressed in [20]
and [2], respectively.

Let us first revisit the stress modeling problem in com-
pressible fluids. It is well known (see for instance, [22]
and [23]) that the motion in the neighborhood of any point
consists of the superposition of:

1 A uniform translation,
2 A pure strain motion characterized by the rate of strain

tensor D = ∇v + (∇v)t , which can be decomposed
itself into an isotropic expansion (contraction) in which
the rate of extension of all line elements is 1

3∇ · v
and a straining motion without changes of volume

characterized by Dij −
(

1
3∇ · v

)
δij , and

3Note that γo
ω

coincides with the definition of the control parameter χ
of (6) of reference [6].

3 A rigid body rotation with local angular velocity given
by ∇xu

2

We shall restrict ourselves, as in previous sections, to
flows in which the Weissenberg number is sufficiently
small so we shall not consider shear-induced anisotropy
in elastic stresses. Besides, we can assume a linear rela-
tionship between normal stresses and velocity derivatives
by considering small oscillations of fluid particles in the
wave motion. Moreover, as in the case of incompressible
viscoelastic solutions, we shall consider that the stresses
generated by the straining motion without changes in vol-
ume and by isotropic expansion relax on time scales λ1 and
λ2, respectively. Then, the constitutive (linear) equations for
the extraviscoelastic stresses may be written as follows:

σe
1 + λ1

∂σ e
1

∂t
= η1D − 2

3
η1∇ · �v I, (37)

and

σe
2 + λ2

∂σ e
2

∂t
= η2∇ · �v I, (38)

where I is the identity tensor of rank 2. The total viscoelastic
stress σ is obtained by summing σe

1 and σe
2 .

At this point, it is useful to note that for times larger
than λ1 the trace of the total viscoelastic stress satisfies the
differential equation

T rσ + λ2
∂T rσ

∂t
= 3η2∇ · �v I, (39)

which coincides with the postulated equation for the trace of
the stress tensor in [20] when the displacements of fluid par-
ticles in the wave are small compared with the wave length
or equivalently, when the velocity of fluid particles in the
wave is small compared with the velocity of sound.

The formal solution for the total viscoelastic stress can
be written as follows:

σ =
∫ ∞

0
ds[G(s)D(t−s)+{K(s)−1/3G(s)}ITrD(t−s)],

(40)

in which

G(t) = (η1/λ1)e
−t/λ1

and

K(t) = (η2/λ2)e
−t/λ2

denote the relaxation functions of shear and normal stresses,
respectively.

Substituting this formal solution into the momentum
balance equation leads to

ρ

(
(�v · ∇)�v + ∂ �v

∂t

)
= −∇p + ηs∇2 �v +

∫ ∞

0
ds[G(s)∇2 �v (41)

+A(s)∇(∇ · �v)],
where A(s) = K(s)+ 1

3G(s).
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Since we are considering that the velocity of fluid parti-
cles is small compared with the velocity of sound, we can
neglect the term (�v ·∇)�v in the above equation. For the same
reason, the relative changes in the fluid pressure and density
should be small. Hence, we can write the latter magnitudes
as follows:

p = po + p′ ρ = ρo + ρ′,

where po and ρ are the values of the pressure and den-
sity, respectively, in the unperturbed state, while the primed
quantities refer to the oscillating part.

The equation of continuity in the linear approximation
can be written as follows:

∂ρ′

∂t
+ ρ0∇ · �v = 0. (42)

We may also note, since we are considering small devi-
ations from the state of equilibrium, that the changes in
the entropy s are of second order of smallness [21]. In this
approximation, to the first order of accuracy, we have that
changes in the fluid pressure are only caused by variations
in the fluid density. Then we can write p ≈ p(ρ). Hence
the small variations of p′ are related to changes in ρ′ in the
following way

p′ =
(
∂p′

∂ρ

)

s

ρ′ = c2ρ′, (43)

where c is the speed of sound.
After substituting for ρ′ according to the above equation

in (42) we obtain

∂p′

∂t
+ c2ρ0∇ · �v = 0. (44)

With the Eqs. (44) and (42) for the four unknowns p′ and
�v, we are able to completely describe the sound wave. More-
over, in order to express the two unknowns in term of one
of them, it is convenient to take the divergence of both sides
of Eq. (42) and take the time derivative of Eq. (44). Then,
it can readily be obtained the following equation describing
the small oscillations of pressure, which was also derived
in [20]

ρ0
∂2p

∂t2
= Kx∇2p+ηs

∂

∂t
∇2p+

∫ ∞

0
dsM(s)

∂

∂t
∇2p(t−s),

(45)

in which Kx = ρoc
2 is the compressibility modulus and

M(s) = K(s) + 4
3G(s). Here and henceforward, we shall

omit the prime symbol to the small variations of pressure.
With the same assumptions as in Section 3.1 concern-

ing the flow geometry, we shall consider that the velocity
field in the sound wave can be described in terms of its
component along the z-axis, i. e.,

�v = vz(r, z, t)ez. (46)

As a consequence of the latter, the pressure will vary
only along the pipe axis and will be constant along the cross
section.

p = p(z). (47)

A noteworthy observation is that the velocity must
depend on z, owing to the compressibility, which repre-
sent the main difference with the flow of an incompressible
liquid.

Let us seek a solution for Eqs. (44) and (42) in the form
of a plane wave,

vz(r, z, t) = Re[φ(r)ei(kz−wt)] p = Re[P0e
i(kz−wt)].

(48)

Substitution of the above expression for the pressure in
Eq. (44) leads to the dispersion relation

k2 =
(
w

cx

)2 [
1 + iwη0

ρ0c2
x

(
ηs

η0
+ 4

3

η1

η0

1

1 − iwλ
+ η2

η0

1

1 − iwλ

)]−1

.

(49)

Similarly, after substitution of the expression for the
velocity and the pressure itself in (42), we obtain an ordinary
differential equation for φ(r)

∇2
r φ(r) +

⎛

⎝ iωρ0

η0

1 − iωλ

1 − iωλη
′ −

k2
(

4
3 (1 − η

′
)+ η

′
2

)

iωλη
′

⎞

⎠φ(r)

= −i
kP0

η0

1 − iωλ

1 − iωλη
′ , (50)

in which ∇2
r = 1

r

∂

∂r

(
r
∂

∂r

)
, η

′ = ηs
η0

and η
′
2 = η2

η0
.

Solving the equation for φ(r), we obtain for the velocity

vz(r, z, t) = − ikP0e
i(kz−wt)

iωρo − k2η0
1−iωλ

(
4
3 (1 − η

′
)+ η

′
2

)
(

1 − J0(βcr)

J0(βcR)

)
.

(51)

In the above expression, it has been defined

β2
c =

⎛

⎝ iωρ0

η0

1 − iωλ

1 − iωλη
′ −

k2
(

4
3 (1 − η

′
)+ η

′
2

)

iωλη
′

⎞

⎠ .

Noting that dp
dz

= ikP0e
i(kz−wt), we can conveniently

rewrite the above equation as

vz(r, z, t) = − 1

iωρo − k2η0
1−iωλ

(
4
3 (1 − η

′
)+ η

′
2

) (52)

(
1 − J0(βcr)

J0(βcR)

)
∂p

∂z
,

which resembles the corresponding velocity for the incom-
pressible case (18).
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Hence, defining the local dynamic permeability as in
Section 3.2 by

κc = −η0vz(0, z, t)
∂p
∂z

, (53)

and referring the frequency to ν0
R2 , the inverse of the char-

acteristic time of vorticity diffusion due to viscosity is
obtained as follows:

κc(α) = − R2

iα − εc

(
1 − 1

J0(β
′
c)

)
, (54)

in which

εc =
(

α
Rex

)2 [
4
3 (1 − η

′
)+ η

′
2

]

(1 − iαA)
(

1 + i α

Re2
x

([
4
3 (1 − η

′
)+ η

′
2

]
1

1−iαA
+ η

′
)) (55)

and

β
′2
c = (iα − εc)

1 − iαA

1 − iαAη
′ (56)

In the above expressions, it has been used Rex = cxR
νo

.
The dimensionless numbersA and α are defined in the same
way as before.

In experiments with the CPyCl/NaSal solution, the
range of frequencies covered kept the number α in the range
0 < α < 1. Estimating that the speed of sound in the
solution is cx ∼ 103m/s, leads to Rex ∼ 103 and thus(

α
Rex

)2 ∼ 10−6. Let us also assume that η′2 ∼ 1 (see [21])

and that relaxation times of shear and normal stresses are
of the same order of magnitude. Evaluating the remainder
parameters as in the incompressible case, we obtain that
Abs(εc) � 1 leading to β

′2
c

∼= β
′2. Thus, we reach the

conclusion that for weakly compressible flows, the LDR
matches almost perfectly the corresponding incompressible
flow. We can see very slight differences in the values of
frequencies at which peaks are observed as well as in the
amplitude of the LDR provided only that α

Rex
∼ 1 [2].

5 Conclusions

In this paper, we have discussed some non-Newtonian
effects of an Oldroyd-B fluid under oscillating pressure
gradient. A relation was derived between flux velocity
and pressure gradient in frequency domain that resembles
Darcy’s Law. An analytical expression was given for the
dynamic permeability in terms of dimensionless parameters,
which are the number α that represents the ratio between
the inertia and viscosity forces; the inverse of Deborah’s
number, which is the ratio between characteristic times of
viscous effects and elastic ones; and the number ωλ

ηs
η0

,
which determines the differences between the Oldroyd-B
and Maxwell models. Moreover, our calculations have pre-
dicted a transition from a Non-Newtonian (viscoelastic) to

purely Newtonian behavior in the dynamics of viscoelas-
tic solutions when the condition ωλ

ηs
η0

� 1 is satisfied.
This transition is therefore independent of the flow geom-
etry, i.e., it has a universal character. We have found good
agreement between the linear Oldroyd-B model predictions
for the local dynamic response, as well as for the root mean
square velocity at the pipe center, and the corresponding
experimental data, shown in Figs. 1 and 2, respectively.

This suggests that the dissipative factor, present in
Oldroyd-B fluids, may be responsible for the decrease of
the local dynamic response observed in experiments [5].
However, these good agreements are obtained when the
solvent viscosity used in the fitting is considered as an
increased coefficient owing to the possible fact that due
to high concentrations of the viscoelastic solution, distur-
bances of the solvent velocity field generated by the motion
of the polymer molecule (coil) affects the drag force on
the neighboring coils. Consequently, the solvent viscosity
is actually used here as a free parameter. The very small
Mach numbers at which experiments were made indicate
that compressibility effects can be neglected.

Our derivations confirmed that, given the experimental
conditions, weakly compressible effects will not contribute
to any significantly change in the local dynamic response
of the fluid compared with the incompressible result. By
means of a perturbation procedure to the Oldroyd-B equa-
tion, we derived a criterion for the onset of instabilities
in shear oscillating flows that was experimentally verified
in [6]. According to this criterion, if the number γo

ω
were

of order or larger than unity, the normal stresses would
make unstable any finite perturbation to the basic parallel
shear flow. This kind of instabilities and the shear thinning
behavior of the viscelastic solution may be the origin of the
disagreements between the results of our present derivation
for the linear Oldroyd-B model.
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