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Abstract The nonlinear propagation of cylindrical and
spherical modified ion-acoustic (mlA) waves in an unmag-
netized, collisionless, relativistic, degenerate multispecies
plasma has been investigated theoretically. This plasma
system is assumed to contain both relativistic degenerate
electron and positron fluids, nonrelativistic degenerate pos-
itive and negative ions, and positively charged static heavy
ions. The restoring force is provided by the degenerate
pressures of the electrons and positrons, whereas the iner-
tia is provided by the mass of positive and negative ions.
The positively charged static heavy ions participate only in
maintaining the quasi-neutrality condition at equilibrium.
The nonplanar K-dV and mK-dV equations are derived by
using reductive perturbation technique and numerically ana-
lyzed to identify the basic features (speed, amplitude, width,
etc.) of mIA solitary structures. The basic characteristics
of mIA solitary waves are found to be significantly mod-
ified by the effects of degenerate pressures of electron,
positron, and ion fluids, their number densities, and various
charge states of heavy ions. The implications of our results
to dense plasmas in astrophysical compact objects (e.g.,
nonrotating white dwarfs, neutron stars, etc.) are briefly
mentioned.
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1 Introduction

Recently, electron-positron plasmas have received a great
deal of attention because of their importance not only in
plasma astrophysics (i.e., in early universe, in active galac-
tic nuclei) [1, 2] but also in laboratory devices [3]. In
fact, positrons are created in the interstellar medium when
the atoms interact with the cosmic ray nuclei [4]. The
annihilation, which takes place in the interaction of mat-
ter (electrons) and antimatter (positrons), usually occurs at
much longer characteristic time scales compared with the
time in which the collective interaction between the charged
particles takes place [5]. Electron-positron plasmas are cre-
ated in the presence of strong electric or magnetic fields
or extremely high temperatures, where massive pair pro-
duction sets in. The ultradense electron-positron plasmas
with ions are believed to be found in compact astrophysi-
cal bodies like white dwarfs, neutron stars, black holes, etc.
as well as in intense laser-matter interaction experiments
[6-8]. The multi-ion plasma is one of the most fascinating
aspects of nonlinear phenomena in modern plasma physics
research. Ionosphere and magnetosphere of Earth, solar
wind, bow shock in front of the magnetopause boundary
layers, heliosphere, Saturn’s magnetosphere, coma of comet
Halley, neutral beam sources, plasma processing reactors,
low-temperature laboratory experiments, and the existence
of multi-ion (both positive-negative ion) plasmas have been
found [9-16].

In present days, there has been a great deal of inter-
est in understanding the basic properties of matter under
extreme conditions [17-19, 21]. White dwarf is an example
of matter under extreme condition. The basic constituents of
white dwarfs are mainly oxygen, carbon, and helium with an
envelope of hydrogen gas. In some relatively massive white
dwarfs, one can think of the presence of heavier elements
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like iron within the stars. The existence of heavy elements
is found to form in a prestellar stage of the evolution of the
universe, when all matter was compressed to extremely high
densities and possessed correspondingly high temperatures
[22]. Thus, the ionized condition within the massive com-
pact stars occurs due to this high density and temperature.
In case of such a compact object, the degenerate electron
number density is so high (in white dwarfs it can be of the
order of 10%° cm™3, even more [23-25]) that the electron
Fermi energy is comparable to the electron mass energy and
the electron speed is comparable to the speed of light in
a vacuum. In many space plasma phenomena, heavy ions
are present in abundance which is not negligible relative
to the protons. In some relatively massive white dwarfs,
one can think of the presence of heavier elements like iron
within the stars. For such interstellar compact objects, the
equation of state for degenerate ions and electrons is math-
ematically explained by Chandrasekhar [19] for two limits,
named as nonrelativistic and ultrarelativistic limits. Chan-
drasekhar [17, 19] presented a general expression for the
relativistic ion and electron pressures in his classical papers.
The pressure for ion fluid can be given by the following
equation:

Pi = an:-x, (1)
where
5 3 w3 h? 3
a=—; K;=—- (Z)2 T[— ~ —Achc, 2
3 5\3 m 5

for the nonrelativistic limit (where A, = wh/mc = 1.2 x
10719 ¢m, and £ is the Planck constant divided by 2n).
While for the electron fluid,

P, = Kenl, 3)
and while for the positron fluid
P, = Kpnh, “
where for nonrelativistic limit [17-19, 23, 24]
5
J/=Ot=§;Ke=Kp=Ki &)

and for the ultrarelativistic limit [17-19, 23, 24]

4 3 2\ 3 3
Y = =3 KezKpZ—(%> hC:ZhC. (6)

Studies of nonlinear wave phenomena in collisionless
multispecies plasmas have received an enormous attention
in understanding the localized electrostatic disturbances in
astrophysical environments and laboratory plasma systems.
Khan and Arshad [26] considered an unmagnetized, ultra-
dense plasma containing degenerate Fermi gas of electrons
and positrons, and classical ion gas and reported that the
effect of ion temperature, positron concentration, disper-
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sion and dissipation significantly modify the solitary and
shock structures. Germin et al. [27] worked on an adi-
abatic electron-positron plasma and experimentally found
that the electron and positron peaks may be separated by
large distances, found no completely isolated soliton like
structures. Zeba et al. [28] also considered a warm colli-
sionless electron-positron-ion plasma with ultrarelativistic
degenerate electrons and positrons and studied the existence
regions for ion solitary pulses. Roy et al. [29] considered
an electron-positron-ion plasma and rigorously investigated
the basic features of solitary waves and double layers. Since,
the dense astrophysical quantum plasmas can be confined
by stationary heavy ions. Therefore, the effect of the heavy
ions has to be taken into account, especially for astrophysi-
cal observations (such as white dwarfs, neutron stars, black
holes etc) where the degenerate plasma pressure and heavy
ions play an important role in the formation and stabil-
ity of the existing waves. Zobaer et al. [30, 31] considered
an electron-positron plasma containing nonrelativistic ion
fluids and both nonrelativistic and ultrarelativistic electron
fluids, and theoretically observed the basic features of soli-
tary and double-layer structures. All of the authors did not
consider the effect of heavy ions and their different charging
situations which can significantly modify the propagation of
solitary and shock structures. To the best of our knowledge,
the mIA waves in such considerable plasma system has
never been addressed. Therefore, it is worthwhile to present
a first study for the mIA solitary waves where degener-
ate plasma pressure, nonplanar geometry, various charging
states of positively charged heavy ions play a vital role.

2 Governing Equations

We consider an unmagnetized, collisionless degenerate mul-
tispecies plasma system consisting of nonrelativistic cold
degenerate positive and negative ion fluids, both non-
relativistic and ultra-relativistic degenerate electron and
positron fluids, and positively charged static heavy ions.
Thus, at equilibrium, we have Zyinpio + Zpnpg + npo =
neo + Zninnio- We also consider the equal number density
of positive and negative ions, i.e., npi0 = Nni0, and electron
and positron, i.e., 1,0 = R, at equilibrium. The nonlinear
dynamics of the electrostatic waves propagating in such a
degenerate multispecies plasma system is governed by the
following normalized equations:

ong 1 0
91 + r_ua_r(rvnsus) =0, (7
Otpi dupi 3¢ Kp dnp®

Pl Lk STl St L) 8
ot + lpi ar + or + npi or ®)
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Otni 8’/‘m a(b Kl a"lnl

s =0, 9
ot ar '3 nni 8r ©)

BY) anl
L _K =0, 10
e ar 2 ar (10)

0 8np
— — K> =0, 11
p or or (b

19 ¢
var (rva_r> zaene_npi+ann"i_apnp_zh'uh’ (12)

where ng is the plasma number density of the species s
(s = e for electron, pi for positive ion, ni for negative ion,
and p for positron) normalized by its equilibrium value 7, ;
ug is the plasma species fluid speed normalized by C;,, =
(mecz/ml-)l/2 with m, (m;) being the electron (ion) rest
mass and ¢ being the speed of light in vacuum; ¢ is the elec-
trostatic wave potential normalized by m,c?/e with e being
the magnitude of the charge of an electron; the time variable
(¢) is normalized by wp; = (4rnjoe? /mi)'/?; and the space
variable (r) is normalized by X,, = (mecz/47rns0e2)1/2.
Here, ae (=n.y/Zpinp,,) is the ratio of the number density of
electron and positive ion multiplied by charge per positive
ion Zyi; an (=Zniney/Zpinp,,) is the ratio of number den-
sity of electron and positive ions multiplied by their charge
per ion, Z; (where s = pi, ni); ap (=np,/Zpinp,,) is the
ratio of number density of positron and positive ions mul-
tiplied by their charge per positive ion Z;; 8 is the ratio
of the number density of negative and positive ions multi-
plied by their charge per ion, Z; (where s = pi, ni); and uj,
(= nno/ Zpinpio) is the ratio of the number density of pos-
itively charged heavy ions and positive ions multiplied by
their charge per positive ion, Z;. It is needed here to note
thatoe =1 —ay +ap + Zppp, an =1 — e +ap + Zppp
and ap =y, + oo — Zpiy — 1. We have defined as K| =

K/m c? and K2_”e0 K/mgc —n 1Ke/mecz.

p10

3 Derivation of K-dV Equation

Now we derive a dynamical equation for the nonlinear prop-
agation of the mIA solitary waves by using (7)—(12). To do
so, we employ a reductive perturbation technique to exam-
ine electrostatic perturbations propagating in the relativistic
degenerate dense plasma due to the effect of dispersion. We
first introduce the stretched coordinates [32]:

£=—e2r+ V), (13)

T =%, (14)

where V), is the wave phase speed (w/k with @ being
angular frequency and k being the wave number of the per-
turbation mode), and € is a smallness parameter measuring

the weakness of the dispersion (0 < € < 1). We then expand
ng, Ug, and ¢ in power series of €:

ng=1+enV +n® 4. 15)
wy = eu s s (16)
¢ = E¢(l) + 62¢(2) 4o a7)

and develop equations in various powers of €. To
the lowest order in €, using (13)—(17) into (7)-(11),

we get, ug) = Vp¢(l)/ (V2 K’) (1) = —BV, ey
1 1
(V2-Ki). nb) = o0/ (VE-K{). nl) = —poVy
(vi-ki). nt" = nf) ¢V/K}, and V, =
K {1+ B(L—ctetop+Zpan)} .
\/ (=an T Zuin—nFae—Zy =0 + K1- The  relation

v :\/ K {1481 ~etary+Zupn)

P {(I—an+ap+Zpun)—(an+ae—Zppup—1)}
the dispersion relation for the mIA-type electrostatic waves
in the degenerate plasma under consideration.

We are interested in studying the nonlinear propagation
of these dispersive mIA-type electrostatic waves in a degen-
erate multispecies plasma. To the next higher order in €, we
obtain a set of equations:

+ K| represents

) ) (1
ons~ Pan i 0 [ @4 0 (1)] Vitg _0. (18
aT & 0& Vpt
dul) [ s u? (1)8u<1) )
ot P e TP T T o
0 (¢ —2) 2
/ 2 (1) —
+Klas[ @ +T(npl_) ]_o, (19)
dutV w? | pould)  ag®
P VI’_ +u Uy, —B—
at 0 08 9§
ad (¢ —2)
+ Kige [ @4 T(n,g{)) ] —0, (20)
dp@ 3 -2 2

o _ Ky— [n® + M(ng“) =0, Q1)

o0& & 2
392 9 (r —2) 2

—K ( <1>) -0, 22

C9E Zas[ e 22)
32¢(1)

082 = QN (2) 5,2,) + a,,nfl%) — apnf). 23)
Now, combining (18)—(23), we deduce a K-dV equation
apH ) 3p)  pp®
—— + AW B =0, 24

ot + A & + 0E3 + 27 24)
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where the values of A and B are given by

(v,% — K{)2 (1 — Bay) (3\/1% + K — 2))

~ 2V,(1+ o) 2K}y’
K

(v;- &)

B=——-—.
2Vp(1 + Bay)

(26)

4 Derivation of mK-dV Equation

Now we derive mK-dV equation by employing the reductive
perturbation technique in order to examine the characteris-
tics of the electrostatic solitary waves propagating in a dense
plasma system for higher-order nonlinearity. We introduce
the stretched coordinates [32] as follows:

§=—e(r+Vy), = e, 27

By using (27) into (7)—(12) and taking the different order
of €, one can derive the following equation:

g g [(Dm}z ap N Ba3<1><1> N vd D
ar a¢3

- —0. (28)

Equation (28) is known as mK-dV equation. Here, the value
of B is as before and

Y 15V, + 12K{V} + 18KV} (a — 2) + 3K{ (¢ — 2)*
- 2(VZ—K})?
N K{( —2)(a —3) — Kot (o — 2)(a — 3)B°
2(v2 - K
. 3K 2o (0 —2)2 B3+60 B3K | V2 (Ber—4) + 150, B3V}
2(V3—K})>
Lo = ap)(dy? — 11y +18)
3 .
2K}

(30)

5 Numerical Analysis and Results

We now proceed with the presentation of our numerical
results. We first briefly discuss the stationary solitary wave

solution for (24). We should note that for a large value of

o, .. ) 0
7, the term “2— is negligible, i.e., vzt

5 — 0. So, in our
numerical analysis, we start with a large value of t (viz.
T = —14), and at this large (negative) value of t, we choose
the stationary solitary wave solution of (24) [without the

VgD

2t

term

] as our initial pulse. The stationary solitary wave
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solution of standard K-dV equation is obtained by consider-
ing a frame £ = ¢ — ugt (moving with speed 1) and the
solution is

Brs0) = ¢msech2(§), @31
where the amplitude, ¢,, = 3ug/A, and the width, A =
(4B /ug)'/?. Here, u is the light ion fluid speed at equilib-
rium.

The stationary solitary wave solution of (28) is given by

&
<1>§iL0) = Py sech(>). (32)

where the amplitude ¢,, and the width 6, are given by
®,, = /6Up/aB and § = @, /y1, y1 = /6.

Solitary waves often arise due to the balance between
nonlinearity and dispersion, and their basic features are
found to be significantly modified in the presence of nonrel-
ativistic positively as well as negatively charged ions, both
nonrelativistic and ultrarelativistic electron and positron flu-
ids, and positively charged static heavy ions. The profiles
are displayed in Figs. 4-19, which show how the effects
of cylindrical (v=1) and spherical (v=2) geometries modify
the time-dependent mIA solitary structures. We have con-
sidered up = 0.01 for our numerical analysis of mIA waves
for the multispecies plasma system under investigation here.
We also considered that the ranges of the values of 8, «,,
oy, and ), are 0.1 t0 0.2, 0.1 t0 0.25,0.1 t0 0.3, and 0.1 to
0.4, respectively [33-35]. In our numerical analysis, we first
graphically represented the effects of wj (= nuo/Zpinpio)
on the phase speed of mIA waves (as shown in Figs. 1, 2
and 3). Then we numerically solved (24) in case of cylin-
drical (v = 1) and spherical (v = 2) geometry on time
dependent mIA solitary waves (as shown in Figs. 4, 5, 6, 7,
8,9,10,11, 12,13, 14, 15, 16, 17, 18, and 19). It is notable
that if we compare the nonrelativistic (both electrons and

0.10 0.15 0.20 0.25 0.30 0.35 0.40

Mh

Fig. 1 (Color online) Variation of phase speed V), with heavy ion-to-
light ion number density ratio w;, for u9 = 0.01 and Z, = 1. The
dashed green line represents the ultrarelativistic case and the red one
represents the nonrelativistic case
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Fig. 2 (Color online) Variation of phase speed V), with heavy ion-to-
light ion number density ratio uj for ug = 0.01 and Z, = 5. The
dashed green line represents the ultrarelativistic case and the red one
represents the nonrelativistic case
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Fig. 3 (Color online) Variation of phase speed V,, with heavy ion-
to-light ion number density ratio uy for ug = 0.01 and Z; = 100.
The dashed green line represents the relativistic case and the red one
represents the nonrelativistic case

0.30 0.35 0.40

Fig. 4 (Color online) K-dV solitons in the presence of positively
charged heavy ions and nonrelativistic degenerate electron, positron,
and light ion fluids for u9 = 0.01, v =1,and Z;, = 1

Fig. 5 (Color online) K-dV solitons in the presence of positively
charged heavy ions and nonrelativistic degenerate electron, positron,
and light ion fluids for ug = 0.01, v =2,and Z;, = 1

Fig. 6 (Color online) K-dV solitons in the presence of positively
charged heavy ions, nonrelativistic degenerate light ions and ultrarela-
tivistic degenerate electron and positron fluids for ug = 0.01, v =1,
and Z, =1

I 0.015

Fig. 7 (Color online) K-dV solitons in the presence of positively
charged heavy ions, nonrelativistic degenerate light ions and ultrarela-
tivistic degenerate electron and positron fluids for ug = 0.01, v = 2,
Zp=1
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Fig. 8 (Color online) K-dV solitons in the presence of positively Fig. 11 (Color online) HIA solitary profile in the presence of pos-

charged heavy ions and nonrelativistic degenerate electron, positron, itively charged heavy ions, nonrelativistic degenerate light ions and
and light ion fluids for ug = 0.01, v = 1, and Z, = 5 ultrarelativistic degenerate electron and positron fluids for ug = 0.01,

v=2and Z;, =5

Fig. 9 (Color online) K-dV solitons in the presence of positively Fig. 12 (Color online) K-dV solitons in the presence of positively
charged heavy ions and nonrelativistic degenerate electron, positron, charged heavy ions and nonrelativistic degenerate electron, positron,
and light ion fluids for ug = 0.01,v =2,and Z;, =5 and light ion fluids for ug = 0.01, v = 1, and Z; = 100

Fig. 10 (Color online) K-dV solitons in the presence of positively

charged heavy ions, nonrelativistic degenerate light ions and ultrarela- Fig. 13 (Color online) K-dV solitons in the presence of positively
tivistic degenerate electron and positron fluids for ug = 0.01,v =1, charged heavy ions and nonrelativistic degenerate electron, positron,
and Z, =5 and light ion fluids for ug = 0.01, v = 2, and Z;, = 100
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Fig. 14 (Color online) K-dV solitons in the presence of positively
charged heavy ions, nonrelativistic degenerate light ions and ultrarela-
tivistic degenerate electron and positron fluids for ug = 0.01, v =1,
and Z; = 100

Fig. 15 (Color online) K-dV solitons in the presence of positively
charged heavy ions, nonrelativistic degenerate light ions and ultrarela-
tivistic degenerate electron and positron fluids for ug = 0.01, v = 2,
and Z; = 100

-10

Fig. 16 (Color online) Showing the mK-dV solitons in the presence of
positively charged heavy ions and nonrelativistic degenerate electron,
positron, and light ion fluids for ug = 0.01, v =1,and Z, =1

-10

Fig. 17 (Color online) Showing the mK-dV solitons in the presence of
positively charged heavy ions, nonrelativistic degenerate light ions and
ultrarelativistic degenerate electron and positron fluids for ug = 0.01,
v=1l,and Z; =1

ions are nonrelativistic degenerate) and ultrarelativistic case
(electrons are ultrarelativistic degenerate and ions are non-
relativistic degenerate) for mIA waves, one cylindrical and
one spherical solitary structure will be found for every case
(see Figs. 4-19).

Figures 1-3 show the variation of phase speed (Vp)
with heavy ion to light ion number density ratio pp. It
is found that the phase speed decreases with the increas-
ing values of wj. This is expected, as the phase velocity
V), (derived from this considered plasma) is higher for
lower values of uj, (see the expression of V), in Section 3).
Figures 4-19 show the time evolution of solitary structures
in cylindrical and spherical geometry. We have found that as
time decreases, the amplitude of the solitary waves in cylin-
drical and spherical geometry increases. It is also examined
that in spherical geometries, the amplitude is always dis-
tinctly higher than cylindrical geometries for both K-dV
and mK-dV solitons, which indicate that the density com-
pression can be more effectively obtained in a spherical

-10

Fig. 18 (Color online) Showing the mK-dV solitons in the presence of
positively charged heavy ions and nonrelativistic degenerate electron,
positron, and light ion fluids for ug = 0.0l,v=1,and Z, =5
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Fig. 19 (Color online) Showing the mK-dV solitons in the presence of
positively charged heavy ions, nonrelativistic degenerate light ions and
ultrarelativistic degenerate electron and positron fluids for ug = 0.01,
v=1,and Z, =5

geometry. Finally, the results that we have found in this
investigation can be summarized as follows:

1. The plasma system under consideration supports mIA
K-dV and mK-dV solitons whose basic characteristics
(speed, amplitude, and width) are found to be signif-
icantly modified due to the various charging states of
positively charged static heavy ions.

2. The phase speed of the mIA waves decreases with the
increase of the value of wy. It is obvious from Figs. 1-
3 as the value of Z;, (Z, = 1,5, 100) increases, the
phase speed slowly decreases for both nonrelativistic
and ultrarelativistic cases in the presence of positively
charged static heavy ions.

3. The amplitude of the mIA waves is found to decrease
with the increasing values of heavy ion charge state Zj,
(see Figs. 4-19).

4. The large value of t kills the possibility of the formation
of nonplanar solitary waves. It is found that as the value
of T decreases, the amplitude of these localized pulses
increases for mIA waves (see Figs. 4-19).

5. It is found from Figs. 4-19 that the amplitude is lower
for ultrarelativistic case than for nonrelativistic case
for both cylindrical (v = 1) and spherical (v = 2)
geometries.

6. If we compare the v = 1 graphs with the v = 2 ones, we
observe that the amplitude is always distinctly higher
for v = 2 case than v = 1 case for mIA waves (see
Figs. 4-19).

7. TItis observed that the inclusion of higher-order nonlin-
earity (assumed via modified K-dV) significantly influ-
enced the basic features of solitary waves. For example,
the amplitude of mK-dV solitons is seen to lower in
comparison to K-dV solitons for both nonrelativistic
and ultrarelativistic limits (see Figs. 4-19).

@ Springer

6 Discussion

To conclude, we have presented a rigorous theoretical inves-
tigation of the nonlinear propagation of mIA solitary waves
in an unmagnetized, collisionless dense plasma (containing
degenerate electron and positron fluids, inertial positively as
well as negatively charged light ions, and positively charged
static heavy ions). The positively charged static heavy ions
participate only in maintaining the quasi-neutrality condi-
tion at equilibrium. It is found that as time increases the
value of the amplitude of cylindrical and spherical mlA,
solitary wave height decreases. The basic features (speed,
amplitude, and width) of mIA solitary waves are found to be
significantly modified due to the various charging situations
of positively charged static heavy ions (Z;, = 1,5, 100),
and the number densities of the degenerate electron and
positron fluids, and nondegenerate positively as well as neg-
atively charged ions. It is found that the amplitude of the
solitary waves has been modified by the heavy ion number
density (via pp). We have studied the effect of nonpla-
nar (cylindrical and spherical) geometry on the propagation
of mIA solitary waves, where degenerate plasma pressure
and positively charged static heavy ions are accountable.
This model is also precisely/rigorously valid for a large
value of Z;, (Z, > 100). Our results that we have inves-
tigated in this paper should be useful to understand the
solitary wave properties [24, 36, 37] in matter under extreme
conditions, e.g., interior of compact objects (where posi-
tively charged static heavy ions, inertial positively as well as
negatively charged light ions, and degenerate plasma pres-
sure are accountable). This theory could also be important
for global nonlinear and nonplanar models of astrophysi-
cal compact objects like nonrotating white dwarfs, neutron
stars etc.
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