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In the framework of the QCD parton model, we study unpolarized scattering of high energy real photons from
a proton target into lepton pairs and a system of hadrons. For a given parametrization of parton distributions in
the proton, we calculate the cross section of this process and show the cancellation of the interference terms.

1 Introduction

The inclusive virtual Compton scattering is the reaction in
which a high energy lepton beam bombards a proton target
and scatters off the target inelastically

l + p → l′ + γ + X, (1)

wherel andl′ represent either an electron or a muon andX
a system of the final state hadrons. This process was stud-
ied in the parton model by Brodsky et al. [1]. The basic
idea of the model is the assumption that at high energies the
constituents of hadrons behave as if they are free point-like
particles. Thus, one picks up only the lowest order electro-
magnetic contributions to the cross section and neglect all
QCD corrections. In the present paper we consider inclu-
sive photoproduction of lepton pairs

γ (k) + p (P ) → l− (p1) + l+ (p2) + X, (2)

which is a crossed process to Eq.(1). At the level of the ele-
mentary photon-parton scattering subprocess, the incident
photon can either scatter off a parton or split into a lep-
ton pair. We call these contributions the Compton and the
Bethe-Heitler process, respectively. Since we imagine the
reaction to occur at very high energy, we can assume that all
the relevant parton masses are negligible.

2 The Compton Process

There are two Feynman diagrams corresponding to the
Compton contribution depicted in Fig. 1. Usingεν(k) and

Qa to denote the polarization vector of the initial photon and
the electric charge of the parton of typea in units of |e| we
write the invariant matrix element as

MC = MC1 + MC2 = e3Q2
a

1
k′2

u(p1)γµv(p2)εν(k)u(p′)
[
γµ 6kγν + 2γµpν

2 (p · k)
+
−γν 6k′γµ + 2γνpµ

−2 (p′ · k)

]
u(p). (3)

Averaging the squared amplitude of Eq.(3) over the ini-
tial parton and photon polarizations and summing over the
final lepton and parton polarizations, one gets

1
4

∑

polarizations

|MC |2 =
e6Q4

a

4k′4
LµρH

µρ, (4)

where the leptonic and hadronic tensors are

Lµρ = 4
[
p1µp2ρ + p1ρp2µ − gµρ

k′2

2

]
,

Hµρ = 4

{
AC

(p · k)2
+

BC

(p′ · k)2
+

CC

(p · k) (p′ · k)

}
,

(5)

with the coefficients
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AC = (p · k) [p′µkρ + p′ρkµ − gµρ (p′ · k)] ,
BC = (p · k′) [p′µpρ + p′ρpµ] + (p′ · k′) [pµk′ρ + pρk′µ − 2pµpρ] + (p · p′) [2pµpρ − pµk′ρ − pρk′µ]

+
k′2

2
[−p′µpρ − p′ρpµ + gµρ(p · p′)]− gµρ (p · k′) (p′ · k′) ,

CC = (p · k) [p′µk′ρ + p′ρk′µ − p′µpρ − p′ρpµ] + (p′ · k) [2pµpρ − pµk′ρ − pρk′µ]
+ (p · k′) [−p′µpρ − p′ρpµ − p′µkρ − p′ρkµ] + (p′ · k′) [2pµpρ + pµkρ + pρkµ]
+ (p · p′) [−pµkρ − pρkµ − pµk′ρ − pρk′µ]
+gµρ [2 (p · p′) (p · k′) + (k · k′) (p · p′) + (p · k′) (p′ · k)− (p · k) (p′ · k′)] . (6)

The next step is to integrate Eq.(4) over the Lorentz-invariant phase space in a specific frame of reference, i.e.

1
(2π)5

∫ (
d3p′

2Ep′

) ∫ (
d3p1

2E1

) ∫ (
d3p2

2E2

)
δ(4) (p + k − p′ − p1 − p2)

e6Q4
a

4k′4
HµρL

µρ. (7)

SinceLµρ depends only on the momenta of the final leptons, we calculate first the integral

∫
d4p1

∫
d4p2 δ(4) (k′ − p1 − p2) δ+

(
p2
1 −m2

)
δ+

(
p2
2 −m2

)
Lµρ, (8)

d

wherem denotes the lepton mass and then contract it with
Hµρ. The calculation of Eq.(8) is particularly simple in the
lepton pair center-of-mass frame. After contraction, we still
have to integrate overd4k′ andd3p′ and divide the expres-
sion by the flux factor. In terms of the Mandelstam variables
for the scattering process at the parton level, the subprocess
differential cross section reads

d2σC

dt̂dM2
= −

(
2α3Q4

a

3

)
1
ŝ2

[
ŝ2 + û2 + 2M2t̂

ŝû

]
Φ

(
M2

)
,

(9)

with M2 being the invariant mass squared of the lepton

pair andΦ
(
M2

)
= M2+2m2

M4

√
1− 4m2

M2 θ
(
M2 − 4m2

)
.

The cross section for photon-proton inelastic scattering in
the parton model is obtained by summing Eq.(9) over all
typesa of partons and all possible longitudinal momentum
fractionsx weighted with the parton distribution functions
fa (x). Furthermore, we writêt = −Q2 andŝ = xs where
s represents the square of the photon-proton center of mass
energy. Since the mass of the scattered parton vanishes, one
getsx = Q2/ [2P · (k − k′)] ≡ xB . The Compton differ-
ential cross section for inclusive photoproduction of lepton
pairs can be then written as

c

d3σC [γp → l+l−X]
dQ2dM2dxB

=
2α3

3

∫ 1

0

dx δ (x− xB)
∑

a

fa (x)Q4
a

1
(xs)2

[
(xs)2 +

(
M2 + Q2 − xs

)2 − 2M2Q2

xs (M2 + Q2 − xs)

]
Φ

(
M2

)
.

(10)

3 The Bethe-Heitler process

The Bethe-Heitler contribution can be calculated from Feynman diagrams shown in Fig. 1. The amplitude reads

MBH = MBH1 + MBH2 = −e3Qa
1

(k − k′)2
u(p′)γµu(p)εν(k)u(p1)

[
2pν

1γµ − γν 6kγµ

−2 (p1 · k)
+

γµ 6kγν − 2pν
2γµ

−2 (p2 · k)

]
v(p2),

(11)

and moreover



946 Brazilian Journal of Physics, vol. 34, no. 3A, September, 2004

1
4

∑

polarizations

|MBH |2 =
e6Q2

a

4 (k − k′)4
HµρL

µρ,

Hµρ = 4
[
pµp′ρ + pρp

′
µ − gµρ (p · p′)] ,

Lµρ = 4

{
ABH

(p1 · k)2
+

BBH

(p2 · k)2
+

CBH

(p1 · k) (p2 · k)

}
,

ABH = (p1 · k) [pµ
2kρ + pρ

2k
µ − gµρ (p2 · k)]−m2 [pµ

1pρ
2 + pρ

1p
µ
2 − gµρ (p1 · p2)]

+m2 [pµ
2kρ + pρ

2k
µ − gµρ (p2 · k)]−m2 (p1 · k) gµρ + m4gµρ,

BBH = (p2 · k) [pµ
1kρ + pρ

1k
µ − gµρ (p1 · k)]−m2 [pµ

1pρ
2 + pρ

1p
µ
2 − gµρ (p1 · p2)]

+m2 [pµ
1kρ + pρ

1k
µ − gµρ (p1 · k)]−m2 (p2 · k) gµρ + m4gµρ,

CBH = 2 (p1 · p2) [pµ
1pρ

2 + pρ
1p

µ
2 − gµρ (p1 · p2)]− (p1 · k) [pµ

1pρ
2 + pρ

1p
µ
2 − 2pµ

2pρ
2]

− (p2 · k) [pµ
1pρ

2 + pρ
1p

µ
2 − 2pµ

1pρ
1]− (p1 · p2) [pµ

1kρ + pρ
1k

µ + pµ
2kρ + pρ

2k
µ]

+2gµρ (p1 · p2)
[
(p1 · k) + (p2 · k)−m2

]− 2m2kµkρ. (12)

Following the same procedure as in the previous section and after some tedious algebra one obtains the subprocess differential
cross section,

d2σBH

dt̂dM2
=

(
α3Q2

a

) 1
ŝ2t̂2

(
M2 − t̂

) [−C1ûŝ + C2t̂
]
. (13)

The coefficients in Eq.(13) are the functions of the invariantsm2, M2 and(k · k′) =
(
M2 − t̂

)
/2 given by

C1 =

[
−4 +

6M2

(k · k′) −
4M4

(k · k′)2 +
M6

(k · k′)3 −
20m2M2

(k · k′)2 − 4m4M2

(k · k′)3 +
6m2M4

(k · k′)3 +
16m2

(k · k′) +
8m4

(k · k′)2
]

× ln

[
1−

√
1− 4m2/M2

1 +
√

1− 4m2/M2

]
,

C2 =
[
4 (k · k′)− 4M2 +

2M4

(k · k′) +
4m2M2

(k · k′) − 8m4

(k · k′)
]

ln

[
1−

√
1− 4m2/M2

1 +
√

1− 4m2/M2

]

+
[
4 (k · k′)− 8M2 +

4M4

(k · k′) +
4m2M2

(k · k′)
]√

1− 4m2

M2
.

Finally, one finds the Bethe-Heitler differential cross section for inclusive photoproduction of lepton pairs namely,

d3σBH [γp → l+l−X]
dQ2dM2dxB

= α3

∫ 1

0

dx δ (x− xB)
∑

a

fa (x)Q2
a

1
(xs)2 Q4 (M2 + Q2)

[
C1

(
M2 + Q2 − xs

)
xs + C2Q

2
]
.

(14)

d

4 The interference terms

Four Feynman diagrams give us eight interference terms. It
turns out, that they mutually cancel each other after being

integrated over the final lepton momenta. To prove this, let
us focus only on the integrals over the first two terms, i.e.
MC1M

?
BH1 andMC1M

?
BH2 . They contain the following

expressions

c

∫
d4p1

∫
d4p2 δ(4) (k′ − p1 − p2)

1
(p1 · k)

Tr
[
(6p1 + m) γµ (6p2 −m) γξ 6p1− 66k + m

(p1 − k)2 −m2
γν

]
,

∫
d4p1

∫
d4p2 δ(4) (k′ − p1 − p2)

1
(p2 · k)

Tr
[
(6p1 + m) γµ (6p2 −m) γν

666k− 6p2 + m
(k− p2)2 −m2

γξ

]
. (15)
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First, we use the delta function to integrate overd4p2. After we perform the transposition of the trace and the momentum shift
p1 − k′ = −p̃ of the second integrand in Eq.(15), the latter assumes the form

∫
d4p̃

1
(p̃ · k)

Tr

[
(6k′− 6 p̃ + m)T γξT (666k− 66 p̃ + m)T

(k− p̃)2 −m2
γT

ν (6 p̃−m)T γT
µ

]
. (16)

Since the propertŷCγµĈ−1 = −γT
µ holds, whereĈ represents the charge conjugation operator, one ends up with

−
∫

d4p̃
1

(p̃ · k)
Tr

[
γµ (6k′− 6 p̃−m) γξ 666 p̃− 66k + m

(k− p̃)2 −m2
γν (66 p̃ + m)

]
. (17)

d

The last expression is exactly equal but opposite in sign to
the first term in Eq.(15). Thus, by adding them we get zero.
In fact, the result of cancellation is known in general as
the Furry’s theorem: Feynman diagrams containing a closed
fermion loop with an odd number of photon vertices can be
omitted in the calculation of physical processes.

5 Kinematics and Figures

As x → 0, the differential cross sections in Eqs.(10)
and (14) become singular. However, sinces − M2 ≥
(k − k′ + P )2 ≥ M2

p , one finds in the laboratory frame,
which is the rest frame of the proton with massMp,

[
1 +

(
2MpE −M2

)
/Q2

]−1 ≤ x ≤ 1, (18)

where E denotes the initial photon energy andQ2 =
2EE′ − 2E

√
E′2 −M2 cos ϑγ −M2 is the invariant mo-

mentum transfer. The energy of the pair and the angle be-
tween photons are denoted byE′ andϑγ , respectively. In
Fig. 2 both differential cross sections are plotted against
ϑγ at fixed values ofE = 40GeV, M = 3GeV and
E′ = 10 GeV. Muons are taken as leptons and the follow-
ing simplified parametrization of parton distributions in the
proton is used:uval (x) = 1.89x−0.4 (1− x)3.5 (1 + 6x),
dval (x) = 0.54x−0.6 (1− x)4.2 (1 + 8x) and sea (x) =
0.5x−0.75 (1− x)7 [2].

+ crossed diagrams+

p

k

1
1

2
p

p

2

k

k

p

k−kp *γ

p

p

* γ

p

Figure 1. Feynman diagrams for Compton and Bethe-Heitler pro-
cess. In two crossed diagrams the real and virtual photons are in-
terchanged.

2.5 5 7.5 10 12.5 15 deg.
5
10
15
20
25
30
35
40

d3 d cos dM2dx pb GeV2

Figure 2. Differential cross section for Compton (solid line) and
Bethe-Heitler (dashed line) contributions.

6 Conclusions

In this paper we have applied the parton model formalism to
the inclusive photoproduction of lepton pairs from a proton
target. We have calculated the unpolarized cross section for
Compton and Bethe-Heitler subprocess at particular kine-
matics. Furthermore, we have illustrated the cancellation of
the interference terms.
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