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In order to analyze the charging effects on electronic spectrum of Silicon (Si) based quantum wells (QW’s), we
use a method based on the calculation of the image charge potential by solving Poisson equation in cylindrical
coordinates. The numerical results shows that the confined electron ground state energy level can be shifted
by more than 50 meV due to the contribution of the image charges to the confinement potential of the graded
quantum well.

1 Introduction

The contribution of the image charge to the potential struc-
ture of Si/SiO2 heterojunctions have been widely studied in
the past [1]. At that time, however, the devices dimensions
were above theµm range, and in this case effects of rough-
ness were very limited. With the shrinkage of the device
dimensions to the nanoscale, the effect of the image poten-
tial on electron transmission and electric current in the di-
rect tunnelling regime of ultra-thin MOS structures became
a matter of interest [2], which is driving new efforts for the
understanding of the image potential contribution to nano-
electronics [3]. In particular, the recent search for the SiO2

replacement by high-k dielectrics will point the necessity
for a better description of the dielectric mismatch in semi-
conductor nanostructures, which also must take into account
graded interface effects.

The purpose of this work is to present results on the
calculation of the charge image potential contribution to
the carriers’ confinement in graded Si-based quantum wells
(Si/SiOx). A linear variation of the dielectric constant
through the graded quantum well interface is assumed,
which allows to avoid the sharp interface-related divergence
in the image potential contribution. Our model is based on
the work proposed by Stern [4] and extended for 2D quan-
tum well structures. This model ignores the atomic nature
of the materials and also neglects the mobility of the car-
ries, which can modify the image potential in the interface
between an insulator and a semiconductor. Despite these as-
sumptions, our approach is consistent with the approach of
the effective mass, which has been used commonly to de-
scribe electrons near interfaces of films [5].

2 Image Potential

The electrostatic potentialφ(r) due to the presence of a
point chargeQ located atr0 in a medium with a spatially

varying permittivityε is the solution of Poissons equation

∇ · ε(z)∇φ = −Qδ(−→r −−→r 0). (1)

Sinceε only depends onz coordinate, we have the free-
dom to choose the origin of thexy plane at the position of
the point chargeQ. We can define a radial coordinateR, and
the potentialφ(r) can be expanded in a Fourier-Bessel form
[4]:

φ(−→r ) =
∫ ∞

0

qJ0(qR)Aq(z)dq, (2)

whereJ0(x) is the Bessel function of order zero. The coef-
ficientsAq(z) satisfies the following equation

A”
q(z)− q2Aq(z) +

ε
′
(z)

ε(z)
A
′
q(z) = −Qδ(z − z0)

2πε(z0)
, (3)

with boundary conditionsAq(z) → 0 when |z| → 0. The
solution of the above equation can be expressed as

Aq(z) = αI0(η) + βK0(η), (4)

whereα and β are coefficients related with the boundary
conditions, andη is a function ofz, the interface thickness
and the dielectric constant [4, 6].

In the case of a dielectric constant independent ofz, the
solution of Eq. (3) is

A0
q(z) =

Q

4πε(z0)
e−q|z−z0|. (5)

The image charge potential equation including the effect
of the spatial variation of the dielectric constant on the point
chargeQ can be expressed as

V im(z) =
1
2

∫ ∞

0

q[Aq(z)−A0
q(z)]dq. (6)
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3 Modelling Si/SiOx QW’s

The carrier Hamiltonian in non-abrupt Si/SiOx single QWs
can be written, within the effective mass approximation, in
the following way:

Hi(zi) = −~
2

2
∂

∂zi

[
1

mi(zi)
∂

∂zi

]
+Vi(zi)+V im

i (zi), (7)

wherez is the QW growth direction,mi(zi) andVi(zi) is
the carrier perpendicular effective mass and effective poten-
tial, respectively, withi = (e, lh, hh), andV im

i (zi) is the
image charge contribution (see Eq. (6)).

To describe the interface, we use the model of Freireet
al. [7], whereεi(zi), mi(zi) andVi(zi) are dependent on
the interfacial aluminum molar fractionχ(z) in the struc-
ture, which is a linear function of the growth coordinatez.

εi(zi) = εa + εbχ(z),
mi(zi) = µ1 + µ2χ(z),
Vi(zi) = va + vbχ(z). (8)

In Fig. 1(a) we have the image of a Si/SiO2 film show-
ing the existence of a non-abrupt transition region between
the two materials, while a sketch of the dielectric function
through the QW structure is shown in Fig. 1(b).
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Figure 1. (a) Interface showing the non-abrupt interface of a
Si/SiO2 film [8]. (b) Schematic diagram of the dielectric quantum-
well structure.

Using the above considerations, we have the following
Schr̈odinger equation for the perpendicular motion:

[Hi(zi)− Ei] ψi(zi) = 0. (9)

The eigenvalues and eigenfunctions of the above wave
equation are calculated through a matrix transfer scheme [7].

4 Carrier Energy

We calculated the carrier energy in Si/SiOx single quantum
wells including the charge image effects. The parameters

(energy gap, dielectric constant, and effective masses) used
for Si and SiO2 are presented in Table I. The SiOx parame-
ters are obtained through linear interpolation.

Table I. Si[9] and SiO2[10] parameters
Parameters Si SiO2

Eg(eV ) 1.05 8.9
ε/ε0 11.7 2.1

m⊥
e /m0 0.173 0.3

m⊥
hh/m0 0.533 5.0
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Figure 2. Carrier energy as a function of the well width, without
the image charge effectse− (dashed) andhh (dotted) and with the
image charge effectse− (dotted-dashed) andhh (solid). In the in-
set, the difference between the carrier energy,e− (dashed) andhh
(solid), with and without the image charge effects.

In the present calculation two effects are considered, that
is, the charge image potential and the graded interface. Fig.
2 shows the electron (dashed and dotted-dashed) and heavy
hole (dotted and solid) energy as a function of the quantum
well width, for interfaces thicknesses of 0, 5 and 10Å. The
numerical results presented in the solid and dotted-dashed
curves takes into account the image charge effects decribed
by the last term in the Hamiltonian of Eq. (7). These effects
are not included in the calculations of the dotted and dashed
curves.
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In the abrupt interface picture, the effects observed are
restricted to the image charge. As shown in Fig. 2 (top) the
ground state energies for electrons and heavy holes increases
when the charge image potential is considered. Since the
SiO2 dielectric constant is higher than Si, the image charge
has the same signal as the charge inside the quantum well.
As a result, the charge image potential increases the carries
confinement inside the quantum well and consequently the
ground state energies of the carriers. In the inset we observe
that the energy increasing does not differ significatively for
electrons and heavy holes.

Considering non-abrupt interfaces with thicknesses 5
and 10Å, Fig. 2 (middle and bottom, respectively) shows the
results with and without the charge image potential. Since
the graded interface model considered here decreases the ef-
fective quantum well width, we observe that the ground state
energies of the carriers increases with the interface thick-
ness. As can be seen, the two effects, charge image poten-
tial and non-abrupt interface, can increase the ground state
energy of the carries by more than 100 meV.

In conclusion, we observed that the effects of the charge
image potential and the existence of non-abrupt interfaces
are important in the ground state energies of quantum well
composed by materials with dielectric constants that differ
significatively.
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