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Abstract The basic properties of nonplanar (viz. cylindri-
cal and spherical) dust-ion-acoustic (DIA) shock waves in
an unmagnetized dusty plasma system [consisting of inertial
ions, negatively charged immobile dust, and superthermal
electrons with two distinct temperatures] are investigated by
employing the reductive perturbation method. The modified
Burgers equation is derived and is numerically analyzed in
order to examine the basic properties of DIA shock struc-
tures. The effects of nonplanar geometry, electron superther-
mality, and ion kinematic viscosity on the basic features of
DIA shock waves are discussed. It is found that the prop-
erties of the cylindrical and spherical DIA shock waves
in dusty plasmas with two-temperature superthermal elec-
trons significantly differ from those of one-dimensional
planar shocks. The implications of our results in space
plasmas [viz. star formation, supernovae explosion, solar
wind, pulsar magnetosphere, Saturn’s outer magnetosphere
(R ∼ 13−18 RS , where RS is the radius of Saturn), Saturn’s
inner magnetosphere (R <9 RS , etc.)] and laboratory plas-
mas (viz. laser-induced implosion, capsule implosion, shock
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tube, etc.), where superthermal electrons with two distinct
temperatures occurs, are briefly discussed.

Keywords Nonplanar shock waves · Modified Burgers
equation · Dust-ion-acoustic waves · Two-temperature
electrons · Superthermal electrons · Kappa distribution

1 Introduction

Significant part of the studies on dusty plasmas involving
theory and experiments is based on the analysis of linear and
nonlinear waves in dusty plasmas. One of the most impor-
tant and interesting nonlinear phenomena in plasma physics
is dust-ion-acoustic (DIA) waves. About two decades ago,
the existence of novel DIA waves has been shown theoreti-
cally by D’Angelo [1] and Shukla and Silin [2]. Barkan et al.
[3] and Nakamura et al. [4] have observed the DIA waves
by the laboratory experiments.

Nowadays, the propagation of shock waves in dusty plas-
mas has received considerable attention and has been exten-
sively studied both theoretically and experimentally. Shock
waves are generally formed due to the balance between non-
linearity and dissipation. Dissipation is one of the processes
that play vital roles in the formation and propagation of
the shock structures [5]. This dissipation arises due to the
effects of the Landau damping, kinematic viscosity among
the plasma species, and the collision between ion-neutral,
dust-neutral, etc. The DIA shock waves have been observed
by Nakamura et al. [4, 6] in a collisionally dominated dusty
plasma. The nonlinear features of DIA shock waves have
been investigated by many authors [4, 7–10].

Most of the studies on the DIA shock waves [4, 7–9]
are based on single-temperature electrons/ions. Also, most
of the investigations have been centered on Maxwellian
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plasmas. Some authors have also studied non-Maxwellian
plasmas with only one electron component, for instance, in
the form of the Cairns distribution, Tsallis distribution, and
kappa distribution [10–13].

Maxwellian distribution may be deficient for describing
the long-range interactions in unmagnetized collisionless
plasma where the nonequilibrium stationary state exists.
However, a lot of theoretical observations of space plasmas
[13, 14] are often characterized by a particle distribution
function with high-energy tail and they may deviate from
the Maxwellian. Superthermal particles may arise due to the
effect of external forces acting on the natural space envi-
ronment plasmas or to wave particle interaction. Plasmas
with an excess of superthermal non-Maxwellian electrons
are generally characterized by a long tail in the high-energy
region. Such space plasmas can be modeled by generalized
Lorentzian or kappa distribution [13, 15–18] rather than the
Maxwellian distribution.

The isotropic (3D) kappa distribution function takes the
form [15, 19–21]:

Fκ(v) = �(κ + 1)

(πκθ2)3/2�(κ − 1/2)
(1 + v2

κθ2
)−(κ+1),

where θ is the most probable speed (effective thermal speed)
related to the usual thermal velocity Vt = (kBT/m)1/2

by θ = [(2κ − 3)/κ]1/2Vt , T being the characteristic
kinetic temperature, i.e., the temperature of the equivalent
Maxwellian with the same average kinetic energy [18],
and kB is the Boltzmann constant. The κ distribution is
defined for κ > 3/2. The parameter κ is the spectral
index, which is a measure of the slope of the energy spec-
trum of the superthermal particles forming the tail of the
velocity distribution function. In the limit κ → ∞, the
above kappa distribution function for electrons reduces to
the well-known Maxwell-Boltzmann distribution.

Sultana et al. [10] investigated the propagation of planar
ion-acoustic (IA) shocks in an unmagnetized collisionless
electron-ion plasma consisting of superthermal electrons
and cold viscous ions. Alinejad et al. [22] analyzed the
nonlinear propagation of DIA shock waves in a charge-
varying dusty plasma with electrons having kappa velocity
distribution. Shahmansouri and Alinejad [23] studied the
dust acoustic (DA) shock waves in a charge-varying dusty
plasma with ions and electrons having kappa velocity distri-
bution. They observed that dust charge fluctuation and elec-
trons/ions superthermality effects significantly modify the
basic properties of DA shock waves. Alam et al. [24] stud-
ied the planar DIA shock waves in an unmagnetized plasma
with bi-kappa distributed electrons. The plasmas com-
posed of two-temperature superthermal (kappa-distributed)

electrons [20, 25–32] are very relevant to the Saturnian
magnetosphere [26, 27, 30].

However, most of the theoretical works on the DIA
or DA shock waves [4, 7–10, 22–24] are based on one-
dimensional (1D) unbounded planar geometry which may
not be a realistic situation for laboratory devices. The non-
planar geometries of practical interest are capsule implosion
(spherical geometry), shock tube (cylindrical geometry),
star formation, supernova explosions, etc. [33].

Xue [34] investigated the effects of the bounded non-
planar geometry on DIA shock waves in an unmagne-
tized dusty plasma system consisting of warm inertial
ions, single-temperature Boltzmann-distributed electrons,
and negatively charged immobile dust particles. Mamun
and Shukla [35] also investigated the cylindrical and spher-
ical DIA shock waves in an unmagnetized dusty plasma
with single-temperature Boltzmann-distributed electrons.
Recently, Sahu and Tribeche [36] studied the nonplanar
electron-acoustic shock waves in an unmagnetized plasma
consisting of cold electrons, immobile ions, and hot elec-
trons featuring Tsallis distribution. Yasmin et al. [37] inves-
tigated the propagation of DIA shock waves in an unmag-
netized plasma system consisting of inertial ions, non-
extensive q-distributed electrons, and negatively charged
immobile dust in bounded non-planar geometry. Ghosh
et al. [38] have investigated the nonplanar shock structures
of IA waves considering single-temperature superthermal
electrons. However, the presence of dust as well as two-
temperature electrons were not considered there.

The above theoretical investigations [34–36, 38] show
that the properties of shock waves in bounded nonplanar
(cylindrical and spherical) geometry are very discrepant
from those in unbounded planar geometry. To the best of our
knowledge, no theoretical investigation has been performed
in considering the nonplanar geometries (cylindrical and
spherical geometries) for the DIA shock structures in dusty
plasmas comprising of inertial ions, negatively charged
static dust, and two-temperature superthermal (kappa dis-
tributed) electrons.

In this paper, we present an investigation of the nature
and characteristics of cylindrical and spherical DIA shock
waves in those plasma environments along with the effects
of double kappa electrons which is very relevant to the Sat-
urnian magnetosphere [26, 30]. This is why, we consider ion
continuity and momentum equations, supplemented by the
kappa electron density distributions with two temperatures,
to derive the modified Burgers equation.

The manuscript is organized as follows: The basic equa-
tions are presented in Section 2. The modified Burgers
(MB) equation is derived in Section 3. The basic features
of the shock waves are numerically analyzed and discussed
in Section 4. Finally, a brief discussion is provided in
Section 5.
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2 Governing Equations

We consider an unmagnetized dusty plasma, whose con-
stituents are inertial ions, negatively charged immobile dust,
and superthermal (kappa distributed) electrons with two dis-
tinct temperatures. The nonlinear dynamics of the nonplanar
DIA shock waves, whose phase speed is much smaller than
electron thermal speed but larger than ion thermal speed, is
governed by

∂ni

∂t
+ 1

rν

∂

∂r
(rνniui) = 0, (1)

∂ui

∂t
+ ui

∂ui

∂r
= −∂φ

∂r
+ η

1

rν

∂

∂r
(rν ∂ui

∂r
), (2)

1

rν

∂

∂r

(
rν ∂φ

∂r

)
= μ + μe1(1 − σ1φ

κe1 − 3
2

)−κe1+ 1
2

+μe2(1 − σ2φ

κe2 − 3
2

)−κe2+ 1
2 − ni, (3)

where ν = 0 for 1D planar geometry, ν = 1 (2) for a non-
planar cylindrical (spherical) geometry, ni is the ion particle
number density normalized by its equilibrium value ni0, ui

is the ion fluid speed normalized by Ci = (kBTef/mi)
1/2,

η is the viscosity coefficient normalized by mini0ωpiλ
2
Dm,

and φ is the electrostatic wave potential normalized by
kBTef/e, σ1 = Tef/Te1, σ2 = Tef/Te2, μe1 = ne10/ni0,
μe2 = ne20/ni0, μ=Zdnd0/ni0 = 1 − μe1 − μe2 where
Tef = ne0Te1Te2/(ne10Te2 + ne20Te1). Here, ne0 is the total
electron number density at equilibrium. It should be noted
that Te1 (Te2) is the lower (higher) electron temperature,
Tef is the effective temperature of two electrons, Ti is the
ion temperature, kB is the Boltzmann constant, and e is the
magnitude of the electron charge. The time variable t is nor-
malized by ω−1

pi = (mi/4πni0e
2)1/2 and the radial space

variable r is normalized by λDm = (kBTef /4πni0e
2)1/2.

3 Derivation of MB Equation

To investigate ingoing solutions of (1)–(3), we introduce the
stretched coordinates [39]:

ξ = ε(r − Vpt), (4)

τ = ε2t, (5)

where ε is expansion parameter (0 < ε < 1) which fixes
up the suitable scaling of the physical quantities [39]. We
note that we choose the scaling of the physical quantities
by introducing ε in such a way that the dispersion term [the
left hand side of (3)] can be omitted, but the dissipative term
[the second term in right hand side of (2)] can be taken into
account. However, this assumption is valid for long wave-
length DIA waves which exist in many space and laboratory
dusty plasma situations [1–4, 40].

Here, Vp (normalized by Ci ) is the phase speed (ω/k)
of the perturbation mode. The variables ni , ui , and φ can
be expanded in power series of ε. Let S be any of the sys-
tem variables ni , ui , and φ, describing the systems’s state at
a given position and instant. We consider small deviations
from the equilibrium state S(0), which explicitly is n

(0)
i = 1,

u
(0)
i = 0, and φ(0) = 0 by taking

S = S(0) +
∞∑

n=1

εnS(n). (6)

Now, expressing (1)–(3) in terms of ξ and τ and substitut-
ing (6) into the resulting equations, one can easily develop
different sets of equations in various powers of ε. To the
lowest order in ε, one obtains

u
(1)
i = 1

Vp

ψ, (7)

n
(1)
i = 1

V 2
p

ψ, (8)

1

V 2
p

= μe1(κe1 − 1
2 )σ1

κe1 − 3
2

+ μe2(κe2 − 1
2 )σ2

κe2 − 3
2

, (9)

where ψ = φ(1). Equation 9 describes the phase speed
of the DIA waves propagating in a dusty plasma system
under consideration where population of two-temperature
superthermal electrons significantly modify the basic fea-
tures of the phase speed of the DIA wave. To the next higher
order in ε, we obtain a set of equations, which, after using
(7)–(9), can be simplified as

∂n
(1)
i

∂τ
− Vp

∂n
(2)
i

∂ξ
+ ∂u

(2)
i

∂ξ
+ ∂

∂ξ

[
n

(1)
i u

(1)
i

]

+u
(1)
i ν

Vpτ
= 0, (10)

∂u
(1)
i

∂τ
− Vp

∂u
(2)
i

∂ξ
+ u

(1)
i

∂u
(1)
i

∂ξ
+ ∂φ(2)

∂ξ

−η
∂2u

(1)
i

∂ξ2
= 0, (11)

μe1P1P2σ
2
1

P 2
3

ψ
∂ψ

∂ξ
+ ∂n

(2)
i

∂ξ
+ μe2P4P5σ

2
2

P 2
6

ψ
∂ψ

∂ξ

−μe1P1σ1

P3

∂φ(2)

∂ξ
+ μe2P4σ2

P6

∂φ(2)

∂ξ
= 0, (12)

where P1 = −1/2−κe1, P2 = 1/2−κe1, P3 = −3/2+κe1,
P4 = −1/2 − κe2, P5 = 1/2 − κe2, and P6 = −3/2 + κe2.
Now, combining (10)–(12), we obtain a new equation of the
form:

∂ψ

∂τ
+ Aψ

∂ψ

∂ξ
+ ν

2τ
ψ − B

∂2ψ

∂ξ2
= 0, (13)
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where

A = V 3
p

2

[
3

V 4
p

− μe1P1P2σ
2
1

P 2
3

− μe2P4P5σ
2
2

P 2
6

]
, (14)

B = η

2
. (15)

Equation 13 is known as MB equation modified by the
extra term (ν/2τ) which arises due to the effect of the non-
planar cylindrical (ν = 1) or spherical (ν = 2) geometry.
The third term of the left-hand side of (13) represents the
geometry effect while the fourth term of the left-hand side of
(13) represents the dissipation effect. Equations 14 and (15)
represent the nonlinear coefficient and dissipation terms,
respectively.

Equation (13) shows that the term (ν/2τ) goes to infinity
when τ → 0. Therefore, this term is singular at τ = 0.
For large values of τ , this term vanishes, and we have usual
Burgers equation. The governing equations are responsible
for the formation and dynamics of shock waves when t ∼ 1.

4 Numerical Analysis

We first consider 1D planar geometry (ν = 0) and examine
the basic features of the shock wave solutions of (13). For
a frame moving with a speed U0, the stationary shock wave
solution of (13) in a planar geometry (ν = 0) is

ψ(ν = 0) = ψm

[
1 − tanh

(
ξ

�

)]
, (16)

where � = 2C/U0 is the width and ψm = U0/A is the
amplitude of the shock wave. It is found that for A > (<) 0,
the dusty plasma supports compressive (rarefactive) DIA
shock waves which are associated with a positive (negative)
potential, and no shock waves exist at A = 0 and A ∼ 0. It
is obvious that A is a function of μe1, μe2, σ1, σ2, κe1, and
κe2. Therefore, to find the parametric regimes correspond-
ing to A = 0, we have to express one (viz. μe1) of these
six parameters in terms of the other five (viz. μe2, σ1, σ2,
κe1, and κe2). Therefore, A(μe1 = μc) = 0, and μc can be
expressed as

μe1 = μc = 1

6R1R2σ
2
1

[Q1Q2σ
2
1 − 6Q3Q4μe2σ1σ2

+
√

R1R2R3σ
2
1 ]. (17)

where Q1 = −1 + 4κ2
e1, Q2 = (3 − 2κe2)

2,
Q3 = 3 + 4(−2 + κe1)κe1, Q4 = 3 + 4(−2 + κe2)κe2,
R1 = (1 − 2κe1)

2, R2 = (3 − 2κe2)
2, R3 =

(1 + 2κe1)
2R2σ

2
1 −12(−3 + 2κe1)(1 + 2κe1)Q4μe2σ1σ2 +

12(3 − 2κe1)
2(−1 + 4κ2

e2)μe2σ
2
2 .

Equation (17) represents μc, the critical value of μe1

below (above), which the shock waves with a negative (pos-
itive) potential exists, gives the value of μc. One can find
from (17) that μc � 0.342 for a set of dusty plasma param-
eters [30] (viz. μe2 = 0.04, σ1 = 2.5, σ2 = 0.1, κe1 = 20,
and κe2 = 2). To find the parametric regimes for which the
positive and negative potential shock profile exists, we have
numerically analyzed A and obtained A(μe1 = μc) = 0
surface plots, hence showing shown the variation of μc with
μe2 and σ1. The result is displayed in Fig. 1. It is clear that
ψm = ∞ at μe1 = μc. This means that the small ampli-
tude shock waves with a positive or negative potential exist
for a set of dusty plasma parameters corresponding to any
point which is much above or below the A(μe1 = μc) = 0
surfaces shown in Fig. 1. Figure 1 shows that μc decreases
abruptly with the increase of μe2 and increases gradually
with the increase of σ1. Therefore, for typical dusty plasma
parameters [30] (viz. σ1 = 1.8 − 5, σ2 = 0.1 − 0.9, and
μe2 = 0.01 − 0.09), we have the existence of the small
amplitude shock waves with a negative or positive poten-
tial for μe1 < μc or μe1 > μc. However, this Burgers
equation is not valid when μe1 ∼ μc. This is because the
μe1 ∼ μc gives rise to infinitely large amplitude structures
which break down the validity of the reductive perturbation
method applied for the Burgers equation.

Since an exact analytical solution of (13) is not possible,
we have numerically solved (13) and studied the effects of
cylindrical (ν = 1) and spherical (ν = 2) geometries on
the time-dependent DIA shock structures. We start with a
large (negative) value of τ , as for a large value of τ , the
term (ν/2τ)ψ is negligible. We choose in (16) this large
value of τ as our initial pulse. In Figs. 2, 3, 4, and 5,
the effects of kinematic viscosity in both cylindrical and
spherical geometries are investigated respectively for dif-
ferent values of τ . It is found that as the magnitude of τ

increases, the shock height decreases and the effect is more
pronounced in spherical geometry by comparison with the

Fig. 1 Variation of μc [obtained from A(μe1 = μc) = 0] with μe2
and σ1 (color online)
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Fig. 2 The effect of cylindrical (ν = 1) geometry on DIA shock struc-
ture above the critical value (for μe1 = 0.45). Here, μe2 = 0.04,
σ1 = 2.5, σ2 = 0.1, κe1 = 20, κe2 = 2, and U0 = 0.1 (color online)

cylindrical geometry. It is also observed that the width of
the shock waves increases (decreases) with the increase of
η (U0). From Fig. 9, it is seen that the spectral index param-
eters κe1 and κe2 play a significant role on the phase speed
(Vp) of DIA shock waves. The phase speed (Vp) of DIA
shock wave increases exponentially with the increase of κe1

and decreases with the increase of κe2.

5 Discussions

We have presented a theoretical study of the propagation
dynamics of cylindrical and spherical DIA shock waves in
an unmagnetized dusty plasma system containing inertial
ions, negatively charged static dust, and superthermal elec-
trons with two distinct temperatures. The dynamics of the

Fig. 3 The effect of cylindrical (ν = 1) geometry on DIA shock struc-
ture below the critical value (for μe1 = 0.25). Here, μe2 = 0.04,
σ1 = 2.5, σ2 = 0.1, κe1 = 20, κe2 = 2, and U0 = 0.1 (color online)

Fig. 4 The effect of spherical (ν = 2) geometry on DIA shock struc-
ture above the critical value (for μe1 = 0.45). Here, μe2 = 0.04,
σ1 = 2.5, σ2 = 0.1, κe1 = 20, κe2 = 2, and U0 = 0.1 (color online)

cylindrical and spherical DIA shock wave is governed by
the MB equation. Our results are summarized as follows:

1. Shock waves are formed for above and below the
critical value (i.e., when μe1 > μc and μe1 < μc).

2. It is observed that for μe1 > 0.342, positive (com-
pressive) shock waves exist, whereas for μe1 < 0.342,
negative (rarefactive) shock waves exist.

3. The width of the shock waves increases with the
increase of η. It can also be said that the shock waves
become smoother and weaker when the dissipation is
increased. On the other hand, the width of shock waves
decreases with the increase of U0, as displayed in Fig. 6.

4. The time evolution of the cylindrical and spherical DIA
shock waves significantly differs from the 1D planar
DIA shock wave. It is found that as time passes, the

Fig. 5 The effect of spherical (ν = 2) geometry on DIA shock struc-
ture below the critical value (for μe1 = 0.25). Here, μe2 = 0.04,
σ1 = 2.5, σ2 = 0.1, κe1 = 20, κe2 = 2, and U0 = 0.1 (color online)
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Fig. 6 (Color online) Variation of width of shock wave with U0 and η.
Here μe1 = 0.45, μe2 = 0.04, σ1 = 2.5, σ2 = 0.1, κe1 = 20, κe2 = 2.
The upper (pink) curve one is for U0 = 0.1, the middle (green) one is
for U0 = 0.12, and the lower (blue) one is for U0 = 0.14

amplitude of the cylindrical and spherical DIA shocks
increases.

5. The cylindrical and spherical shock waves are identical
to 1D shock wave for larger value of τ since the nonpla-
nar geometrical effect is no longer paramount for larger
value of τ . However, as the value of τ decreases, the
nonplanar geometrical effect, represented by νψ

2τ
, will

become dominant and the cylindrical, spherical, and 1D
shock waves differ from each other.

6. Figures 7 and 8 indicate the dependency of the ampli-
tude of DIA shocks to the superthermality effects. They
show that the spectral index parameters (κe1 and κe2)
have a strong effect on the wave behavior. It is found
that the amplitude of DIA shocks increases when the
spectral index parameter κe2 increases (displayed in
Fig. 7). With the increasing of spectral index parameter
κe1, the amplitude of DIA shocks decreases (displayed
in Fig. 8).

7. The height and steepness of cylindrical shock wave are
larger than that of the 1D shock wave but smaller than
that of the spherical shock wave. In other words, the
amplitude of the cylindrical DIA shock wave is larger

Fig. 7 The variation of amplitude of the positive shock profiles with
κe2 and σ2. Here μe1 = 0.45, μe2 = 0.04, σ1 = 2.5, η = 0.3, κe1 =
20, and U0 = 0.1. The upper (blue) curve is for κe2 = 4, the middle
(green) one is for κe2 = 3, and the lower (pink) one is for κe2 = 2
(color online)

Fig. 8 The variation of amplitude of the positive shock profiles with
κe1 and μe2. Here, μe1 = 0.45, σ1 = 2.5, σ2 = 0.1, η = 0.3, κe2 = 2,
and U0 = 0.1. The upper (pink) curve is for κe1 = 20, the middle
(green) one is for κe1 = 30, and the lower (blue) one is for κe1 = 40
(color online)

than that of the 1D planar DIA shock, but smaller than
that of the spherical DIA shock wave. Furthermore, the
spherical DIA shock waves move faster as compared to
the corresponding cylindrical DIA shock waves.

8. The variation of the phase speed (Vp) with the spectral
index parameters κe1 and κe2 is explored in Fig. 9. It is
observed that the phase speed (Vp) increases exponen-
tially with the increase of the spectral index parameter
κe1 and decreases with the increase of κe2. Therefore,
it can be said that electron superthermality parameters
(κe1 and κe2) play an important role on the phase speed
of DIA shock waves.

The nonplanar geometry effect for DIA shock wave is
very strong for a small value of τ , and there are obvious dif-
ferences between the cylindrical and spherical DIA shock
waves regarding both amplitudes and widths of the struc-
tures. It is seen that the amplitude increases with increase
in τ as well as the value of superthermal or spectral index
parameter κe2 and the amplitude decreases with the increase
of spectral index parameter κe1. Besides, a small value of
spectral index parameter and thus an increase in superther-
mality increases the speed of DIA shock waves. Thus,
spectral index parameters κe1 and κe2 have a significant

Fig. 9 The variation of phase velocity with κe1 and κe2 above the crit-
ical value (for μe1 = 0.45). Here, σ1 = 1, σ2 = 0.1, and μe2 = 0.04.
The upper (green) curve is for κe2 = 1.6, the middle (blue) one is for
κe2 = 1.8, and the lower (pink) one is for κe2 = 2 (color online)
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influence on the formation of shock structures in our present
plasma model. It may be noted that because of electron
superthermality and also other plasma parameters (viz. σ1,
σ2, μe1, μe2, etc.), the DIA shock wave may exhibit either a
compression or a rarefaction.

We hope that our theoretical present work based on
nonplanar geometry should be useful for understanding
the electrostatic disturbances in most laboratory devices
[such as capsule implosion (spherical geometry), shock tube
(cylindrical geometry), etc.] which are of spherical or cylin-
drical shape. This theoretical work can also be applied
in some space plasma systems (viz. magnetosphere, pul-
sar magnetosphere [41], Saturn’s outer magnetosphere (R
∼ 13−18 RS , where RS is the radius of Saturn) [26], Sat-
urn’s inner magnetosphere [26] (R <9 RS , etc.) which are
also of spherical shape. We finally add that stability analy-
sis of these shock structures, investigation of the features of
arbitrary amplitude shock structures, and the effect of exter-
nal magnetic field on the properties of these shock structures
are also problems of great importance, but beyond the scope
of our present work.
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