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Abstract Inelastic collisions of protons with sodium atoms are
treated for the first time within the framework of the coupled
static and frozen core approximations. The method is used for
calculating partial and total cross-sections with the assumption
that only two channels (elastic and hydrogen formation in
2s-state) are open. The calculations are carried out, in each
case, for seven values of the total angular momentum
ℓ (0≤ ℓ ≤6). In the second channel, the effect of “switching
on” the polarization potential of hydrogen (in 2s-state) on the
coupled static cross-sections is investigated. Although the
resulting hydrogen (in 2s-state) formation cross-sections are
smaller than the elastic ones, their large values should draw
the attention of experimental and theoretical physicists to the
field of proton–alkali atom collisions. Our results for the total
hydrogen (2s-state) formation cross-sections and those deter-
mined by previous authors are in reasonable agreement.

Keywords Inelastic scattering . Proton . Excited hydrogen .

Sodium

PACS Nos 34.80.Dp . 34.80.Gs . 34.80.Ht

1 Introduction

The appearance of intermediate states in atomic and nuclear
reactions is considered as the most interesting physical phe-
nomenon since the development of the quantum theory. The

development of femtosecond laser has tremendously en-
hanced the experimental identification of these states in chem-
ical and physical reactions [1]. Theoretical investigation of
proton–atom scattering is given by many authors. Most theo-
retical treatments of proton–atom are based on calculations of
differential, partial, and total cross-sections as functions of the
incident energy, using different approximations. Banyard
and Shirtcliffe [2] used the continuum-distorted wave
(CDW)method to calculate cross-sections for electron capture
by fast protons from the lithium atom and its related positive
ions. Each target electronic state is described by a Hartree-
Fock wave function. Results for the individual capture states
(nℓ ) are also reported for the Li+ target. For the lithium atom,
capture can occur from either the K or the L shell. A procedure
for determining the effective screening of the target nucleus by
the uncaptured “passive” electrons is discussed, and the sen-
sitivity of the cross-sections with respect to such screening is
examined. Ferrante et al. [3] reported the capture cross-
sections into ground and excited hydrogen states by protons
colliding with alkali atoms. By means of simple models, the
capture of both valence and core electrons is considered. The
OBK approximation is used, and the alkali atom is treated in a
one-electron picture. The treatment of the core electron cap-
ture given for proton–alkali atom collisions is expected to be
equally suitable for any kind of many-electron target atoms.
Daniele et al. [4] applied the eikonal approximation treatment
developed previously within the framework of the time-
dependent impact parameter method for high-energy proton–
alkali atom charge transfer to calculate total cross-sections of
valence electron into the hydrogen atom ground state from the
whole series of the alkali atoms. The latter is treated as one-
electron model atoms by means of very simple model poten-
tials and wave functions. The calculated cross-sections are
found to be lower than the OBK and the FBA results. Ferrante
and Fiordilino [5] treated high-energy proton–alkali atom
charge exchange in the eikonal approximation within the
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framework of the well-known time-dependent semi-classical
parameter method. Detailed calculations are specialized to the
proton–lithium atom charge exchange, for which the total
cross-section is obtained in closed form. Fritsch and Lin [6]
used a modified two-center atomic orbital expansion in an
investigation of electron capture in collisions of H+ and He2+

ions with lithium atoms. Total capture cross-sections are found
to agree with experimental data wherever the measurements
have led to a consistent picture among themselves. Choudhury
and Sural [7] applied the wave formulation of the impulse
approximation to the case of electron capture into the ground,
2s, and 2p excited states of hydrogen in collisions between
protons and alkali-metal atoms sodium, potassium, rubidium,
and cesium. The transition matrix elements have been numer-
ically calculated and used to determine the differential and
integral cross-sections for charge transfer for incident energy
varying between 50 and 500 keV. Tiwari [8] investigated the
differential and total cross-sections in the formation of H atom
in the 2s excited state of proton–lithium and proton–sodium
scattering by using the Coulomb-projected Born (CPB) ap-
proximation in the energy range from 50 to 10,000 keV. The
results thus obtained are compared with the available results
and found to be in reasonable agreement. Elkilany and Abdel-
Raouf [9] investigated the effect of switching on various
polarization potentials on antiproton–positronium inelastic
collisions in detail within the framework of the coupled static
model and compared their results with available results.
Elkilany [10] used coupled static approximation and Green’s
function iterative numerical technique for calculating partial
and total cross-sections for antiproton–positronium inelastic
scattering corresponding to seven values of the total angular
momentum ℓ (0≤ ℓ ≤6). It is assumed that elastic and
antihydrogen formation channels are open. The effect of
switching on various polarization potentials on antiproton–
positronium inelastic scattering is investigated in detail.
Elkilany [11] employed an elaborate coupled static formalism
for the treatment of proton–lithium collisions at wide range of
incident energies, between 10 and 1000 keV. Only elastic and
formation of excited hydrogen, H(2s), channels are considered.
Polarization potential of lithium atom is taken into consider-
ation in calculating the corresponding total cross-section.

Our investigation of p-Li inelastic scattering showed that
hydrogen formation in 2s-state, H(2s), plays an important
role in the total collisional cross-sections. In the present work,
we present the first treatment of the inelastic collisions of
proton by sodium atoms. The importance of this scattering
problem is twofold: (1) The target is easy to prepare experi-
mentally and (2) it possesses valence electron with lower
binding energy and core electrons with large polarizability (a
fact which leads to interesting features in the rearrangement
cross-sections). The effects of switching on polarization po-
tential on p-Na inelastic collisions are investigated in detail
within the framework of the coupled static model. The

iterative Green’s function partial wave expansion technique
was used. The next section contains a brief presentation of our
mathematical formalism, Section 3 is devoted to the discus-
sion of our results, and in Section 4, we give the conclusion
on the results which we obtained in the present work. The
Appendix involves a short treatment of the method of
obtaining the reactance matrix that is used for calculating the
partial and the total cross-sections.

2 Theoretical Formalism

The two channel scattering problems under investigation can
be sketched by:

pþ Na 3sð Þ ¼ p þ Na 3sð Þ Elastic channelð Þ
H 2sð Þ þ Naþ H 2sð Þ formation channelð Þ

�
ð1Þ

The one valence electron model of an alkali target (Na) is
described (in Rydberg units) by the Hamiltonian [12]:

HNa 3sð Þ ¼ −
1

2μm
∇2
r−

2

r
þ Vc rð Þ ð2Þ

where μm is the reduced mass of the system and r is the
position vector of the valence electron with respect to the
origin of the scattering system which is an infinitely heavy
target nucleus. Vc(r) is a screened potential defined by:

Vc rð Þ ¼ VcCoul rð Þ þ V cex rð Þ ð3Þ

where VcCoul(r) and Vcex(r) are the Coulomb and exchange
parts of the core potential.

Following Clementi and Roetti [13], the wave function of
the ith electron in the orbital j of the target is expanded as,

Φ j rið Þ ¼
X
p¼1

m j

cjpχjp rið Þ ð4Þ

where |χjp(ri)〉 is a Slater-type wave function given by:

χjp rið Þ ¼ Ajpr
kjp
i e−αjpriY jp ϑi;ϕið Þ ð5Þ

Above, kjp are integers or zero, Ajp are normalization factors
given by

Ajp ¼ 2αjp

� �2kjpþ1
= 2kjp
� �

!
h i1

2 ð6Þ
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and the spherical harmonics Yjp are normalized by 〈Yjp(ϑi,8i)|
Yjp(ϑi,8i)〉=1. The constants cjp andαjp are adjusted within the
framework of the Hartree-Fock-Roothaan approach.
Substituting Eq. (5) into Eq. (4) and introducing the notation
cjp ¼ cjpAjp , we obtain:

Φ j rið Þ ¼
X
p¼1

m j

cjpr
kjp
i e−αjpriY jp ϑi;ϕið Þ; ð7Þ

In Eq. (4) and Eq. (7) mj is the number of basis functions
characteristic to each orbital (usually, all orbitals of the same
type have the same mj).

The Coulomb part of the core potential is defined by:

VcCoul rð Þ ¼
X
j¼1

M
0N j Φ j rið Þ� �� 2

r−rij j −
2

r
Φ j rið Þ�� �

; ð8Þ

where M is the number of orbitals and Nj is the number of
electrons occupying the orbital j. The prime on the sum sign
means that the term −2/r is repeated for each j. The exchange
part of the core potential is defined by

V cex rð Þ ¼ −
X
j¼1

M

ΦNa 3sð Þ rið Þ� �� 2

r−rij j Φ j rið Þ�� � ð9Þ

where the subscript Na(3s) is employed for distinguishing the
wave function for the valence electron of the target atom.

According to Eq. (2), the binding energy of the valence
electron of the target is determined by:

ENa 3sð Þ ¼ − ΦNa 3sð Þ rð Þ� ��HNa 3sð Þ ΦNa 3sð Þ rð Þ�� � ð10Þ

The total Hamiltonian of the first channel, elastic channel,
(in Rydberg units and frozen core approximation) has the
following form

H ¼ H 1ð Þ ¼ HT−
1

2μM
∇2
x þ V 1ð Þ

int ; ð11Þ

where μM is the reduced mass of first channel and Vint
(1)

denotes the interaction between the incident proton and target
atom, i.e., (see Fig. 1)

V 1ð Þ
int ¼

2

x
−

2

x−rj j þ VcCoul xð Þ; ð12Þ

Where

VcCoul xð Þ ¼ −VcCoul rð Þ r¼xj ; ð13Þ

and the corresponding total energy in the first channel is
determined by:

E ¼ E 1ð Þ ¼ ENa 3sð Þ þ
1

2μM
k21; ð14Þ

1
2μM

k21 is the kinetic energy of the incident proton relative to

target nucleus.
The total Hamiltonian of the second channel, H(2s) forma-

tion, is expressed (in Rydberg units and frozen core approxi-
mation) as:

H ¼ H 2ð Þ ¼ HH 2sð Þ−
1

2μM 0
∇2
σ þ V 2ð Þ

int ; ð15Þ

where μM ′ is the reduced mass of the second channel. Vint
(2)

represents the interaction between the particles of H(2s) and
the rest of the target atom, i.e.,

V 2ð Þ
int ¼

2

x
−
2

r
þ VcCoul xð Þ þ VcCoul rð Þ þ V cex rð Þ; ð16Þ

and the total energy of the second channel is determined by:

E ¼ E 2ð Þ ¼ EH 2sð Þ þ 1

2μM 0
k22; ð17Þ

where 1
2μM 0 k

2
2 is the kinetic energy of the center of mass of

H(2s) with respect to the target nucleus. It is related to the
energy of the incident proton by:

k22
2μM 0

¼ ENa 3sð Þ þ 1

2μM
k21−EH 2sð Þ

� 	
ð18Þ

Fig. 1 x is the position vector of projectile proton with respect to the
center of mass of the target, r is the position vector of the valence electron
of target with respect to center of mass of the target, ρ is the position
vector of projectile proton with respect to the valence electron of the
target, σ is the position vector of the center of mass of H(2s) from the
target, MT is the mass of the target

Braz J Phys (2014) 44:629–637 631



where EH(2s)=−0.25 Ryd is the energy of the first 2s excited

state of H and k22
2μM 0 > 0 means that H(2s) channel is open.

Otherwise, it is closed. Thus, H(2s) formation is only possible
if k1

2>2μM(EH(2s)−ENa(3s)).
The coupled static approximation states that the solution of

the two channel scattering problem under consideration is
subjected to the following conditions [14]:

ΦNa 3sð Þ H−Ej jΨ� � ¼ 0; ð19Þ

ΦH 2sð Þ H−Ej jΨ� � ¼ 0 ð20Þ

where |Ψ〉 is the total wave function describing each scattering
process, i.e.,

Ψj i ¼ ΦNa 3sð Þ rð Þ�� �
ψ1 xð Þj i þ ΦH 2sð Þ ρð Þ�� �

ψ2 σð Þj i ð21Þ

where

ΦH 2sð Þ ¼ 1ffiffiffiffiffiffiffiffi
32π

p 2−ρð Þexp −ρ=2ð Þ ð22Þ

is the ground state wave function of H(2s), ψ1(x) is the wave
function describing the scattered protons, and ψ2(x) is the
scattering wave function of the second channel. Substituting
Eq. (14) and Eq. (21) in Eq. (19), we obtain:

1

2μM
∇2
x þ k21

� �
ψ1j i ¼ U 1ð Þ

st xð Þ ψ1j i þ ΦNa 3sð Þ H 2ð Þ−E 2ð Þ�� ��ΦH 2sð Þψ2

D E
;

ð23Þ

Substituting Eq. (17) and Eq. (21) in Eq. (20), we obtain:

1

2μM 0
∇2
σ þ k22

� �
ψ2j i ¼ U 2ð Þ

st σð Þ ψ2j i þ ΦH 2sð Þ H 1ð Þ−E 1ð Þ�� ��ΦNa 3sð Þψ1

D E
ð24Þ

where Schrödinger’s equations of the target and H(2s) are
employed. The potentials U st

(1)(x) and U st
(2)(σ) are defined by:

U 1ð Þ
st xð Þ ¼ ΦNa 3sð Þ rð Þ V 1ð Þ

int

��� ���ΦNa 3sð Þ rð Þ
D E

ð25Þ

U 2ð Þ
st σð Þ ¼ ΦH 2sð Þ ρð Þ V 2ð Þ

int

��� ���ΦH 2sð Þ ρð Þ
D E

ð26Þ

In order to test the effect of polarization of H(2s), we
switch on the polarization potentials of H(2s) atom, i.e.,

V pol
H(2s)(σ). This can be done by replacing U st

(2)(σ) by a poten-
tial U (2)(σ), such that

U 2ð Þ σð Þ ¼ U 2ð Þ
st σð Þ þ λVH 2sð Þ

pol σð Þ ð27Þ

The parameters λ appearing in Eq. (27) is introduced for
distinguishing the various conditions (models) under which
Eq. (23) and Eq. (24) are solved. Thus, we distinguish the
following cases:

1. λ=0 (model I). This case is identical with the coupled
static approximation, where no polarization effect is taken
into account (we only considered the static potentials
U st

(1)(x) and U st
(2) (σ)).

2. λ=1. This case corresponds (model II) in which the
polarization potential, V pol

H(2s)(σ), of channel 2 is added
to U st

(2)(σ), while the coupled static picture of the system
is considered. V pol

H(2s)(σ), which is added to include all p-
states of n=2, i.e., H(2s+2p), is defined by (see ref.
[14]):

We take

ΦH npð Þ ρð Þ ¼ 8

43

� 	1
2

ρ 1þ ρ
2

� �
e−ρ ð28Þ

V σð Þ ¼ ΦH 2sð Þ ρð Þ� ��V 2ð Þ
int ΦH npð Þ ρð Þ�� � ð29Þ

and

U σð Þ ¼ ΦH npð Þ ρð Þ� ��V 2ð Þ
int ΦH npð Þ ρð Þ�� � ð30Þ

Then,

VH 2sð Þ
pol σð Þ ¼ β σð Þ V σð Þ ð31Þ

where the function β(σ) is calculated as follows: we take ΔE=
EH(2s)−EH*, whereEH(2s)=−0.25 Ryd is the first excited 2s-state
energy of H, EH*=−21/129 Ryd is the binding energy of the
polarized hydrogen, and w=ΔE/V(σ). Also, we consider the
two functions β ± such that β� σð Þ ¼ 1

2 −w� w2 þ 4ð Þ12
n o

:

The adiabatic energy of H(2s) within the field of a unit
positive charge is found to be:

EH 2sð Þ
ad ¼ EH 2sð Þ þ U 2ð Þ

st þ 2 β�� �
V þ EH� þ U½ � β�� �2n o

= 1þ β�� �2h io
ð32Þ
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the correct β for calculating V pol
H(2s)(σ) is that one of β+ and β−

which yields a minimum value for Ead
H(2s).

Using partial wave expansions of the scattering wave func-
tions |ψ1〉 and |ψ2〉 in Eqs. (23) and (24), that solutions is given
(formally) by the Lippmann-Schwinger equation:

ξj i ¼ ξ0j i þ G0 ζj i ð33Þ

where G0 is Green operator (ε−H0)
−1 and |ξ0〉 is solution of

the homogeneous equation:

ε−H0ð Þ ξ0j i ¼ 0j i ð34Þ

The partial wave expansions ofGreen operators corresponding
to the operators in the two differential equations enable us to write
their solutions in integral forms, that can be solved by iterative
numerical technique. Then, we obtain the reactance matrix Rν,
that is related to the transition matrix T ν by (see Appendix):

Tυ ¼ Rυ I−eiR� �−1
ð35Þ

where ν is order of iteration, I is a 2×2 unit matrix, andei ¼ ffiffiffiffiffiffi
−1

p
. The partial cross-sections obtained by the interative

way are determined (in πa0
2 units) using the relation:

σ ℓ ;vð Þ
ij ¼ 4 2 ℓ þ 1ð Þ

k21
Tv
ij

��� ���2; i ¼ 1; 2 ð36Þ

Finally, the total cross-sections (in πa0
2 units) are expressed

(in υth iteration) by:

συ
ij ¼

X∞
ℓ ¼0

σ ℓ ;υð Þ
ij ; i; j ¼ 1; 2 v > 0 ð37Þ

3 Results and Discussion

We start our investigation by testing the variation of the static
potential of the first channel, Ust

(1)(x), and the modified poten-
tial, U (2)(σ) of the second channel, with increase of x and σ,
respectively. Values of x and σ have been chosen such that
x ¼ σ ¼ 1

16 ;
2
16 ;

3
16 ; ::::::::;

512
16 where h ¼ 1

16 is the mesh

size (or Simpson’s step) employed for calculating inte-
grals appearing in integral equations using Simpson’s
rule. Calculation of cross-sections of proton–sodium (p−
Na) scattering has been proceeded by investigating varia-
tion of elements of Rν with increase of integration range
(IR) and the number of iterations. We have fixed h at 1

16

and have obtained all the results presented below with

512 mesh points (i.e., IR=32 a0). It is found that excellent
convergence can be obtained with υ=50. This demon-
strates the stability of our iterative method. Final calcula-
tions have been carried out for seven partial waves corre-
sponding to 0 ≤ ℓ ≤ 6 at values of k1

2 representing the
kinetic energy region (10≤k12≤1000 keV).

To discuss the results of the present work for the partial and
total cross-sections at the considered energies, Figs. 2, 3, 4,
and 5 present the partial and total elastic and H(2s) formation
cross-sections of models I and II at range of incident energy
given by (k1

2≤250 keV) for seven values of the total angular

Fig. 2 Present partial and total elastic cross-sections (in π a0
2) of p-Na

scattering (model I) for the angular momentum ℓ :─── ℓ =0, · · · ℓ =1,
─ · ─ · ─ ℓ =2, ─··─··─ ℓ =3, - - - - ℓ =4,……….. ℓ =5, −·−·− ℓ =6,
─── total

Fig. 3 Present partial and total elastic cross-sections (in (π a0
2)) of p-Na

scattering (model II) for the angular momentum ℓ :─── ℓ =0, · · · ℓ =1,
─ ·─ ·─ ℓ =2,─··─··─ ℓ =3, - - - - ℓ =4,……….. ℓ =5, −·−·− ℓ =6,
─── total

Braz J Phys (2014) 44:629–637 633



momentum ℓ (0≤ ℓ≤ 6). The figures indicate that the main
contributions to the total elastic and H(2s) formation cross-
sections of models I and II are due to the S and P partial cross-
sections. The values of the cross sections for the two models
decrease steadily with k1

2 and the seven partial waves
employed are quite satisfactory for calculating them. The
seven partial waves employed are quite satisfactory for calcu-
lating the present values of the total cross-sections. The total
elastic cross-sections σ11 of model II (inclusion of Vpol

H(2s)(σ))
are slightly larger than those of model I (neglecting polariza-
tion effect). The most interesting results are presented in
Table 1 for the range of energy between 10 and 1000 keV.

and showed in Fig. 6 for the incident energy between 10 and
200 keV, where we find a comparison between total H(2s)
formation cross-sections (in π a0

2) determined by different
authors using different approaches. In columns 2 and 3 of
Table 1, we show the present total H(2s) formation cross-
sections for the two models. Column 4 gives the values of
H(2s) formation total cross-sections obtained by Choudhury
and Sural [7] using the wave formulation of the impulse
approximation to the case of electron capture into excited 2s
state of hydrogen in collisions between protons and sodium
atom. The next column contains total cross-sections of the
formation of the H atom in the 2s excited state of proton–

Table 1 Present total H(2s) cross sections formation (σ12 in π a0
2) of p-Na

scattering (two Models)) with compared theoretical results ([7] and [8])

k1
2

keV
σ12
Model I

σ12
Model II

σ12
[7]

σ12
[8]

10 4.9911E-03 6.5438E-03

20 3.8993E-03 5.1124E-03

30 3.0463E-03 4.0306E-03

40 2.3799E-03 3.0967E-03

50 1.8593E-03 2.4045E-03 1.16E-03 5.269E-03

60 1.3387E-03 1.7048E-03

70 9.6385E-04 1.2263E-03

80 6.9399E-04 8.7213E-04

100 3.5976E-04 4.5126E-04 8.27E-05 4.912E-03

150 6.9611E-05 9.0718E-05 2.41E-05 1.827E-03

200 1.5509E-05 1.9798E-05 1.03E-05 5.206E-04

250 2.6062E-06 3.3269E-06

300 1.7914E-06 2.3226E-06

500 4.8091E-07 6.1669E-07 2.91E-07 6.022E-07

800 2.5552E-07 3.2618E-07 1.029E-07

1000 2.3988E-08 3.0735E-08 1.105E-08

Fig. 6 Present total H(2s) formation cross-sections (σ12 in π a0
2) of p-Na

scattering (model II) with compared theoretical results ([7] and [8])

Fig. 5 Present partial and total H(2s) formation cross-sections (in π a0
2) of p-

Na scattering (model II) for the angularmomentum ℓ :─── ℓ =0, · · · ℓ =1,
─ · ─ · ─ ℓ =2, ─··─··─ ℓ =3, - - - - ℓ =4, ……….. ℓ =5, −·−·− ℓ =6,
─── total

Fig. 4 Present partial and total H(2s) formation cross-sections (in π a0
2) of

p-Na scattering (model I) for the angular momentum ℓ : ─ ─ ─ ℓ =0,
· · · ℓ =1, ─ · ─ · ─ ℓ =2, ─ ··─ ··─ ℓ =3, - - - - ℓ =4, ………..
ℓ =5, − ·− ·− ℓ =6, ─── total

634 Braz J Phys (2014) 44:629–637



sodium scattering by using the Coulomb-projected Born
(CPB) approximation given by Tiwari [8]. The present values
of the total H(2s) cross-sections for the twomodels are in good
agreement with those of Choudhury and Sural [7] for energies
between 50 and 200 keV and lower than those of Tiwari
[8] for 10≤k12≤150 keV. Our total H(2s) cross-sections
for the two models at 200 keV are in good agreement
with those of Tiwari [8]. The reason for the difference
lies in the different approximation used for the scatter-
ing wave function and in taking polarization potential of
H(2s) in our calculations that are neglected in the com-
pared results. Before leaving this section, it is important
to mention that further improvements upon the present
total collisional cross-sections can be also obtained by
taking the excitation 2p-channel of hydrogen formation
into account (which is now under consideration by the
author). We notice that Vpol

H(2s)(σ) has positive influence
upon total cross-sections σ12 in the considered range of
incident energy.

4 Conclusions

Proton–sodium inelastic scattering is studied using the
coupled static approximation. Our interest is focused on
the influence of the polarization potential of the H(2s)
formation channel. The switching on Vpol

H(2s)(σ) has positive
influence upon total elastic and hydrogen (2s-state) forma-
tion cross-sections. The present calculations show reason-
able agreement with available theoretical calculations in a
wide range of energies.

Acknowledgments We are greatly indebted to Prof. M. A. Abdel-
Raouf for his interest in this work and useful discussions.

Appendix

Our main goal in this appendix is to calculate the reactance
matrix R.

Let us consider the partial wave expansions of the scatter-
ing wave functions |ψ1〉 and |ψ2〉, i.e.,

ψ1 ¼
1

x

X
2 ℓ þ 1ð Þi ℓ f ℓ xð ÞY ℓ

0 bx� � ð1Þ

ψ2 ¼
1

σ

X
2 ℓ þ 1ð Þi ℓ g ℓ σð ÞY ℓ

0 bσ� � ð2Þ

where fℓ (x) and gℓ (x) are the radial partial wave functions
corresponding to the total angular momentum ℓ of the first and

second channels, respectively, Y 0
ℓ bxð Þ and Y 0

ℓ bσð Þ are the
related spherical harmonics, bx and bσ are the angles between
the vectors x and σ , and the z-axis.

Substitution from Eqs. (1) and (2) into Eqs. (23) and (24),
we obtain for each value of ℓ, following the coupled integro-
differential equations:

d2

dx2
−

ℓ ℓ þ 1ð Þ
x2

þ k21

� 

f ℓ xð Þ ¼ 2μMU

1ð Þ
st xð Þ f ℓ xð Þ

þ
Z
0

∞

K12 x;σð Þg ℓ σð Þdσ
ð3Þ

And

d2

dσ2
−
ℓ ℓ þ 1ð Þ

σ2
þ k22

� 

g ℓ σð Þ ¼ 2μM 0U

2ð Þ
st σð Þg ℓ σð Þ

þ
Z
0

∞

K21 x;σð Þ f ℓ xð Þdx
ð4Þ

where the Kernels K12 and K21 are expanded by:

K12 x;σð Þ ¼ 2μM 8σxð Þ∬ΦNa 3sð Þ rð ÞΦH 2sð Þ ρð Þ

−
1

2μM 0
∇2
σ þ k22

� �þ V 2ð Þ
int

� 

Y ℓ

o bx� �Y ℓ
o bσ� �d bx d bσ ð5Þ

and

K21 x;σð Þ ¼ 2μM 0 8σxð Þ∬ΦNa 3sð Þ rð ÞΦH 2sð Þ ρð Þ

−
1

2μM
∇2
x þ k21

� �þ V 1ð Þ
int

� 

Y ℓ

o bx� �Y ℓ
o bσ� �d bx d bσ ð6Þ

The number 8 appearing in the preceding equations refers
to the Jacobians of the transformations ∫dr→8∫dσand ∫dρ→
8∫dx.

Let us now rewrite Eqs. (3) and (4) as:

d2

dx2
−

ℓ ℓ þ 1ð Þ
x2

þ k21

� 

f ℓ xð Þ ¼ 2μMU

1ð Þ
st xð Þ f ℓ xð Þ þ Q1 xð Þ

ð7Þ
and

d2

dσ2
−

ℓ ℓ þ 1ð Þ
σ2 þ k22

� 

g ℓ σð Þ ¼ 2μM 0U

2ð Þ
st σð Þg ℓ σð Þ þ Q2 σð Þ

ð8Þ
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where

Q1 xð Þ ¼
Z
0

∞

K12 x;σð Þg ℓ σð Þdσ ð9Þ

and

Q2 σð Þ ¼
Z
0

∞

K21 x;σð Þ f ℓ xð Þdx ð10Þ

The solutions of Eqs.(7) and (8) are given formally (using
Lippmann-Schwinger equation) by:

f ið Þ
l xð Þ ¼ δi1 þ 1

k1
∫
∞

0
g~ℓ k1x

0ð Þ 2μMU
1ð Þ
st x0ð Þ f ið Þ

ℓ x0ð Þ þ Q ið Þ
1 x0ð Þ

h i
dx0

� �
1

f̃
ℓ
k1xð Þ

þ −
1

k1
∫
∞

0
f̃ ℓ k1x

0ð Þ 2μMU
1ð Þ
st x0ð Þ f ið Þ

ℓ x0ð Þ þ Q ið Þ
1 x0ð Þ

h i
dx0

� �
2

g̃ ℓ k1xð Þ i¼1; 2

(11)

and

g ið Þ
l σð Þ ¼ δi1 þ 1

k2
∫
∞

0
g̃ℓ k2σ

0ð Þ 2μM 0U
2ð Þ
st σ0ð Þg ℓ

ið Þ σ0ð Þ þ Q ið Þ
2 σ0ð Þ

h i
dσ0

� �
3

f̃ ℓ k2σð Þ

þ −
1

k2
∫
∞

0
f̃ ℓ k2σ

0ð Þ 2μM 0U
2ð Þ
st σ0ð Þg ℓ

ið Þ σ0ð Þ þ Q ið Þ
2 σ0ð Þ

h i
dσ0

� �
4

g̃ ℓ k2σð Þ i ¼ 1; 2

(12)

where the delta functions δij, i,j=1,2, specify two independent
forms of solutions for each of fℓ (x) and gℓ (x) in channels i=
1 and 2, according to the channel considered. Thus, if i=1, the
first element in the {} bracket of fℓ (x), for example, will be 1
defining the first form of solution. For i=2, this element will

be 0, defining the second form. The functions ef ℓ μð Þ and ef ℓ
μð Þ and μ=k1x or k2σ are related to the Bessel functions of the
first and second channels, i.e., jℓ (μ) and yℓ (μ), respectively,

by the relations ef ℓ μð Þ ¼ μ jℓ μð Þ and eg ℓ μð Þ ¼ −μyℓ μð Þ .
It is obvious from Eqs. (11) and (12) that the solutions can

be only found iteratively and the ν th iteration are calculated
by :

f i;vð Þ
ℓ xð Þ ¼ δi1 þ 1

k1
∫
0

X

g̃ ℓ k1x
0ð Þ 2μMU

1ð Þ
st x0ð Þ f i;vð Þ

ℓ x0ð Þ þ Q i;v−1ð Þ
1 x0ð Þ

h i
dx0

( )
1

f̃ ℓ k1xð Þ

þ −
1

k1
∫
0

X

f̃ ℓ k1x
0ð Þ 2μMU

1ð Þ
st x0ð Þ f i;vð Þ

ℓ x0ð Þ þ Q i;v−1ð Þ
1 x0ð Þ

h i
dx0

( )
2

g̃ ℓ k1xð Þ

i ¼ 1; 2; v≥1

(13)

and

g i;vð Þ
ℓ σð Þ ¼ δi1 þ 1

k2
∫
∑

0
g̃ℓ k2σ

0ð Þ 2μM 0U
2ð Þ
st σ0ð Þg i;vð Þ

ℓ σ0ð Þ þ Q i;vð Þ
2 σ0ð Þ

h i
dσ0

8<:
9=;

3

f̃ ℓ k2σð Þ

þ −
1

k2
∫
∑

0
f̃ ℓ k2σ

0ð Þ 2μM 0U
2ð Þ
st σ0ð Þg ℓ

i;vð Þ σ0ð Þ þ Q i;vð Þ
2 σ0ð Þ

h i
dσ0

8<:
9=;

4

g̃ℓ k2σð Þ

i ¼ 1; 2; v≥1

(14)

The zeroth iteration of fℓ
(i,0)(x) is obtained by:

f i;0ð Þ
ℓ xð Þ ¼ δi1 þ 1

k1
∫
0

X

g̃ ℓ k1x
0

� �
2μMU

1ð Þ
st x

0
� �

f i;0ð Þ
ℓ x

0
� �h i

dx
0

( )
1

f̃ ℓ k1xð Þ

þ −
1

k1
∫
0

X

f̃ ℓ k1 x
0

� �
2μMU

1ð Þ
st x

0
� �

f i;0ð Þ
ℓ x

0
� �h i

dx
0

( )
2

g̃ ℓ k1xð Þ

i ¼ 1; 2

ð15Þ

where X and ∑ specify the integration range (IR) away
from the nucleus over which the integrals at Eqs.(13)–(15)
are calculated using Simpson’s expansions. The functions
Q1
(i,ν−1)(x ′) and Q2

(i,ν)(σ ′), in Eqs.(13) and (14), are now
defined by:

Q i;ν−1ð Þ
1 x0ð Þ ¼

Z
0

P
K12 x0;σð Þg ℓ

i;ν−1ð Þ σ0ð Þ dσ0⋅ ν≥1 ð16Þ

Q i;νð Þ
2 σ0ð Þ ¼

Z
0

X

K21 x;σ0ð Þ f ℓ i;νð Þ xð Þdx; ν≥0 ð17Þ

Thus, the iteration process starts by calculating by
f ℓ
(i,υ)(x), i=1,2 using Eq. (13) and introducing its values into

Eq. (17) in order to find Q 2
(i,0)(σ ′) which can be used in the

right-hand side of Eq. (14) for obtaining g ℓ
(i,0)(σ). The values

of the last quantity can be introduced into Eq. (17) in order to
calculate Q 1

(i,0)(x ′) which may be employed in Eq.(13) for
determining Q ℓ

(i,1)(x). This iteration process can be repeated
as many times as we need, and the judge of its quantity is the
stationary variation of the elements of the reactance matrix Rij

v

where ν increase (note that f ℓ
(i,v)(0)=gℓ

(i,v)(0)=0). In order to
find the starting value of f ℓ

(i,0)(x), we consider the Taylor

expansion of U 1ð Þ
st xð Þ; ef ℓ k1xð Þ and egℓ k1xð Þ around the

origin. For further information about the numerical techniques
employed in this paper, see ref. [14].
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Eqs. (13) and (14) can be abbreviated to:

f ℓ
i;υð Þ xð Þ ¼ a i;υð Þ

1
ef ℓ k1xð Þ þ b i;υð Þ

1 eg ℓ k1xð Þ; i ¼ 1; 2 ð18Þ

g ℓ
i;υð Þ σð Þ ¼ a i;υð Þ

2
ef l k2σð Þ þ b i;υð Þ

2 egl k2σð Þ; i ¼ 1; 2 ð19Þ

where

a i;υð Þ
1 ¼ fg1; b i;υð Þ

1 ¼ fg2; a i;υð Þ
2 ¼ fg3; b i;υð Þ

2 ¼ fg4

The coefficients at Eqs. (16) and (17) are elements of the
following matrices:

aυ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2μM=k1

p
a 1;υð Þ
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2μM=k1

p
a 2;υð Þ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2μM 0=k2
p

a 1;υð Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2μM 0=k2

p
a 2;υð Þ
2

 !
and

bυ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2μM=k1

p
b 1;υð Þ
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2μM=k1

p
b 2;υð Þ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2μM 0=k2
p

b 1;υð Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2μM 0=k2

p
b 2;υð Þ
2

 !
ð20Þ

which are connected with the reactance matrix, Rυ,
through the relation:

Rυ ¼ bυ aυð Þ−1: ð21Þ

References

1. M.A. Abdel-Raouf, S.A. Elkilany, Int. J. Pure and Appl. Phys. 5(2),
93 (2009)

2. K. E Banyard, G. W. Shirtcliffe, J. Phys. B: atom. Mol. Phys. 12(19),
3247 (1979)

3. G. Ferrante, E. Fiordilino, M. Zarcone, IL Nuovo Cimento 52B(2),
151 (1979)

4. R. Daniele, G. Ferrante, E. Fiordilino, IL Nuovo Cimento 54B(1),
185 (1979)

5. G. Ferrante, E. Fiordilino, IL Nuovo Cimento 57B, 1 (1980)
6. W. Fritsch, C.D. Lin, J. Phys. B: at. Mol. Phys. 16, 1595 (1983)
7. K.B. Choudhury, D.P. Sural, J. Phys. B: at.Mol. Phys. 25, 853 (1992)
8. Y.N. Tiwari, Pramana-journal of physics 70(4), 753 (2008)
9. S. A. Elkilany, M. A. Abdel-Raouf, Journal Phys B 388, Article ID

072030 (2012)
10. S.A. Elkilany, Indian. J. Phys. 88(1), 19 (2014)
11. S.A. Elkilany, J. Theor. Chem. 2014, 1 (2014)
12. M A Abdel-Raouf J. Phys. B: At. Mol. Opt. Phys. 21 2331 (1988)
13. E. Clementi, C. Roetti, Atomic Data Nuclear Data Tables 14(3–4), 177

(1974)
14. M.A. Abdel-Raouf, Acta Phys. Hung. 63(1–2), 21–50 (1988)

Braz J Phys (2014) 44:629–637 637


