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Abstract A rigorous theoretical investigation has been
made to study the existence and basic features of the
ion-acoustic (IA) shock structures in an unmagnetized, col-
lisionless multi-ion plasma system (containing degenerate
electron fluids, inertial positively as well as negatively
charged ions, and arbitrarily charged static heavy ions).
This investigation is valid for both non-relativistic and ultra-
relativistic limits. The reductive perturbation technique has
been employed to derive the modified Burgers equation.
The solution of this equation has been numerically exam-
ined to study the basic properties of shock structures. The
basic features (speed, amplitude, width, etc.) of these elec-
trostatic shock structures have been briefly discussed. The
basic properties of the IA shock waves are found to be
significantly modified by the effects of arbitrarily charged
static heavy ions and the plasma particle number densities.
The implications of our results in space and interstellar com-
pact objects like white dwarfs, neutron stars, black holes,
and so on have been briefly discussed.

Keywords Shock waves · Degenerate pressure ·
Nonplanar geometry · Relativity · Compact objects

1 Introduction

Plasma is found almost everywhere throughout the uni-
verse. Its appearance varies from diffuse interstellar clouds
through stellar coronas to dense interiors of stars. They all
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have one thing in common: the matter is (partially) ionized.
Generally, multi-ion plasma system is a system containing
more than one types of ions and has a great importance
to various fields of plasmas science and technology. The
presence of the negative ions in the Earth’s ionosphere [1]
and coma of comet Halley [2] is well known. In differ-
ent situations, (viz. plasma processing reactors, [3] neutral
beam sources, [4] low-temperature laboratory experiments,
[5] etc.) the existence of positive–negative ion plasmas has
also been found.

Nowadays, relativistic degeneracy of plasmas has
received a great attention because of their vital role in
different astrophysical environments [6–8], where particle
velocities become comparable to the speed of light. Astro-
physical compact objects such as white dwarfs, neutron
stars, quasars, black holes, pulsars, and so on are exam-
ples where relativistic degenerate plasmas are dominant and
interesting new phenomena are investigated by several non-
linear effects in such plasmas. In case of such a compact
object, the degenerate electron number density is very high
(in white dwarfs it can be of the order of 1030 cm−3,
even more [6, 9]). For such interstellar compact objects, the
equation of state for degenerate ions and electrons is math-
ematically explained by Chandrasekhar [10] for two limits,
named as non-relativistic and ultra-relativistic limits. Chan-
drasekhar [10, 11] presented a general expression for the
relativistic ion and electron pressures in his classical papers.
The pressure for ion fluid can be given by the following
equation

Pi = Kin
α
i , (1)

where

α = 5

3
Ki = 3

5

(π

3

) 1
3 π�2

m
� 3

5
Λc�c, (2)
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for the non-relativistic limit (where Λc = π�/mc = 1.2 ×
10−10cm, and � is the Planck constant divided by 2π ).
While for the electron fluid,

Pe = Ken
γ
e , (3)

where

γ = α; Ke = Ki (4)

for non − relativistic limit and

γ = 4

3
; Ke = 3

4

(
π2

9

) 1
3

�c � 3

4
�c, (5)

in the ultra-relativistic limit [10–15].
In present days, a large number of authors [14–27] have

used the pressure laws (1) and (3) to investigate the linear
and nonlinear properties of electrostatic and electromag-
netic waves, by using the non-relativistic quantum hydro-
dynamic (QHD) [16] and quantum-magnetohydrodynamic
(Q-MHD) [19] models and by assuming either immobile
ions or non-degenerate uncorrelated mobile ions. Mamun
and Shukla [28] considered a quantum plasma with non-
relativistic and ultra-relativistic degenerate electron fluids
and strongly coupled degenerate ion fluids and rigorously
investigated the salient features of shock waves. Eliasson
and Shukla [29] also considered a super-dense quantum
plasma composed of relativistically degenerate electrons
and fully ionized ions and studied the formation of elec-
trostatic shock structures. Since, the dense astrophysical
quantum plasmas can be confined by stationary heavy ions.
Therefore, the effect of the heavy ions has to be taken into
account, especially for astrophysical observations (such as
white dwarfs, neutron stars, black holes, etc) where the
degenerate plasma pressure, nonplanar geometry, and arbi-
trarily charged heavy ions play an important role in the
formation and stability of the existing waves. More recently,
Zobaer et al. [7, 30–32] considered an unmagnetized dusty
plasma consisting of degenerate electron and ion fluids, and
negatively charged static dust grains, and studied the basic
features of shock waves. However, most of these works
are limited to one-dimensional (planar) geometry, and they
did not consider the effects of arbitrarily charged heavy
ions, which may not be a realistic situation in space and
laboratory devices, since the waves observed in space (lab-
oratory devices) are certainly not infinite (unbound) in one
dimension, and there is the possibility of having arbitrar-
ily (positive/negative) charged static heavy ions. There are
numerous cases of practical importance where planar geom-
etry does not work and one would have to consider a nonpla-
nar geometry. In this regard, capsule implosion (spherical
geometry), shock tube (cylindrical geometry), white dwarfs,
neutron star, and black hole are some well known exam-
ples where nonplanar geometry plays a vital role. Still
now, no theoretical investigation has been made for both

non-relativistic limit and ultra relativistic limit, and arbitrar-
ily charged heavy ions in a cylindrical and spherical geom-
etry. Therefore, in our present work, we attempt to study
the basic features of nonplanar IA shock waves by deriving
the modified Burgers equation in a multi-ion plasma system
containing degenerate electron and ion fluids, and arbitrarily
charged static heavy ions.

2 Governing Equations

We consider the propagation of an electrostatic perturbation
mode in a degenerate dense multi-ion plasma system con-
taining both non-relativistic and ultra-relativistic degenerate
electrons, non-relativistic degenerate inertial ions having
both positive and negative ions, and arbitrarily charged
static heavy ions. Thus, at equilibrium, we have Zpnp0 +
jZhnh0 = ne0 + Znnn0. We also consider the number den-
sity of positive and negative ions is equal at equilibrium, i.e.,
np0 = nn0. The dynamics of the electrostatic waves propa-
gating in such plasma system are governed by the following
normalized equations

∂ns

∂t
+ 1

rν

∂

∂r
(rνnsus) = 0, (6)

∂up

∂t
+ up

∂up

∂r
+ ∂φ

∂r
+ K1

np

∂np
α

∂r

− η

rν

∂

∂r

(
rν ∂up

∂r

)
= 0, (7)

∂un

∂t
+ un

∂un

∂r
− β

∂φ

∂r
+ K1

nn

∂nn
α

∂r

− η

rν

∂

∂r

(
rν ∂un

∂r

)
= 0, (8)

ne

∂φ

∂r
− K2

∂n
γ
e

∂r
= 0, (9)

1

rν

∂

∂r

(
rν ∂φ

∂r

)
= −ρ, (10)

ρ = np − (1 + jμ − αn)ne − (1 + jμ − αe)nn, (11)

where ν = 0 for one dimensional planar geometry, and
ν = 1 (2) for nonplanar cylindrical (spherical) geometry; ns

(s = p, n) is the plasma species number density normalized
by its equilibrium value ns0, us is the plasma species ion

fluid speed normalized by Cpm = (
mec

2/Zpmp

)1/2
with

me

(
mp

)
being the electron (plasma ion species) rest mass

and c being the speed of light in vacuum, φ is the electro-
static wave potential normalized by mec

2/e with e being the
magnitude of the charge of an electron, the time variable (t)

is normalized by ωpm = (
4πe2np0/mp

)1/2
, and the space

variable (r) is normalized by λm = (
mec

2/4πe2np0
)1/2

,
β

(= Znmp/Zpmn

)
is the ratio of negative and positive

ion masses multiplied by their charge per ion, Zs (where



640 Braz J Phys (2014) 44:638–644

s = p, n), αe

(= ne0/Zpnp0
)

is the ratio of the number
density of electron and positive ion multiplied by charge
per positive ion Zp, αn

(= Znnn0/Zpnp0
)

is the ratio of
the number density of negative and positive ions multi-
plied by their charge per ion, Zs , and μ

(= Zhnh0/Zpnp0
)

is the ratio of the number density of heavy ions and posi-
tive ions multiplied by their charge per ion

(
Zh/Zp

)
. When

j = +1(−1), the heavy ions act as positively (negatively)
charged in this degenerate plasma system. We have defined
K1 = nα−1

p0 Ki/mec
2 and K2 = n

γ−1
e0 Ke/mec

2.

3 Derivation of Modified Burgers Equation

Now, we derive modified Burgers equation by employing
the reductive perturbation technique in order to examine the
characteristics of the electrostatic shock waves propagat-
ing in a dense plasma system. We introduce the stretched
coordinates [33] as follows:

ξ = −ε
(
r + Vpt

)
, (12)

τ = ε2t, (13)

where Vp is the wave phase speed (ω/k with ω being
angular frequency and k being the wave number of the per-
turbation mode), and ε is a smallness parameter measuring
the weakness of the dissipation (0 < ε < 1). We then
expand ns , ne, us , and φ, in power series of ε:

ns = 1 + εn(1)
s + ε2n(2)

s + · · ·, (14)

ne = 1 + εn(1)
e + ε2n(2)

e + · · ·, (15)

us = εu(1)
s + ε2u(2)

s + · · ·, (16)

φ = εφ(1) + ε2φ(2) + · · ·, (17)

ρ = ερ(1) + ε2ρ(2) + · · ·, (18)

and develop equations in various powers of ε. To the low-
est order in ε, (6–11) give u

(1)
s = −Vpn

(1)
s , n

(1)
p =

φ(1)/
(
V 2

p − K ′
1

)
, n

(1)
n = −βφ(1)/

(
V 2

p − K ′
1

)
, n

(1)
e =

φ(1)/K ′
2, and Vp =

√
K ′

2{1+β(1+jμ−αe)}
1+jμ−αn

+ K ′
1 where

K ′
1 = αK1 and K ′

2 = γK2. The relation Vp =√
K ′

2{1+β(1+jμ−αe)}
1+jμ−αn

+ K ′
1 represents the dispersion relation

for the ion-acoustic type electrostatic waves in the degener-
ate multi-ion plasma under consideration.

We are interested in studying the nonlinear propagation
of these dissipative ion-acoustic type electrostatic waves in

a degenerate multi-ion plasma. To the next higher order in
ε, we obtain a set of equations

∂n
(1)
s

∂τ
− Vp

∂n
(2)
s

∂ξ
− ∂

∂ξ

[
u(2)

s + n(1)
s u(1)

s

]
− νu

(1)
s

Vpτ
= 0,

∂u
(1)
p

∂τ
− Vp

∂u
(2)
p

∂ξ
− u(1)

p

∂u
(1)
p

∂ξ
− ∂φ(2)

∂ξ
(19)

−K ′
1

∂

∂ξ

[
n(2)

p + (α − 2)

2

(
n(1)

p

)2
]

− η
∂2u

(1)
p

∂ξ2
= 0,

∂u
(1)
n

∂τ
− Vp

∂u
(2)
n

∂ξ
− u(1)

n

∂u
(1)
i

∂ξ
+ β

∂φ(2)

∂ξ
(20)

−K ′
1

∂

∂ξ

[
n(2)

n + (α − 2)

2

(
n(1)

n

)2
]

− η
∂2u

(1)
n

∂ξ2
= 0, (21)

∂φ(2)

∂ξ
− K ′

2
∂

∂ξ

[
n(2)

e + (γ − 2)

2

(
n(1)

e

)2
]

= 0, (22)

(1 + jμ − αn) n(2)
e − n(2)

p + (1 + jμ − αe) n(2)
n = 0. (23)

Now, combining (19–23), we deduce a modified Burgers
equation

∂φ(1)

∂τ
+ Aφ(1) ∂φ(1)

∂ξ
+ νφ(1)

2τ
= B

∂2φ(1)

∂ξ2
, (24)

where

A =
(
V 2

p − K ′
1

)2

2Vp {1 + (1 + jμ − αe)}β

⎡
⎢⎣

3V 2
p + K ′

1(α − 2)
(
V 2

p − K ′
1

)3

+ (γ − 2)(1 + jμ − αn)β
2

K ′
2

2

−
(1 + jμ − αe)

{
3V 2

pβ2 + K ′
1(α − 2)β2

}

(
V 2

p − K ′
1

)3

⎤
⎥⎦ (25)

B = η

2
. (26)
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Fig. 1 Showing the variation of amplitude of IA shock waves in the
presence of arbitrarily charged static heavy ions for u0 = 0.01, αe =
0.4, αn = 0.3, and β = 0.2
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0.80
V
p

Fig. 2 (Color online) Showing the effects of μ on the phase velocity
of IA shock waves for u0 = 0.01, αe = 0.4, αn = 0.3, β = 0.2, and
j = +1

4 Numerical Analysis and Results

We have numerically solved (24) and studied the effects of
cylindrical (ν = 1) and spherical (ν = 2) geometries on
time dependent IA shock waves. An exact analytic solution
of (24) is not possible. However, for clear understanding, we
first briefly discuss about the stationary shock wave solution
for (24) with ν = 0. We should note that for large value of

τ , the term νφ(1)

2τ
is negligible. So, in our numerical analysis,

we start with a large value of τ (viz. τ = −14), and at this
large (negative) value of τ , we choose the stationary shock

wave solution of (24) [without the term νφ(1)

2τ
] as our initial

pulse. The stationary shock wave solution of standard Burg-
ers equation is obtained by considering a frame ξ = ζ −u0τ

(moving with speed u0) and the solution is

φ(1)
(ν = 0) = φ(1)

m

[
1 − tanh

(
ξ

δ

)]
, (27)

where φ
(1)
m = u0/A and δ = 2B/u0.

j 1; 5 3

j 1; 5 3; 4 3

0.2 0.3 0.4 0.5 0.6

0.8

1.0

1.2

1.4

1.6

1.8

V
p

Fig. 3 (Color online) Showing the effects of μ on the phase velocity
of IA shock waves for u0 = 0.01, αe = 0.4, αn = 0.3, β = 0.2, and
j = −1

j 1, 5 3; 4 3

j 1; 5 3

j 1; 5 3

j 1; 5 3; 4 3

0.2 0.4 0.6 0.8

0.000

0.001

0.002

0.003

0.004

Fig. 4 (Color online) Showing the effects of η on IA shock waves for
u0 = 0.01, αe = 0.4, αn = 0.3, β = 0.2, and ξ=+25

Shock waves often arise in nature due to the balance
between wave-breaking nonlinearity and wave-damping
dissipative forces [34]. The profiles are displayed in Figs.
6–13, which show how the effects of cylindrical (ν=1) and
spherical (ν=2) geometries modify the time dependent IA
shock structures. We have considered u0 = 0.01 for our
numerical analysis of IA waves for the plasma system under
investigation here. We have considered that the values of β,
αe, αn are 0.2, 0.4, 0.3, respectively [35, 36]. We first graph-
ically represented the effects of arbitrarily charged static
heavy ions and the degenerate plasma pressure on the ampli-
tude of IA shock waves (see Fig. 1). Then, we graphically
represented the effects of μ on the phase speed of IA waves
(shown in Figs. 2 and 3). The variation of the amplitude with
the dissipative parameter, i.e., the coefficient of viscosity
(η) is shown in Figs. 4 and 5. It is notable that, if we com-
pare the non-relativistic (both electrons and ions are non-
relativistic degenerate) and ultra-relativistic case (electrons
are ultra-relativistic degenerate and ions are non-relativistic
degenerate) for IA waves, one cylindrical and one spherical

j 1; 5 3; 4 3

j 1; 5 3

j 1; 5 3

j 1; 5 3; 4 3

0.2 0.4 0.6 0.8

0.002

0.004

0.006

0.008

0.010

0.012

Fig. 5 (Color online) Showing the effects of η on IA shock waves for
u0 = 0.01, αe = 0.4, αn = 0.3, β = 0.2, and ξ=-25
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ξ
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8

6

τ

0.000

0.002

0.004

0.006

φ 1

Fig. 6 (Color online) Effects of cylindrical geometry on IA shock
waves in the presence of static heavy ions when both electrons and
ions are non-relativistic degenerate for u0 = 0.01, μ = 0.45, η = 0.3,
j = +1, α = γ = 5

3 , αe = 0.4, αn = 0.3, β = 0.2

shock structure will be found for every case (see Figs. 6, 7, 8
9, 10, 11, 12 and 13). Finally, the results that we have found
in this investigation can be summarized as follows:

1. The basic properties (speed, amplitude, and width) of
the IA shock waves are found to be significantly mod-
ified due to the presence of arbitrarily charged static
heavy ions.

2. The amplitude of the IA shock waves significantly
differ with the polarity of heavy ions and relativistic
parameters. It is found from Fig. 1 that the amplitude
of IA wave is always higher (lower) for negatively

100

50

0

50

100

ξ

14

12

10

8

6

τ

0.000

0.005

0.010

φ 1

Fig. 7 (Color online) Effects of spherical geometry on IA shock
waves in the presence of static heavy ions when both electrons and
ions are non-relativistic degenerate for u0 = 0.01, μ = 0.45, η = 0.3,
j = +1, α = γ = 5

3 , αe = 0.4, αn = 0.3, β = 0.2
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0.015φ 1

Fig. 8 (Color online) Effects of cylindrical geometry on IA shock
waves in the presence of static heavy ions when both electrons and
ions are non-relativistic degenerate for u0 = 0.01, μ = 0.45, η = 0.3,
j = −1, α = γ = 5

3 , αe = 0.4, αn = 0.3, and β = 0.2

(positively) charged static heavy ions, for both non-
relativistic and ultra-relativistic limits. For negatively
(positively) charged heavy ions, we can say that the
amplitude is higher (lower) for ultra-relativistic case
than for non-relativistic case. It is also valid for all other
cylindrical and spherical graphs of IA shock waves (see
Figs. 6–13).

3. We can compare the effects of μ on the phase speed of
IA waves (see Figs. 2–3) for arbitrarily charged static
heavy ions. For negatively (positively) charged heavy
ions, the phase speed increases (decreases) with the
increase of the value of μ.
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0.03φ 1

Fig. 9 (Color online) Effects of spherical geometry on IA shock
waves in the presence of static heavy ions when both electrons and
ions are non-relativistic degenerate for u0 = 0.01, μ = 0.45, η = 0.3,
j = −1, α = γ = 5

3 , αe = 0.4, αn = 0.3, and β = 0.2
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Fig. 10 (Color online) Effects of cylindrical geometry on IA shock
waves in the presence of static heavy ions when ions are non-
relativistic degenerate and electrons are ultra relativistic degenerate for
u0 = 0.01, μ = 0.45, η = 0.3, j = +1, α = 5

3 , γ = 4
3 , αe = 0.4,

αn = 0.3, and β = 0.2

4. The amplitude also significantly varies with the value
of the coefficient of viscosity (η). It is observed that
for positive (negative) value of ξ (ξ = +25, −25),
the wave potential increases (decreases) with the dis-
sipative parameter η (see Figs. 4–5). From the obser-
vation of Figs. 4–5, we found that the amplitude is
higher (lower) for negatively (positively) charged ultra-
relativistic case.

5. The large value of τ kills the possibility of formation
of nonplanar shock waves. It is found that as the value
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Fig. 11 (Color online) Effects of spherical geometry on IA shock
waves in the presence of static heavy ions when ions are non-
relativistic degenerate and electrons are ultra relativistic degenerate for
u0 = 0.01, μ = 0.45, η = 0.3, j = +1, α = 5

3 , γ = 4
3 , αe = 0.4,

αn = 0.3, and β = 0.2
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Fig. 12 (Color online) Effects of cylindrical geometry on IA shock
waves in the presence of static heavy ions when ions are non-
relativistic degenerate and electrons are ultra relativistic degenerate for
u0 = 0.01, μ = 0.45, η = 0.3, j = −1, α = 5

3 , γ = 4
3 , αe = 0.4,

αn = 0.3, and β = 0.2

of τ decreases the amplitude of these localized pulses
increases for IA waves (see Figs. 6–13).

6. The comparison between cylindrical (ν = 1) and spher-
ical (ν = 2) geometries is also important. If we compare
the ν = 1 graphs with the ν = 2 ones, we observe that
the amplitude of the potential is always distinctly higher
for ν = 2 case than for ν = 1 case, for IA waves (see
Figs. 6–13).
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Fig. 13 (Color online) Effects of spherical geometry on IA shock
waves in the presence of static heavy ions when ions are non-
relativistic degenerate and electrons are ultra relativistic degenerate for
u0 = 0.01, μ = 0.45, η = 0.3, j = −1, α = 5

3 , γ = 4
3 , αe = 0.4,

αn = 0.3, and β = 0.2
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5 Discussion

We have presented a rigorous theoretical investigation of the
nonlinear propagation of IA shock waves in an unmagne-
tized, collisionless multi-ion plasma (containing degenerate
electron fluids, inertial positively as well as negatively
charged ions, and arbitrarily charged static heavy ions). It is
found that as time increases the amplitude of the cylindrical
and spherical IA shock waves increases. In our numerical
analysis, we have tried to give the idea of the non-relativistic
and ultra-relativistic degenerate plasma pressure, effects of
nonplanar geometry, effects of μ on the phase velocity, and
the effects of dissipative parameter η on the wave poten-
tial, which make our present work significant to understand
the localized electrostatic shock waves, which are formed
due to the balance between nonlinearity and dissipation, in
many space and astrophysical plasma environments [37–
41] (viz. white dwarfs, neutron stars, compact planets like
massive Jupiter, other exotic dense stars, and black holes).
It may be stressed here that the results of this investigation
should be useful for understanding the nonlinear features
of localized electrostatic shock waves in space plasmas, in
which arbitrarily charged heavy ions, nonplanar geometry,
and degenerate plasma pressure play a vital role.
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