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Abstract A better understanding of cosmic-ray modulation
in the heliosphere can only be gained through a proper under-
standing of the effects of turbulence on the diffusion and drift
of cosmic rays. We present an ab initio model for cosmic-ray
modulation, incorporating for the first time the results yielded
by a two-component turbulence transport model. This model
is solved for periods of minimum solar activity, utilizing
boundary values chosen so that model results are in fair to
good agreement with spacecraft observations of turbulence
quantities, not only in the solar ecliptic plane but also along
the out-of-ecliptic trajectory of the Ulysses spacecraft.
These results are employed as inputs for modelled slab
and 2D turbulence energy spectra. The latter spectrum is
chosen based on physical considerations, with a drop-off
at the very lowest wavenumbers commencing at the 2D
outerscale. There currently exist no models or observa-
tions for this quantity, and it is the only free parameter
in this study. The modelled turbulence spectra are used
as inputs for parallel mean free path expressions based
on those derived from quasi-linear theory and perpen-
dicular mean free paths from extended nonlinear guiding
center theory. Furthermore, the effects of turbulence on
cosmic-ray drifts are modelled in a self-consistent way,
employing a recently developed model for drift along
the wavy current sheet. The resulting diffusion coeffi-
cients and drift expressions are applied to the study of
galactic cosmic-ray protons and antiprotons using a three-
dimensional, steady-state cosmic-ray modulation code, and
sample solutions in fair agreement with multiple spacecraft
observations are presented.

Keywords Turbulence . Diffusion . Drift . Cosmic-ray
modulation

1 Introduction

Numerical cosmic-ray (CR) modulation studies are concerned
with calculating the CR differential intensity j=P2f0, where
f0(r, p, t) is the omnidirectional CR distribution function in
terms of particle momentum p, using the Parker transport
equation (TPE) given by [30]

∂ f 0
∂t

¼ ∇⋅ K⋅∇ f 0ð Þ−V⋅∇ f 0 þ
1

3
∇⋅Vð Þ∂ f 0

∂lnp
þ Q; ð1Þ

where V denotes the solar wind speed, P particle rigidity,Q any
sources of CRs in the heliosphere, and K the diffusion tensor.
The above TPE describes various processes which act so as to
modulate an initial interstellar cosmic-ray distribution function.
These processes, in the order in which the terms governing the
processes appear on the right hand side of Eq. 1, are diffusion
and drift due to gradients and curvature of the heliospheric
magnetic field (HMF), the effects of outward convection of
CRs due to the action of the solar wind and adiabatic cooling.

The force field approximation [15] is still used to solve the
Parker TPE: assuming a steady state, no sources, zero explicit
adiabatic energy loss rate and spherical symmetry, the Parker
TPE becomes [27]

CV f 0 � κd f 0=dr ¼ 0; ð2Þ

where κ is some diffusion coefficient, and C the Compton-
Getting factor. The solution to the above is relatively straight-
forward. Assuming that κ(r, P)=β κ1(r)κ2(P),

j r;Eð Þ ¼ E2 � E2
0

E þ Φð Þ2−E2
0

jLIS E þ Φð Þ
����� ð3Þ

with Φ=Zeϕ, where ϕ rð Þ ¼ ∫rBr
V r0ð Þ
3κ1 r0ð Þdr

0 . Note that E0 is the

rest-mass energy of the cosmic-ray species in question, and jLIS
its local interstellar intensity. However, such simplicity comes at
a price. Much of the physics underlying CR modulation is
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ignored in the force-field approach: information about the dif-
fusion tensor is lost, and drift effects can’t be taken into account.

In a more general approach, the diffusion tensor can be
expressed in HMF-aligned coordinates as

K0 ¼
κ∥ 0 0
0 κ⊥;2 κA

0 −κA κ⊥;3

2
4

3
5: ð4Þ

Here, κ⊥,2 and κ⊥,3 describe diffusion in directions perpen-
dicular to the HMF, κ∥ describes diffusion parallel to the field,
and κA denotes the drift coefficient. These coefficients can be
expressed in terms of mean free paths (MFPs), such that, e.g.
κ∥=(v/3)λ∥ with v the particle speed. In the ab initio approach
to CR modulation studies, these MFPs must be derived from
some scattering theory/theories (such as quasilinear theory
[17]), which in turn require turbulence power spectra as key
inputs [36]. Such power spectra must be modelled throughout
the heliosphere, which can be done by specifying a form for the
spectra in question, and using a turbulence transport model
(TTM) for the various basic turbulence quantities, these spectra
are functions of. Drift effects are also reduced in the presence of
turbulence [26], which can be taken into account using outputs
yielded by a TTM. In what follows, a brief outline of such an
approach to the study of galactic CR modulation is given, with
emphasis on the effect that the 2D outerscale has on the
diffusion tensor and the computed galactic CR intensities. For
a much more complete discussion of this approach and the
results presented here, the reader is invited to consult [12, 11].

2 Turbulence Quantities

As outlined above, scattering theories used to derive expres-
sions for CR diffusion coefficients require as inputs expres-
sions for the power spectra of the turbulent fluctuations in the
HMF. This study proceeds under the [4] assumption of com-
posite turbulence and assumes that the total turbulence modal
spectrum can be expressed asG(k)=Gslab(k∥)δ (k⊥)+G

2D(k⊥)δ
(k∥), where G(k) and G2D(k⊥) denote the slab and 2D modal
spectra, respectively. The slab spectrum is chosen following
[40] so that it has a flat energy range and a Kolmogorov
inertial range, where

Gslab k∥ð Þ ¼
gok

−s
m ; k∥

�� �� ≤ km;
go k∥
�� ��−s; km≤ k∥

�� ��≤kd;
g1 k∥
�� ��−p ; k∥

�� �� ≤ kd;

8<
: ð5Þ

with km and kd the parallel wavenumbers at which the inertial
and dissipation ranges commence. Note that g1=g0kd

p−s and

go ¼ sþ s� p

p� 1

km
kd

� �s−1
" #−1

δB2
slk

s−1
m s� 1ð Þ
8π

: ð6Þ

The form of the 2D modal spectrum is chosen following
the physical motivations presented by [24]. This spectrum also
has an inertial range (that commences at λ2D) and a flat
energy-containing range as well as an ‘outer range’ displaying
a steep decrease at the smallest wavenumbers:

G2D k⊥ð Þ ¼ g2

λoutk⊥ð Þq; k⊥j j < λ−1
out;

1 ; λ−1
out ≤ k⊥j j < λ−1

2D ;
λ2Dk⊥ð Þ−ν ; k⊥j j≥λ−1

2D :

8<
: ð7Þ

where g2=(C0λ2DδB2D
2 )/(2πk⊥) and

C0 ¼ 1� q

1þ q

λ2D

λout

� �
þ 1

ν−1

� �� �−1
: ð8Þ

Note that δB2D
2 and δBsl

2 denote the 2D and slab variances,
ν=s=5/3 the spectral indices for both spectra in the inertial
range and q=3 the spectral index in the ‘inner range’ of the 2D
spectrum. The lengthscale λout denotes the 2D outerscale
where the energy range commences, such that λout>λ2D.
No observations currently exist for this lengthscale, and a
simple dependence on the 2D correlation scale λc,2D is
employed here. It was found by [12, 11] that a choice of
λout=12.5λc,2D results in computed CR intensities in rea-
sonable agreement with spacecraft observations.

The above spectra are functions of various turbulence
quantities, which need to be modelled throughout the helio-
sphere. To this end, the two-component TTM of [28] is
employed. This model is solved by [12, 11] for solar minimum
conditions, assuming a Parker HMF and choosing with
boundary values so as to obtain agreement between computed
turbulence quantities and various spacecraft measurements of
these quantities throughout the heliosphere.

Figures 1 and 2, taken from [11], show the various turbulence
quantities computed with this model in the solar ecliptic plane and
along the trajectory of the Ulysses spacecraft. Both these figures
show that reasonable agreement can be found with observations
using the [28] model, also along the trajectory of Ulysses. Note
that, although the correlation scales in the outer heliosphere shown
in Fig. 1 are consistently smaller than the Voyager values reported
by [23, 38] report, single spacecraft observations of correlation
scales tend to overestimate these quantities by a factor of 2–4.

3 Diffusion and Drift Coefficients

The choice of scattering theory to be used to derive MFP
expressions from is a vital one in any study of cosmic-ray
modulation. This choice is difficult, in that numerical simula-
tions of diffusion coefficients, such as those performed by, e.g.
[25, 32], appear to show that there is not, as of yet, a scattering
theory that can accurately reproduce the simulated MFPs for

Braz J Phys (2014) 44:512–519 513



all the turbulence conditions considered in the abovementioned
studies. The quasilinear theory (QLT) of [17] is used here
model parallel diffusion, employing expressions for the parallel
MFP based on the results of [40]. This is motivated by the fact
that simulations show that QLTyields reasonable values for the
parallel MFP when compared with simulations of λ∥ for low
levels of turbulence [25]. It should be noted that the TTM used
here yields low levels of slab turbulence in most of the model
heliosphere [11]. The proton parallel MFP expression is con-
structed by [9] from piecewise continuous expressions derived
by [40], such that

λ∥ ¼ 3sffiffiffi
π

p
s� 1ð Þ

R2

km

Bo

δBsl

� �2

⋅
1

4
ffiffiffi
π

p þ 2R−sffiffiffi
π

p
2� sð Þ 4� sð Þ

� �
; ð9Þ

with R=RLkm, where RL is the (maximal) proton gyroradius.
Note that the effects of the dissipation range in Eq. 5 are
neglected. The extended nonlinear guiding center (ENLGC)
theory of [35] is used to derive an expression for the perpen-
dicular MFP from Eq. 7. This theory is based on the NLGC
theory of [22] and agrees with simulations for a broad range of
turbulence conditions [25, 32, 35]. The perpendicular MFP
used here is that derived by [12, 11] and is given by

λ⊥ ¼ 2a2

B2
o

C0λ2DδB2
2D

λ⊥
h⊥;1 þ h⊥;2þ⊥;3
� 	

; ð10Þ

where

h⊥;1 ¼ λ∥λ⊥

1þ qð Þλout
2F1; 1;

1þ q

2
;
3þ q

2
;−x−2

� �
;

h⊥;2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3λ∥λ⊥

p
arctan xð Þ−arctan yð Þ½ �;

h⊥;3 ¼ 3λ2D

1þ vð Þ2F1 1;
1þ v

2
;
3þ v

2
;−y2

� �
;

with

x ¼
ffiffiffi
3

p
λoutffiffiffiffiffiffiffiffiffiffi
λ∥λ⊥

p and y ¼
ffiffiffi
3

p
λ2Dffiffiffiffiffiffiffiffiffiffi
λ∥λ⊥

p ; ð11Þ

The parameter a2 is a constant set to 1/3 in this study, after
[22]. The above expressions are evaluated numerically using
the results yielded by the TTM to model turbulence quantities.
The turbulence-reduced drift coefficient used in this study is
that of [8], based on the work of [3] who find that

κA ¼ v

3
RL

Ω2τ2

1þΩ2τ2
; ð12Þ

with τ a decorrelation rate, and Ω the particle gyrofre-
quency [8] propose a parametrized form for the product Ωτ,

Fig. 1 Various turbulence
quantities computed by [12, 11]
using the [28] TTM, in the
solar ecliptic plane. Figure taken
from [11] Turbulence
observations shown are reported
by [43, 39, 38, 21, 41, 42, 5,
33, 34],
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chosen so as to agree with the simulations of [26], and
given by

Ωτ ¼ 11

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RL=λc;s

p
D⊥=λc;s


 �g ; ð13Þ

where g = 0 .3 log (RL /λ c , s ) + 1 .0 and D⊥ ¼ 1=2ð Þ
Dsl þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

sl þ 4D2
2D

q� 

the field line random walk diffusion

coefficient [20], with Dsl ¼ δ B2
sl=2B

2
o


 �
λc;s and D2D ¼

λu

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ B2

2D=2
q� �

=Bo . The quantity λc, s is the slab correla-

tion scale, and λu the 2D ultrascale [24]. The ultrascale is
calculated from the 2D modal spectrum (Eq. 7), follow-
ing the approach outlined by [24]. Note that all turbu-
lence quantities appearing in the above expressions are
modelled using the [28] TTM. Since no direct observa-
tions exist for the 2D outerscale λout, the perpendicular
MFP and drift scale will be characterized below on the

basis of very simple spatial dependences for this quantity,
such that

λout ¼ constλc;2D ð14Þ

where λc,2D is the 2D correlation scale and const is taken to
assume values of 10, 100 and 1000. This choice is made to
accentuate the effect the magnitude of this quantity may have
on the expressions presented above.

The MFPs described by Eqs. 9 and 11, as well as the
lengthscale λA associated with the drift coefficient, are shown
in Fig. 3 as functions of rigidity (top panels), colatitude
(middle panels) and heliocentric radial distance (bottom
panels), for various simple choices as to the 2D outerscale.
The proton parallel MFPs at Earth fall reasonably within the
Palmer consensus range [29] but tend to be a bit large, a
consequence of the choice of solar minimum turbulence quan-
tities made here. At 1 AU, the parallel MFP displays a P1/3

rigidity dependence. At 100 AU, these parallel MFPs display
a P2 rigidity dependence, with the P1/3 dependence persisting
only at the lowest rigidities. The perpendicular MFPs at Earth
remain well above the Palmer consensus values shown, again

Fig. 2 Various turbulence
quantities computed by [12, 11]
using the [28] TTM, along the
trajectory of the Ulysses
spacecraft (shown in the bottom
panels). Figure taken from [11]
Turbulence observations shown
are reported by [1, 2]
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due to the solar minimum values yielded for the turbulence
quantities used by the TTM, regardless of the value chosen for
λout. These perpendicular mean free paths are somewhat sim-
ilar to those presented by [31], with differences due to the
single-component TTM employed in that study. All perpen-
dicular MFPs at 1 AU display a relatively flat (∼P0.1) rigidity
dependence, which is largely unaffected by the choice of
outerscale. A larger value for λout, however, does lead to a
larger value for λ⊥, with values for the perpendicular mean
free path approaching a limiting value as λout is increased. Due
to this behaviour, only the cases where λout=10λc,2D and

λout=100λc,2D will be shown when radial and colatitudinal
dependences are discussed below. At 100 AU, the rigidity
dependence of λ⊥ changes. At the lowest rigidities, the per-
pendicular MFPs are very small, due to the very small 2D
variances yielded by the [28] model at these large radial
distances, and remain relatively unaffected by the choice of
λout. The 100 AU perpendicular MFPs show an approximate-
ly P2 rigidity dependence below ∼1 GV, above which rigidity
they either flatten out (for case where λout=10λc,2D) or display
a ∼P0.7 rigidity dependence (for the larger choices of 2D
outerscale). This can be understood in terms of the analysis

Fig. 3 MFPs and drift scales here
considered, as functions of the 2D
outerscale. Top panels show these
quantities as functions of rigidity,
middle panels as functions of
colatitude and bottom panels as
functions of heliocentric radial
distance. The lengthscales in the
bottom two panels are taken at 1
GV. Figure adapted from [12]
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[37] did of the NLGC perpendicular mean free paths they
derived, showing that, when λ⊥λ∥≪3λ2D2 , their perpendicular
MFP would be proportional to the parallel MFP. When

λ⊥λ∥≫3λ2
2D , they showed that λ⊥∼λ∥1/3. The parallel MFP

displays a P2 dependence for most of the rigidities here
considered at 100 AU, a rigidity dependence reflected in that
of the ENLGC perpendicular MFPs below ∼1 GV. The 1 AU
perpendicular MFPs shown in the same figure scale as ∼P0.1

due to the fact that, as modelled in this study, the quantity
3λ2D

2 is considerably smaller at 1 AU than it is at 100 AU, such
that the condition λ⊥λ∥≪3λ2D2 is not satisfied at Earth. At
1 AU, however, and above ∼1 GVat 100 AU, the condition

λ⊥λ∥≫3λ2
2D is satisfied, leading to the rigidity dependences

shown in Fig. 3, in line with a λ⊥∼λ∥1/3 dependency. The top
right panel of Fig. 3 shows the drift scales as functions of
rigidity, along with the weak scattering drift scale (equal to the
Larmor radius), and an ad hoc drift scale used in previous
studies (see, e.g. [9]). As larger values of λout are employed,
the drift scales become smaller and remain below the weak
scattering limit. For smaller values of the 2D outerscale, the

drift scales approach the weak scattering values. The ad hoc
drift scale agrees best with results for the smallest outerscale at
high rigidity, but differs from it by an order of magnitude at the
lowest rigidity shown.

Due to the use of the TTM, all lengthscales display spatial
dependences more complicated than those considered in most
previous studies. The parallel MFP, as function of colatitude,
is very sensitive to the behaviour of the modelled slab vari-
ance, in that it assumes larger values in the ecliptic plane (with
lower variances) than in the polar regions, in qualitative
agreement with the observations of [14]. This is a conse-
quence of the δBsl

−2 dependence of Eq. 9. The perpendicular
MFP increases with increasing 2D variance and is hence also
larger in the ecliptic than over the poles, with significant
increases at colatitudes where stream-shear effects are
modelled to be larger (see [6, 11] for more detail). A larger
value for the 2D outerscale again leads to a larger value for λ⊥.
As functions of colatitude, the drift scales again follow the rule
that the smallest drift scales correspond to the largest assumed
values for the 2D outerscale. Drift scales are noticeably re-
duced at latitudes corresponding to regions of enhanced
stream-shear effects where variances are greater, with drift
scales corresponding to larger values of λout appearing to be
more sensitive to these effects. The weak scattering and ad hoc
drift scales tend to be smaller in the ecliptic than over the
poles, following as they do the colatitudinal dependence of the
Larmor radius, while for the [8] drift scales, the opposite is
true, due to their dependence on the outputs of the TTM.

As function of radial distance, the parallel mean free path
steadily increases until approx. 5 AU, beyond which a rapid
decrease and flattening out is seen due to the changes in the
slab variance and correlation scale caused by the ionization of
interstellar neutral hydrogen, as modelled in the TTM. The
perpendicular MFP also increases steadily with radial distance
within 5 AU, following the behaviour of λ∥. Beyond this
distance, λ⊥ remains relatively flat, in contrast to the steadily
increasing perpendicular MFP presented by [31]. The differ-
ences between the radial dependence of the perpendicular
MFP presented here and that of [31] are again due to the
different TTMs employed. The choice of 2D outerscale ap-
pears to have a more significant effect for solutions in the
inner heliosphere than at larger radial distances, with smaller
values for λout leading to smaller λ⊥. In the bottom right panel
of Fig. 3, both the ad hoc and weak scattering drift scales
follow the radial dependence of the proton gyroradius. The [8]
drift scale for λout=10λc,2D follows the weak scattering model
most closely past ∼10 AU, with larger values for the 2D
outerscale yielding drift scales that no longer increase mono-
tonically with increasing radial distance. Use of the largest
outerscale leads to a drift scale with a radial dependence
somewhat like that of the slab correlation scale, with smaller
values of λout leading to drift scales more closely resembling
the weak scattering limit.

Fig. 4 Computed galactic proton intensities at Earth (top panel) and
latitude gradients at 2 AU (bottom panel), as functions of the 2D
outerscale. Figure adapted from [12]
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4 Galactic Proton and Antiproton Modulation Results

Modulation results are acquired using a 3D, steady-state nu-
merical modulation code [9, 11]. The proton local interstellar
spectrum (LIS) here used is that of [9] while the antiproton
LIS is that of [19], assuming a spherical heliosphere with a
radius of 100 AU. The effects of a termination shock or
heliosheath are not included. This is done because the [28]
TTM was derived assuming an Alfvén speed considerably
smaller than the solar wind speed, which is not the case in
the heliosheath. Furthermore, a Parker HMF is assumed, using
a latitude-dependent solar wind speed modelled with a hyper-
bolic tangent function that assumes a value of 400 km/s in the
ecliptic and 800 km/s over the poles; the tilt angle of the
heliospheric current sheet is taken to be 5° and the current
sheet is treated following the approach of [7]. For more detail
as to the choices here made for heliospheric parameters and
their motivations, see [12, 11]. Figure 4 shows the computed
galactic cosmicray proton intensities at Earth as functions of
kinetic energy and their computed latitude gradients at 2 AU,
for various choices of the 2D outerscale, as discussed in the
previous section. The effects of the choice of 2D outerscale are
very strong. This is because computed intensities depend quite

strongly on the levels of drift reduction, which in turn depend
quite strongly on the choice of λout employed. Larger intensi-
ties correspond to smaller choices for the 2D outerscale. This
can be understood by considering the drift scales shown in
Fig. 3, where choosing λout=10λc,2D led to a drift scale closest
to the weak scattering result. It is noteworthy that intensities
computed assuming that λout=10λc,2D almost fall on the IMP8
observations during A>0 and agree reasonably well with them
during A<0. Intensities calculated under the assumption that
λout=1000λc,2D are very close to intensities calculated with
the same choice for the 2D ultrascale, but with drifts turned off
(solid black line in the top panel of Fig. 4). This is simply due
to the small drift scales yielded by this choice of λout, as
can be seen in Fig. 3. The choice of λout=100λc,2D leads
to intensities between those yielded by the λout=10λc,2D
and λout=1000λc,2D scalings. From the bottom panel of
Fig. 4, it can be seen that, regardless of the value assumed
for the 2D outerscale in their calculation, the ab initio
approach yields latitude gradients reasonably within the
range of A>0 observations reported by [16], even though
a Parker HMF model is used and perpendicular diffusion
is assumed to be axisymmetric. During A<0, however, the
latitude gradients computed assuming that λout=10λc,2D and

Fig. 5 Computed galactic proton
intensities at Earth (top left panel)
and latitude gradients at 2 AU
(top right panel), along with
computed antiproton intensities
and the proton to antiproton
fraction at Earth (bottom left and
right panels, respectively).
Figure taken from [11]
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λout=100λc,2D are negative, as expected [18], but tend to be too
large when compared with the [10] observation. Assuming that
λout=1000λc,2D leads to positive latitude gradients for both
magnetic polarity cycles, comparable to that calculated assum-
ing no drift effects. This is again a consequence of the very
small drift scales yielded by this choice of the 2D outerscale.

5 Conclusions

The [28] two-component turbulence transport model yields results
in reasonable agreement with spacecraft observations at a variety
of locations within the heliosphere. These results can be used as
inputs for diffusion coefficients and drift reduction terms, which
leads to complicated spatial dependences for these quantities. The
perpendicular diffusion and drift coefficients, and by implication
the computed cosmic ray intensities, are very sensitive to the
choice made as to the 2D outerscale. Cosmic-ray intensities
computed with this ab initio approach, using the same set of
diffusion coefficients, are in reasonable agreement with multiple
sets of spacecraft observations for protons and for antiprotons.
This is illustrated in Fig. 5, which shows galactic proton and
antiproton intensities computed by [11] using the same ab initio
model, but assuming a ‘best fit’ scaling of λout=12.5λc,2D. Re-
finements to the model are, however, necessary and in the process
of being made, but the fact that computed cosmic-ray intensities
for galactic electrons and positrons are also in reasonable agree-
ment with multiple sets of spacecraft observations (see, e.g. [13])
is very encouraging.
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