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The Effective Dielectric Tensor for Electromagnetic Waves
in Inhomogeneous Magnetized Plasmas and the Proper
Formulation in the Electrostatic Limit
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The procedures used to obtain general expressions for the components of the effective dielectric tensor for elec-
tromagnetic waves in inhomogeneous magnetized plasmas are briefly reviewed, and the relationship between
these expressions and their counterparts which can be obtained assuming electrostatic fluctuations is discussed.
Itis argued that a general formulation formerly available in the literature, which do not satisfy Onsager symme-
try in the case of electrostatic fluctuations, is not the suitable form for description of dielectric properties in the
electrostatic case, which require a dielectric constant. A general expression for an effective dielectric constant
is therefore provided, obtained from the effective dielectric tensor, which satisfy Onsager symmetry.

1 Introduction energy between wave and particles.

The undesirable features of the dielectric tensor obtaine
The subject of wave propagation in inhomogeneous plasmagvith the plane wave approximation can be corrected by the
can not be considered a simple problem, from a mathemat-ntroduction of the effective dielectric tensor, which is orig-
ical point of view. In a collisionless plasma it involves the inated from an iterative procedure applied to the wave equa
use of Maxwell's equations for the components of the elec- tion [6]. The procedure which leads to the effective di-
tromagnetic field, coupled to a set of Vlasov equations for electric tensor, starting from the conventional tensor derivec
the distributions of each of the plasma species. However, forwith use of the plane wave approximation, will be called in
the case of small amplitude perturbations with wavelengthswhat follows as BGI procedure, after the names of Beskin
much smaller than the scalelengths of inhomogeneities, theGurevich and Istomin, the authors of Ref. [6]. The BGI
analysis can be simplified. In the simplest approach the fluc-procedure assumes weak gradients in the physical parar
tuations are described by a plane wave approximation, andeters and neglects mode conversion and reflection. Thes
a local relationship is assumed between current density andsimplifying assumptions may be violated near resonances c
electric field. The procedure generates a dispersion relatiorcut-offs, or for parameters for which two dispersion curves
which for a given wave frequency provides the local refrac- approach each other. However, many interesting phenorr
tion index. Since the dispersion relation depends on localena occur in parameter regions with weak gradients wher
parameters, the approach is called the “locally homogeneoughe WKB approximation is justified and where the effective
approximation”. dielectric tensor may play important role, as can be seen i

Inhomogeneity effects can be explicitly included in the arecent publication on geometrical optics [7].
description of dielectric effects by simply taking into ac- We have early on been atracted by the potential useful
count in the evaluation of the dielectric tensor components ness of the concept of effective dielectric tensor and use
the space derivatives of parameters that describe the plasmi for several applications in magnetized plasmas, consid
at each point, and then inserting these components into theering situations where the magnetic field is homogeneou
same form of the dispersion relation utilized in the locally and other parameters are inhomogeneous [5], situatior
homogeneous approximation [1, 2, 3, 4]. However, this where the magnetic field is inhomogeneous [8, 9], and situa
simple approach for the introduction of inhomogeneity ef- tions where density and magnetic field inhomogeneities ar
fects has an important drawback. It leads to expressions forpresent simultaneously [10, 11]. In all these cases, we hav
the components of the dielectric tensor which in general do obtained expressions which clearly satisfy Onsager symme
not satisfy Onsager symmetry, except for wave propagationtry and used them to obtain the solutions of the dispersiol
perpendicular to the direction of inhomogeneity [5]. As a relation. It is important to remark the point about the On-
consequence, non-resonant contributions appear to the antisager symmetry, since although the general conception ¢
Hermitian parts of the components of the dielectric tensor, the effective dielectric tensor is aimed to satisfy energy con:
which means that the dielectric tensor obtained according toservation, the proper symmetry of the tensor might be los
this approach do not properly describe the dielectric prop- due to approximations introduced in the process of actua
erties of the inhomogeneous medium and the exchange otalculation of specific expressions of its components. If On-
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sager symmetry is satisfied, the anti-Hermitian parts of the  In section 2 we briefly review the steps for derivati
dielectric tensor only feature resonant parts, properly de-of the components?j for the case of electromagnetic (EN
scribing wave-particle energy exchange. As it is known, if waves, which are necessary for the derivations of the e
non-resonant terms appear in the anti-Hermitian parts of thetive dielectric tensor, according to the BGI procedure.
dielectric tensor, they describe the variation of the wave am-section 3 we obtain the corresponding componeptsof
plitude due to the modification of the group velocity in an the effective dielectric tensor, using Eq. (2), and also
inhomogeneous medium, not true absorption or amplifica- cuss the case of electrostatic (ES) fluctuations, accordir
tion [12, 13]. This point has been illustrated with examples the approach adopted in Ref. [17]. In section 4 we disc
in Ref. [8], where results obtained from the dispersion rela- the Onsager symmetry of the effective dielectric tensor,
tion with use of the effective dielectric tensor are compared validity of the approach adopted in section 3 for the cas
with results obtained using other approaches found in theES fluctuations, and the proper application to the ES lil
literature [3, 14, 15, 16, 12]. In Sect. 5 we state the main results of the paper.
The Onsager symmetry of the effective dielectric tensor
for electromagnetic waves has also been considered in Ref. -0
[17], for the case of homogeneous magnetic field. Infact, 2  Calculation of the ¢ tensor
Ref. [17] obtained expressions which satisfy Onsager sym-
metry for the case of electromagnetic waves, corroborating) et ys consider a plasma with several species of parti
our earlier results presented in Ref. [5]. However, Ref. [17] each denoted by the index Each species is described
also_con_5|dereq the case of electrostatic waves, qoncludlnga distribution functionf,, (r, p, t), wherer is position,p is
f‘h"?‘t in this part|cul_ar case th? Onsager symmetry IS not sat-momentum, and is the time. The distribution function i
|sf|ed.by the eﬁectlvg dlelec'_[rlc tensor. This is a partl_cula}rly normalized as follows
puzzling feature, which motivates the present investigation.
In the present paper we therefore return to the subject, 3
with the objective of briefly review the derivation of the ef- /d P fa(r;p,t) = na(r,t), (3)
fective dielectric tensor for electromagnetic waves, and dis-
cuss its extension for the case of electrostatic waves. It isWheren (r, ) is the number of particles of type by unit
therefore sufficient to consider for simplicity the case of in- Of volume, at positiorr and timet.
homogeneous density in homogeneous magnetic field. In-  Inthe absence of collisions the behavior of the syste
homogeneities in other plasma parameters, like temperaturegoverned by the Viasov-Maxwell system of equations. C
and in the magnetic field, could be also considered, but theysidering small amplitude fluctuations such as the systen
are not essential to the point which we wish to demonstrate,be linearized, using the method of characteristics to s
and would only contribute to the complexity of the expres- the Vlasov equation, and assuming plane-wave approx
sions for the components of the tensor. The calculationstion, the perturbed distribution function can be given by
which follow show that the non-symmetrical tensor obtained Well known result,
when following the procedure indicated in Ref. [17] is not
the correct form to be used for the study of electrostatic fluc- forw = —9aAq - Ex (4)
tuations. We therefore point out that the proper dispersion '
relation for electrostatic waves can be obtained from the ef-Where 0
fective dielectric tensor for electromagnetic waves, which A, = / O, KR=w) gr
features adequated symmetry properties. For the derivation, —0
we consider a weakly inhomogeneous plasma with inho- ,
mogeneities along direction, immersed in a homogeneous e, = <1 _pk > Vo fao + (k : vp’fao) P
magnetic field along direction,Bg = Bpez. We also as- MaYew P MaYaW 7
sume waves propagating in an arbitrary direction relative to nd
ambient the magnetic field and to the inhomogeneity, with Revr —r 711
wave vector o ’ o ’
and where we have used Faraday’s law to relate mag
k = k) costpey + k1 sinyez + kjes. (1) and electric field. The quantity, is the equilibrium dis-
tribution function, which is a function of the constants
The procedure starts with the calculation of the com- motion,
ponents:};, which are the components of the usual dielec- fao(t,P,1) = Fa(p?,py, Xa), (5)
tric tensor for homogeneous medium, obtained with a plane )
wave approximation, but including terms corresponding to Wherep; andp, are, respectively, the momentum para
the gradients of the plasma distribution function [1]. The and perpendicular to the magnetic fiddd, and where
effective dielectric tensor is then obtained by application of

the following rule, Xo=2+ Py
Mo
-0 . .
o 0 9% € with Q, = ¢.Bo/(mqc) being the cyclotron angular fre

e=¢ +§ Dk.0z @) quency of particles of type.
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Therefore, it easily follows that the components of vec- Using the expressions for the unperturbed orbits in the
tor A, are proposed geometry, the, I, andI, integrals can be writ-
ten as follows

k| sin oF,
Aa:c = |:<P0(Fa) + = w pa aX :| Iw? (6) +o0 0iz
MaTYaw Matla OXa L=i } elbasinemv)-nte=v)] LI 7
[ e Dan pH 2l
k dF, ©)
Agy = — = cosy _pr OFa L+ po(Fa) I, where
Mo YaW WLaQa aX(y _ ]{;Hp” nQa
Don=w— ——- - —, (10)
w1 Fumn 1 0OF, @) Mala Yo
MaYaw ) MaQo 0Xy ~ and where ther; are the components of the following auxil-
iary vector,
Kk cosy k1 sinvy b
Anz = Mo L(F) I+ M L(Fa) 1, F— <nJZ( ) cos 1) — iJ,’l(ba)sinw> e
JF, k1 siny OF, Dy
= 1, 8
* |:8p " ( maQa aXoc) MaYaW ( ) + (%(ba) Sinw + iJ,,/L(ba)COS 7\/’) €2
where : »
Py
ka” a kaJ_ a + Jn(ba)e37 (ll)
v = |1-——— . + o pL
MaYaW PL MaYaW 0P| with b, = kLpL/(maQa)-
L = p 9 mi We now consider the distribution function. For a weakly
Opy op) inhomogeneous plasma it can be expanded as follows,
0 /
p (k- R—wt > >
II = / ie (R >d7- Fa(piapH:Xa)zfa(piapﬂam)—i_(Xa_x) f(/w (12)
j 0 &ei(k'R’W)dr wherefa(pi,pu,x) is a local distribution with azimuthal
Y oo PL symmetry, andf/, represents its derivative with respect the
o variablez.
I, = / ¢!k R=wT) g7 Using Eq. (12), we obtain
J
Ao = [ofo) + PP oy g1y 4 BV _PL_ g 13)
o = POV, PN T e ma ]
A :_kLCOS¢ pL f/[ + (f )_’_plSin@O (f/) I
w MaYaw Maa " PolJa Mo Polla Y
k
+ (1 — P > s (14)
MaYaW Tn‘(XQ(Y
k1 cosp Py sinp ,
Aaz = «a Iy
e ISRRTLTA
k1 sin Py sinp ,
o I
LY gy 4 R g )]

. , .
+{%+plsmwaf“+7klsmw P ’}Iz. (15)

ap” maQu apH MaYaW Tana

[

These expressions are used to obtain the perturbed disforms of current and electric field,
tribution function, according to Eq. (4). The distribution is
then utilized to evaluate the current, generating a linear re- 0
lationship, possibly anisotropic, between the Fourier trans- Jiw -0 (k,w; z) - Ej . (16)
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It is important to remark that the tensor is not the ~ Where
Fourier transform of the conductivity tensor in configura-
tion space, which relates current density and electric field in 2 9N 1/2
a stationary and inhomogeneous medium X, = % andwhere Wpa = (M)

Mq
J(r,t) = /d3$'/dt o (v, t—t)-E@,t), (17)
is the plasma frequency for the particles of specieblsing

since a relationship like Eq. (16) only would be obtained by in Eq. (18) the expressions given by Egs. (13) to (15), al
Fourier transform from Eq. (17) in the case of a homoge- with Eg. (9), and following through some tedious alget
neous medium, granting the use of the convolution theorem.we obtain

Using the expression obtained for Tzh%, and following
the usual procedures, one arrives to the following expression L0 Oh 4 Onh (19)
for the components of the plane wave dielectric tensor: v K

X, . 1
5(1‘)1‘ = dip — iw Z = /d‘sp — pilay, (18) where
a Na Yo
|

X, X 1
E?Jh:(sijerZn—z Z /d‘n’ppL%tDanﬁ;‘
[e3

n=-—oo

(20)

x {(1 = 852)p0(fa)mj + 652 { Frompey %} PLm}

ma’}/awa ( 04) 8]7” p7||

Onh § Xa 1 +EOO / d3 2 1
e = w —_— pp
*J —~ No MaSa +vaDan

k 1
" {6j Kl_ . 12 ) ~ kipy bﬁ] e,
aYaW MaYaW 0o | P

n k1 sin
MaYaW

ke ey Ofa] P g
+9; [ma%wbaﬁ(fa)Jrapl ” Qi o (21)

fomimy+ (1 =3d52) po(fo) @i m;

In the derivation of these expressions, we have used
27 ] .
J, = / s eilba Sln(so—zb)—n(w—w)]d(p =2np, k (22)
0
27 ) )
K, = / ;i sin @ eilba sm(“"*w)*"(“’*‘/’)]d@ = 27mp, D}, (23)
0

where thed; are components of the following vector

b= (5 2) -5 e

—i PJ?L(ba) - ”J’Q(b(’)} cos(zw)} er

B2 ba
-
—i {%Jn(b ) — ”J’/gib“)} sin(21/J)} es

_’_ﬂ {EJ (be) sinep 4 iJ!, (ba) coszﬁ} es. (24)

bo "
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An alternative form for these expressions can be obtained if we take into account the definitioaraf cancel out the
k1 which appear in the combinatidn_/b,, in Egs. (20) and (21). We arrive to the following form,

“+o0o

mﬂZ / d*p—2LL(f,) (25)

SDO(fa)W:ﬂ—j

Onh g E maQ Z / dsppL

o [kl siny ,

MaYaW

OI

fiims + ool £ )@m}

KXo 1 1p,
+(8iy 0 + 8jy0i2) Y /dgpmn?p%f&- (26)

Ng maQa

Details about this transformation can be found in Ap- the formulation given by Egs. (20) and (21), we obtain the
pendix A. Thez—:?j components given by Egs. (25) and (26) following correction for eaclij component of the tensor,
are exactly equivalent to those appearing in Ref. [5], since it
can easily be demonstrated that

i 9 i =
\ (p>5”2+5” 2 0k, 0 i [ Zna 2 / PPLy
=\ Ry o

(27) n=-—o00
pL

{4 =)l i)

Oiz+0;2
pL 5 ki n ’ af pL 3} *
where theR;; and theS;; are those defined in Ref. [5]. 05 {ma%wg (o ap} py Ok WZ)H ’

Eqg. (25), as well as Eq. (20), are the conventional ex-
pressions for the dielectric tensor obtained with the plane
wave approximation. Egs. (26) and (21) are alternative for- kL
mulations for the contribution originated when weak inho-
mogeneities are taken into account, which have to be added
to the homogeneous contribution. As mentioned in the In- is independent OkI because of th@J_ dependence of
troduction section, the resulting dielectric tensor do not sat- gnd therefore don’t need to be derived.

where we notice that the quantity

n

MaYaw ba

isfy Onsager symmetry. The derivative of the product}w; can be written in

terms of the components themselves and componends,

3 C_alculatlonHof the effective dielec- a% (rim) = e (@~ ). (@9)
tric tensor, ¢ @ MMatla

Usmg this equation and adding the corrections obtainec
The tensor= for the general case of EM fluctuations may be to thes components, we readily arrive to the expression
now obtained by application of Eq. (2) to Eq. (18). Using for the components of the effective dielectric tensor

]
62
_ _Oh Onh i 0k
ey =< + el 4 5 2 Ok, 0n "
+oo
=0y +wz > /dgpm y
« na n=—oo

{0 = a0 pnttorm + 05 | E L, ”gzﬂ )
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o 2 [

« n=-—oo

k k 1
X< 8y (11— PNy PabL T —flmim,
MaYalW MaYaw ba | P

kysiny ,, ”
T;a% fomimi+ (1= 65.) po(fo)(@5m)H
ki n 6f’] pL H}
+8:, [ —L(f1) + 2| =(®Fm) L. 30
7% ImaYaw ba (fe) apy | py (@) <

As in the case of the plane wave tensor, an alternative form of the effective tensor can be obtained by cancellin
k, which appear in numerator and denominator in the combinatigfb,, (details in Appendix A). After this operation, tf
components of the effective dielectric tensor are written as follows

gij = 0ij +wz - Z /d“pm

a 1 p
—0i20j. ana/dsp Vjaﬁ(fa)

Xo 1 3 L pp
+ 0y 0iz Zamaga /d ppL“Ta]Zfa

W%:Emaﬂa > J it g

n=-—oo

‘PO(fa)W;ij

kysiny ,, N
[ma% i + ool £2)(@ %)H]
3 pl « _\H
5 s n_z_w/dpp — PR () (Bm) " (31)
Now we take into account the following property, which can be easny demonstrated,
“+o00
L p
* H _ i
n;m@i )" = 5116”” (32)

and write the last term in Eq. (31) as follows

1 X, 1 1
*5iy(5jz 52 /dgppl,yfaﬁ(f&)

Na Mo

X, 1 , 1
= 0yl Y —2 *p—py i,
v za:na maQa/ PP

where the last step was obtained via integration by parts.
Using this result in Eq. (31),

—+o00
€ij = i +wz - > /dSPPL i) po(fa)mim;
o « Qn

n=-—0oo

a 1p
oty Y00 [ Mlas)

Yo PL

X 1
s > [ et

n=—oo
|:]€J_ siny ,
maoYaW

frmimi + ool fh )(@*WJ)H]

1 . 1 py
+(8iy0j= + G5y iz) Zi Q /dsppiﬁﬁf(/x (33)

nOL m(! (e}
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These expressions for the components of the effectiveto the distribution function. These components originated
dielectric tensor are exactly equivalent to those obtained infrom the use of Faraday’s law for the magnetic fluctuations,
Ref. [5]. k x E = (w/c)B. ltis clear that the more familiar form

According to the approach adopted in Ref. [17], we pro- given by Eq. (33) of course can not be used for obtain-
ceed to derive expressions for the dielectric tensor for theing this limit, because some of these components have
case of ES fluctuations. The components of the effective di-been cancelled out and are no longer present. However, E
electric tensor in the electrostatic limit can be obtained from (30) can be used for such a procedure, and after taking th
those which we have derived for EM waves by assumption limit of vanishing k; in the differential operator we obtain
of vanishing value of the components of the wave vector ap-the following limiting expression for the components of the
pearing in the numerators of the differential operator applied effective dielectric tensor,

|

Xo X [, 1
o o

D
oo Yol oy,

Ofa 1 }
X =i — 6z7[4 o r z
{apLWZ A | (fo)mim

N N e
wS e
— N Malla PPt D,

n=—oo

* 4H7 . i / {sﬂ_ H
G @i = 5 L@ 39

Afa

1
X | 05y — i, +
{ P

Of course, the procedure of assuming vanishing valuesfield fluctuations, containing the; components in the nu-
of the components; in the differential operator applied to merator of the differential operator, were essential in the
the distribution function, in order to obtain the ES limit, is transformation between Eq. (30) and Eq. (33), as can b
only an useful artificial procedure. It is equivalent to assum- seen in Appendix A. In the case of the ES limit, when
ing as a starting condition that magnetic fluctuations do not these terms are no longer present, the same operation whi
exist. In that case, the quanti®,, which was defined along makes the symmetry evident can not be made. As a resul
with Eq. (4) would be simpl¥,, = V fa0, and Egs. (13), by considering the components of the tensor in the ES limit

(14), and (15) would be reduced simply to Eq. (34), we obtain the following result
Aaz = a7 > Aay = > Aozz = a5 - (35) % Xa = 3 1
o o T B e O LU
All other procedures would be exactly as described in o n=-00
the more general case of EM waves, and the outcome would 1
be exactly Eq. (34). ><p—£(fa) [0jmim, — 04omym]
I
4 The symmetry properties of the ef- i, X, 1 *f /dgm)2 1
. . . o 1
fective dielectric tensor and the ap- Mo Mafla £ Yo Do,
plication to the electrostatic limit 1,
X9 —fo [0y ™ 2 — iy i)
The effective dielectric tensor as given by Eq. (33) features PI
proper Onsager symmetry [5], as it is easily verified by con- 1 .
sidering that it contains the Hermitean part®fr;, and —;ﬁ(f&) (62 (@7 )T = 64z (Bm2) "] } - (36)
that the productrr; is also Hermitean. When written in I
the form of Eq. (30), however, the symmetry of the effective It is seen that the quantities; and ¢}, have a non-

dielectric tensor is apparently not satisfied, due to the termvanishing difference in the ES limit, leading to the conclu-
with §;, andé;.. However, despite the apparent asymme- sion that the effective dielectric tensor do not satisfy On-
try, the tensor in the form of Eq. (30) also satisfies Onsagersager symmetry when written in the ES limit, while the ef-
symmetry, since it is equivalent to Eq. (33). fective tensor derived for the general case of EM waves sat

When considering the ES limit, however, an important isfies Onsager symmetry. This conclusion is the same as ol
feature emerges. The terms originated from the magnetictained in Ref. [17], where the lack of Onsager symmetry in



1218 L. F. Ziebell and R. S. Schneide

the ES case was atributed to the diamagnetic current whichthe dielectric tensor introduces inhomogeneity effects wi
occurs in the direction respectively perpendicular to the am- are of the same order of inhomogeneity effects which v
bient magnetic field and to the inhomogeneity. However, taken into account in the derivation of the effective diel
in what follows we argue with more fundamental reasons tric tensor. Even if it can be negligible in some circunstar
to show that the so called ‘dielectric tensor for ES waves’ [18], it has been shown to play essential role in the dest
obtained in Ref. [17], and which has been discussed in thetion of the lower hybrid drift instability (LHDI), an insta
present paper as a limiting form, is not the correct way to bility with strong electrostatic character which occurs in
deal with ES fluctuations, making meaningless and without lower hybrid range of frequencies [11].
consequence the lack of Onsager symmetry of the effective  For the actual derivation of the dielectric constant
dielectric tensor in the ES limit. start from the components of the effective dielectric ter

First of all, we start by considering that the dielectric as given by Eq. (30), and obtain the following,
tensor given by Egs. (30) and (33) features the proper sym-
metry and can be used in the dispersion relation for quite w X, = s 1,
general circunstances, even for low level of magnetic per- =1+ 52 Mo Z /d PTJn

’n’Oé «

turbation. Let us therefore examine the dispersion relation. o n=-00 "
In the electrostatic approximatio®; ~ 0, and Gauss’s o o
law can be used to obtain the dispersion relation. Using it X {klﬂ Ja + kuﬁ}
along with the equation of continuity, and using plane wave ba Op. Ipy
approximation for the electric field, we obtain the following

w? Xo ky sing = . 1
- SsoavLP dJ J2 !
FE TR Y [z

ik E— 2T [(v- E’).Eﬂ‘k.EﬁE} , n=—oo
w
. . . w? X, siny = 1
where we have used the relationship between the effective +-5 Z - Z /dgppL
dielectric tensor and the effective conductivity, k* S na Qo n=—o0" D,
Ari nJp Qo n f; af’
I L 2 I R — e k2] . (39
Eij 51] + w Oij - x |: ba YaW " Lba ({“)pj_ * I 6]9“ ( )
Considering now that in the ES lmE ~ —V¢ = Details about this calculation can be found in Appen
—ik¢, we obtain the following form of the dispersion re- B. It is important to notice that all thé; component:
lation [18], originated from the magnetic fluctuations have been ¢
2 — ik - (V- <—>) _0 37 celled out in the derivation of Eq. (39), so that the
at © ’ (37) electric constant is the same as it would be obtained i

where we have introduced the effective dielectric constant, had started assuming electrostatic fluctuations when d
ing the components of the dielectric tensor. This result

o = Z kieij ky ' (38) attained as a consequence of the double scalar produc
k2 tained ink- ¢ -k, without the need of considering any nc
symmetrical dielectric tensor,

It is important to point out that the dielectric tensor to By taking into account that in the present applicat
be used in Eq. (37) is the effective dielectric tensor, which the inhomogeneities are along thedirection, evaluating
is free from the inconsistencies arising from the use of the the derivatives of the components of the dielectric tensc
local approximation for inhomogeneous plasmas. We alsogiven by Eq. (30), and using Eq. (39), the dispersion rela
point out that the term with derivatives of the components of (37) can be written more explicitly as follows,

J

W= X0 X 1 n f’ of
e @ d3 ]{2 . (€] k (2]
G o Na 2 / PP D, { Lhaopy Ip|

j

anI . ;.
<5 - cosY +idpd, siny | +, =0, (40)
where the dielectric constantis given by Eq. (39).
Some limiting cases can be now considered. For instance, in the case of waves propagating parallel to the ambien
field (k. = 0), we obtain the well known dispersion relation for electrostatic waves propagating along the ambient nr

field,
4mg? / 5 1 0fa
5121—&-5 ¢ [ d’p——=—=0. (41)
Dao ap”

This expression shows that in the case of parallel propagation the dispersion relation for ES waves is not affect
inhomogeneity.
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Another limit to be considered is the case of waves propagating along the direction of inhomogdgneityy, 6in ) = 0).
In this case, Eq. (40) is reduced to

“+oo 2

W Xa 3 1 n df nJ
i aed Sa d _ a _"n
Zk’ zoz: Ny Z / ppL 'YaDun ba apl_ but

n=—oo

w? — X, o= 1 nJ2of,
14 — Zo PBp ——n I
A k ; Na Ma ,”ZOO/ b Da,,, ba OPL 0
It is seen that the effect of inhomogeneity comes entirely from the term with the derivative of the dielectric tensor, ir
duced in Eq. (37).
Another interesting limit is that of waves propagating perpendicularly both to the magnetic field and to the inhomoge
(kH =0, Sinw = 1).

w2 X, = . 1 nJ?of
1+—Y Zm, d3 D Dl
+ k g Na " n:z—oo/ pDoz,,, ba OPL
W= X, 1 X |
- o - dd 7(]2 !
+ k Z e Qa n:z_:oc/ pDan nfa

w Xo 1 3 1 nJ2 n Of
YN e d n %o _y.

In this case, there are inhomogeneity effects on the di- Acknowledgments
electric constant. It is seen that, if the medium is homoge- .
neous, this case of propagation perpendicular to the inhomo-  The present research was supported by Brazilian ager

geneity is the same as the case of propagation parallel to th&i€s CNPq and FAPERGS. L.F.Z. acknowledges useful dis
inhomogeneity, as it should be. cussions with M. Bornatici, and thanks the hospitality of In-

stituto di Fisica A. Volta, Universit di Pavia, Italy, during
part of the North Hemisphere Winter of 2003.

5 Summary and conclusions A Some details on the transition be-

We have presented a detailed derivation of the effective di- tween two expressions for the com-
electric tensor for electromagnetic waves propagating in ar- . .

bitrary direction in a weakly inhomogeneous plasma. Some ponents of the dielectric tensor
of the details of the derivation have already appeared in the
literature, but were repeated here in order to clearly define
the notation, and because they are important in order to show <1 kyp| ) kipy n

In the term with thej;, in Egs. (21) and (30), we have

details of the derivation of the particular limiting case for o
electrostatic fluctuations. The calculations have shown once
again that the effective dielectric tensor satisfies Onsager
symmetry, and have also corroborated earlier results of the ko) nQq  Dpa
literature which indicated that the symmetry is lost in the (1 - 7) T T
case of a limiting form of the tensor derived assuming the ) o ) ] )
absence of magnetic fluctuations. We have therefore argued _When this resultis introduced either in Eq. (21) orin Eq.
using basic features of electromagnetic theory that the lim- (30), the denominator is cancelled, and the following prop-
iting electrostatic form obtained for the effective dielectric €ty can be used to add the Bessel functions which remain.

MaYal MaYaw ba

Using the definition ob,,, this is equal to

(42)

Mo Yo Faw w

tensor is a spurious result which does not satisfy the whole 400 o\ 2
set of Maxwell equations and does not constitute the cor- Z T, = <i> 0iz- (43)
rect form of description of dielectric properties for the case n=—oo pL

of electrostatic fluctuations, which require a dielectric con-
stant. We have then provided a general expression for then
dielectric constant which incorporate inhomogeneity effects,
derived from the effective dielectric tensor and therefore sat- ki n ) g

isfying energy conservation requirements. MaTYaw ba oy’

Moreover, in Egs. (20) and (21), and also in (30), we
ave terms with @, containing the following,
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whereg can bef, or f’. Using the definition ob,, thiscan B~ The derivation of the effective di-
bewrtenas o L electric constant
Yaw PL apy’

Using Eq. (38) with the components of the effective diel

and therefore tric tensor as given by Eq. (30), we use the following rest

<1 RIS > L)+ 09 P L)

MaYal ) PL op  w pL S kibiki = > kiki = 2, (45)
P Dy 1 ij i
==L -2 " L(g),
oL polg) = — o (9)
When this result is introduced either in Eqg. (20), (21), Zki(;izéjzkj = kk, = kﬁ, (46)

or in Eq. (30), the term with the, operator is incorpo-
rated into the terms witfil — 9, ), and in the other term the
denominator is cancelled, and Eq. (43) can be used to add

ij

the Bessel functions which remain, along with the following Z ki(0iy0jz + 0jy0iz)k; = 2ky k.
property. ij
Bim. = 52 oL 44 -
Z — 1Y ( ) = 2k||kL smw 5 (47)

The outcome is, in either case, Eq. (25), (26) or Eq. (31). and obtain after some algebraic manipulations,

J

51714_72 Z/ ppl

n=-—oo

Ofa k|
X{<%ma7a )Zkﬂ.ﬂj

kp) kipy n
o E ki k| —1 —
£(fa) L I [ + MaYaW + MaYaw by

pH

n=-—00 O‘”’

kipy kipi n
1— . il ki,
* { |: maYaW MaYaw ba P + Slnwf Z 7T "

kJ_51n1/) Zkﬂ ik,

F araw
ofh, ko
_Jao k (I)*
* (ﬁpl MaYaw Z )"

k k
Z’f ik, { Lk ke n]} _ 8)
MaYaW — MaYaW ba

Using the definition of ther;, we obtain

pll

S kims = Jn (Ekl + k“ﬂ) (49)
P ba pL

2
n p
Zkﬁ ﬂ'J =J, (Fkl+k“[%) (50)
«
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We also need the following quantity,
1 -
(PN = Z . o* L7
> ha(@im) Tk = 5 [(k 3 )(k w)+c.c] :
)

Since the quantity;x; is real,

Using the definition of the,,

n2J, J, JL
ZkiRe@i =k { 2 - E} sin(24) cos ¢

JIn n?J, I J) .
+kl {? — |: bi — ? — E:| COS(Qw)} 51111/)

ey 2L
P

. — Jpsin

J/
— Reb* (/ﬂ; +k||) — kL% siny
[e3

Therefore,

> ki(@im) Tk = (Z km) (Z kZReCI%)

(k‘lfbﬁ + k”) T, sin
D

n_ J!,
Using Egs. (50) and (51) in Eq. (48),

3 1 2 [ Dy
AR S [ (ea)
0fa K
A~ ) (ks ot

+L(fa) ul {—m“%‘ +hy 2L —Hub H

MaYaW pPL

nRE S fon

n—=—oo

X (ﬂk& + kH ﬂ)
ba pL

o | 1
y {[M Pl ] e
pL pL bo | MaYaw

g2}
ma’)/oz

k2 Z na niqu/; Z /d3

n=-—oo

Ifa ] ; n P
g {(% - *maw‘”a)) (’“a * '“”H)
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(o P Iada
X[baJn(kJ_ba-I—k”pL) ki b

L )k:” sin v {b J2< n Tk pH) h JnJ,'l}

X {—Mﬁ-k“ Pl +kJ_£]} .
pL ba

After some simple algebraic manipulation, we obtain the following,

a=1+3 Z Z/dg’pm I

n=-—oo

P n O0fa Ofa
(b kj_“rk“ >|:kj_b apL+kH6pH

W = Xo kosing «X 5 1
T ; Ne Mol nzoo/d ppL%D%
><J7QL (ﬂk& + kuﬂ> f(;
ba pL

o Siny
kQZn N Z ppl ~aD
nJ? n Dy Indy,
<[ (kg i) -
! !
[kln af! Lk E)fa} .

b 6p1_ I apH
It is important to notice that none of the componehtsabeled as coming from the magnetic fluctuations have sury

up to this point.
We now write
maYa nQa k'”pH
kL H{:” fa=7, Yo mar
1 « oo
_ MaYo (w - D )

P
Inserting this expression into Eq. (52), and ushg nJ2 = 0, ., J2 = 1 and)_, n?J2(z) = 2%/2, and also takin

into account that ,
/d3p8fa/8p|| =0, /d prL af 2/d3pf;,

(52)

we obtain Eq. (39).

References [4] H. P. Freund, D. Dillenburg, and C. S. Wu, J. Plasma P!
27,69 (1982).
[1] A. B. Mikhailovskii, in Oscillations of an inhomogeneous [5] R. A. Caldela Filho, R. S. Schneider, and L. F. Ziebell,
plasma Vol. 3 of Reviews of Plasma Physi¢€onsultants

" Plasma Phys12, 165 (1989).
Bureau, New York, 1967), pp. 159-227, M. A. Leontovich, . . .
editor. [6] V. S. Beskin, A. V. Gurevich, and Y. I. Istomin, Sov. Phy

JETP65, 715 (1987).
[2] A. B. Mikhailovskii, in Instabilities in inhomogeneous ( )

plasma Vol. 1: Basic Plasma Physics | dflandbook [7] M. Bornatici and Y. A. Kravtsov, Plasma Phys. Contr. Fus
of Plasma PhysicgNorth Holland, Amsterdam, 1983), 42, 255 (2000).

Chap. 3.4, pp. 587-610, M. N. Rosenbluth and R. Z. Sagdeev, [8] R. Gaelzer, R. S. Schneider, and L. F. Ziebell, Phys. Re
general editors; A. A. Galeev and R. N. Sudan, editors. 51, 2407 (1995).

[3] A.B. Mikhailovskii and O. G. Onishchenko, J. Plasma Phys. [9] R. Gaelzer, R. S. Schneider, and L. F. Ziebell, Phys. Re
37, 15 (1987). 55, 5859 (1997).



Brazilian Journal of Physics, vol. 34, no. 3B, September, 2004 1223

[10] R. Gaelzer, L. F. Ziebell, and O. J. G. Silveira, Phys. Plasmas [14] C. N. Lashmore-Davies and R. O. Dendy, Phys. Fluids B

6, 4533 (1999). 1565 (1989).
[11] O. J. G. Silveira, L. F. Ziebell, R. Gaelzer, and P. H. Yoon, [15] C.N. Lashmore-Davies and R. O. Dendy, Phys. Rev. bejt.
Phys. Rev. B55, 036407, 11p. (2002). 1982 (1989).

] ) [16] R. A. Cairnset al,, Phys. Fluids B3, 2953 (1991).
[12] C. N. Lashmore-Davies and R. O. Dendy, Phys. Fluids B

493 (1992). [17] M. Nambu, Phys. Plasm&s 4325 (1996).
) . [18] T. H. Stix, The theory of plasma waveg#lP, New York,
[13] D. C. McDonald, R. A. Cairns, and C. N. Lashmore-Davies, 1992).

Phys. Plasmas, 842 (1994).



