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The Effective Longitudinal Dielectric Constant for
Plasmas in Inhomogeneous Magnetic Fields
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We present a detailed derivation of the effective dielectric constant to be used in the dispersion relation for
electrostatic waves in the case of a plasma immersed in a inhomogeneous magnetic field, with inhomogeneity
perpendicular to the direction of the magnetic field.

1 Introduction

We have recently discussed the correct form of the disper-  In the present paper we derive the effective dielec
sion relation for electrostatic waves in inhomogeneous plas-constant considering the case of a magnetic field featt
mas, considering for simplicity the particular case in which perpendicular gradients, therefore complementing the
the magnetic field is homogeneous and other plasma parammulation appearing in Refs. [2,3]. The geometry to be u
eters can be inhomogeneous, and deriving a general express the same geometry which has been adopted in Ref
sion for the dielectric constant, valid for arbitrary direction which has been concerned with the general dispersiol
of propagation [1-3] The situation in which the magnetic lation for electromagnetic waves. The derivation requ
field is homogeneous has been chosen for these studies bex considerable amount of algebraic work whose main s
cause it features a relatively simple geometry, which hasare illustrated in the following sections. Due to the det
been useful for the discussion of basic features, like the sym-which must be provided, we emphasize analytical feat
metry properties of the effective dielectric tensor. More gen- of the derivation, leaving detailed applications with numa
eral situations which also feature inhomogeneity in the mag- cal results to forthcoming publications.
netic field introduce considerable difficulty to the derivation The structure of the paper is the following: In sectiol
of the effective dielectric tensor and to the effective dielec- the formulation employed in Ref. [5] is adopted and app
tric constant, since the inhomogeneity in the magnetic field to the derivation of a general expression for the effective
affects the resonance condition [4,5]. electric constant, and in section Ill the general expres
From the derivation presented in Refs. [3] and [2], it is is particularized to the case in which the plasma parti
important to remember here that the dispersion relation for possess a Maxwellian distribution function.
electrostatic waves in inhomogeneous plasmas can be writ-
ten in a general form which is well known from the literature . . . . .
[6], 2 Derivation of the longitudinal di-

Ko —ik- (V- 2) =0, M electric constant

where thes is the dielectric tensor arg is the longitudinal

A . Let us assume a plasma immersed into an inhomoger
dielectric constant,

magnetic field, with weak inhomogeneity perpendicula
kicijk; @ the direction ofB. Using Eq. (3) from Ref. [5]:
— k2
ij

- o 4d7q
. . , e=1—1 —< / dT/d3uu L(
It is also important to remember here that it has been ; MaWw Z 1£(fao)

demonstrated that for an inhomogeneous plasma the dielec- e

tric properties are given by the so-calleffective dielectric D (nj—1) T, ITH,
tensor instead of the conventional dielectric tensor [2,7,8]. x €T [Fra (7)) e
When studying electrostatic waves, therefore, Eq. (1) must

be utilized along with an effective dielectric tensor and an dmq? 3

effective dielectric constant, derived according to Eqg. (2), —€z€z Z Maw? /d L(fa0) » 3)
with the components of the effective dielectric tensor ap-

pearing in the right-hand side. where

g =

no
(1 )t )|n\
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the inhomogeneity. The inhomogeneity has been assumed
be weak, such that the cyclotron frequency has been writte

G:t (7_) - KT F by cos P+ 1Spbe sin ¢ as
ned N KT £ by cos 9+ Sy, by sin 1 Qo () ~ Qo ()1 + e, — )], ()
Gr.Gry=-1 whereQ, (z) = (gaBo(z)/mac) is the particle cyclotron

angular frequencyn,, is the particle rest masg, is the par-

1204+ _ ] ) .
Fl2Gra = = (KuT F ba cos § + iSpba sin ). ticle charge¢ is the velocity of lightep = [i ‘“30} ,

. By dz!, z
with andz’, is the unperturbed position of particle
Fro(7) =02 — K272 — i28,by sin I, 7 We also used
In these expressions we have u=p/(mac) S, =sign(n), K, =mnepcur /2,
bl 2 + _ [p2 2_271/2
Dna = Yw — C]{JH’IL” — nQa(l + EB.T) — €RB Jé?)l_c sind} Ty [ba + 2ba COs w’CnT + ICnT ]
o The longitudinal dielectric constant can be obtained
- kiuic from the effective dielectric tensor as follows,
« Qa
£(fuc) =0 ~ L(fuo) S A s [T [
al) — a0 g1 = 1-— Zza: mawk2 n;m/(; dT/d u ui_ﬁ(fao)

U
L al :78ui o 78u «
(fa0) w fao y fao ok 7T

i Do (ln\ 1)
The geometry utilized has been the following. The mag- x€ [Fna Z

(znaid) |”
netic field has been considered pointing in thdirection,
and inhomogeneous in the direction, By = By(z)e.. kH Arq? 5
The waves were assumed propagating in arbitrary direc- - m 2 / d*u —L(fa0) , (5)

tions, with ky andk, as the components of the wave vector

respectively parallel and perpendicular to the magnetic field. where we did not use the indexes in the componentsl;,
The wave angular frequency has been denoted. ag de- for simplicity. We see that it is necessary to evaluate the
notes the angle between the vedkar and the direction of  following product,

|

Z’fni—’fu (@ BV (T)

JlTL‘+1(‘T$)

x’!L

+ky cost {an( )Gfa( )+ Fﬁf(T)ba sin w]

ik sin g | [0l Ty (v) Giko (7)

:FJ|nH-l( )

-Tn

FY2(7)(by cosp & IC,J)]

no

=+ (Spky costp ik sin) [|n\J|n‘ (mf)Gfa(T)]
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—ik, siny [7‘n|+1i( )
x

n

F1/2(T)1Cnr]

+kH Jln\( f)Fﬁéz(T)

Therefore, the quantity of interest is given by
St Yk
7 2

(Snky costp + iky sin®) [|n|Jp, (z) Gy, (7)]

/—/H

J\n|+1

xn

—zkstmw{ F1/2( K }+k|| i () )Fr%f(ﬂ}
x { = (Snky cost) — ik sinw) [|n]J, (2;,)Gra(7)]

—ik smw{ lnHl Fl(/f(T)’C }-Fku (2 )F'r}c/yQ(T)}

Tn

After some straightforward algebra, usi6g G~ = — 9 Uﬁ N B
andF'/2F'/2 = F, we arrive to the following +kl\ﬁj\nl(%)‘]\nl(wn)Fna(T)
- - i) (@)}, "
Z kjnj Z killy = k% n2j\n|(m:)J\n|(mn) +ik? S, sin cos {|n| | ‘(x"xll 1)
j i "

—ik? sin (S, costp + isin))
{”|Jn(7+)=7n+1( )

Tn

X (KT — bg costh + iS,,bg, sin ’(/))’C,LT:|

FGE K
+ik? S, sin 1 cos

|:|n|J|n+1(sz—)Jn|(x;)

bRy

+ky kL (Sn costp 4 isinap)

e 1/2 +
% uy 2l T (2 )J‘"l( n)Fna™(7)Gra (7) X (=ICpT — by cOs ) — iSpbg sin ’l/))K:"T:|

+ik?% sine) (S, costh — isina))

. |72 Ty (235) 1 (25,)
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T n
+
—kism%{‘]'”‘“( i) i) p o )(/cm} X (=T + ba €08 1 — iSyba sin )y
T’LT’!L
’ g [ (@) g (27) T (@) (o
—iky kL smq/)a{ o Foo(T)Kyr k2 sin ¢ Pn‘ | \+1(jz) n|(77,)
—kykL (Spcosyp —isine)
Xu% [InlJ\n\(l“i)Jm( DT )Gna(T)] X(=KaT = bacos Y = iSnba Sinw)’C"T}
T (23) 41 (27 Tl (@) T2 (2
%Mmeﬂ%'“%)U“@)EAﬂ&ﬂ —ﬁaﬁw[”“(ﬂtmw“aﬂﬂmmﬂ
Tn In Tn
_ u
+k” 2 Jw( ) ) (27 Fra (7) +2ky k1 Sy, cowﬂmum( )T (257) (ber cOS )
Using now the expression fdr'/2G+, and separating U
the terms containing,, cos v from those withi sin v, we —i 2k kL sinw—”\nljw( ) (@, ) (K T+iSpbg sin )
obtain UL
T7t+ 71— — 1.2 .2 + — Jn + Jn _
S TR Bl = B 02 (2)) i (2, ikyky sing L | |+1(xnl | ‘(x”)Fm(r)ich
J i AN In
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Tinf (@) T jnj1 (7))

Tn

ik sin gL F
II LSlnl/)uJ_ na(T)ICnT

(6)
This expression must be used along with Eq. (5), which
constitutes a general form of the longitudinal dielectric con-
stant. An alternative form can be obtained by use of the

]

i R )

LV
> = g e

u
+ 5 =5 i) (@) Ty (@
uy

v ) Fna(T) +

1227

following property of Bessel functions,

%(x) fJ;L(x)>.

Using this property, Eq. (6) can be written as follows,

D) = (

)i (25,)

2

Z%Sn sin 1) cos v

N (1P T @) Sy ()
TnTn
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k2 Ty Tr
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il 02
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This is an alternative expression to be utilized instead of where we have performed the integration over the time \
Eq. (6), for evaluation of the dielectric constant, given by able,
Eq. (5). o Dot i
In the homogeneous limit,C,, — 0, xf — b,, and /0 dr€ - Dpo’
F,o — b2. Inthat case it is easy to show that Eq. (7) is

reduced to the following expression, . Equation (8') correspond; to the homogeneous cont
tion appearing in Ref. [2]. Itis easy to see that the same |
kiij;Hj* R kino ko 2 is obtained using the alternative form, based on Eq. (7).
Z 2 — b ‘]\nl(ba) A Another interesting limit to be considered correspo
— k k be Kk uy ' >Po
t to the case of propagation parallel to the magnetic fi
and therefore, bo — 0, where
J:ff — Ky,
B Z P s £ fo0) 2
= Mmaw + a0) Fro — —(Ku1)” = —.r;’;.r;

9 The Bessel functions become all independent: of
J? ((ba) {]LL " ﬂﬂ} Therefore, for vanishing , all terms which have comb
! kba  kouy nations of Bessel functions multiplied iy should vanish

1
D

After a small amount of algebra, it is easy to show that

k2 Ara>
Il Tdqo 3
T2  as? /d L(fao0), (8) (5) becomes

) 4mq? ‘ 3
slzl—ZZ—o‘ "'/ dT/duuL[,fao
— Maw

n——0o0

) U
XeszxTuTHJm‘ (.ITZ)JVL\ (9.'7;)

47Tqa
2 /d3 faO (9)
m w
|
For propagation parallel to the direction of the inhomo- The dielectric constant in these cases is given by Eq.
geneity, with
kik; IL 11T B
— [B2 £ 2K + K272 Yo = @) ()
ij
= [(ba £ K212 = |00 £ K7, ~
[( 7) } | 7| _ |n|2J‘n|(l‘j)J‘n|($;) _ |12[ ) (II)J\/7L|(3711)
Fha (T) = bi - (ICnT)27 Tn Tn T
and
it X(KaT + iSnba) (Cu)]
€l :1—i2¢ Z / dT/d wuy L(fao)
« Maw n——oo 2 + — — ! +
(el T T T
XgD"”T%’HgJM‘ (.T:)Jm‘ (”L‘;) (10)
The last limiting case to be considered is the case of X(Kn7 +ZS”b“)(K”T)}
propagation perpendicular to the direction of the magnetic N
field and of the inhomogeneity. [ (Il () I (@)
. Tt n| A

_ [b2 +IC27'2}1/2
o (o)

Fra(r) = 02 — (Kn)? — i28ba (KnT), —%M@OEMﬂWmﬂ-
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In the same limit, an alternative expression can be ob- [Fm(r)](‘"'*1> l<:ikj1'1;1'[j+ 1
tained using Eq. (7), resulting the following, x (z zi)In] _ L2 (12)
]
L TITTIT
Z kszH; 11 _ n2J\n|($f{)J\n|(9€;) The quantities%i and F,,, do not (_depend on the paral-
0 k lel momentum, which only appears in the prodi][;THj*.

Therefore we are left with the following integrals over par-

J )J = allel momentum,
B {Inl "(x”)_"“(w”)(lcnmuisnba)(lcﬂ)}
In [e's) 2/2 - )
i1 (@) i (2 li= / duy e e TR (),
T,
L _ with 5 = 0,1,2. These can be easily performed, with the
_ {J‘”'“(%j‘]'f‘“(l”)Fm(r)(lch)z} following results,
InTn
. . ,] =0: I, = (271-)1/2 e*CQkﬁTQ/(Q,M”)
3 The dielectric constant for the case R
of a Maxwellian distribution func-
t. 1 I ‘(271')1/2 ckyt — k272 (2p0)
[0]1] J=4: == iz, ¢
Mo Ha
Let us assume a Maxwellian distribution function for parti- 212, 2
N ¢ i Wt O SR, g Gy
cles of typex, ji=2: L= /3 e [
Mo Ho Mo
3/2 2 (13)
Nafbd ™ _pou?/2 _ MmgcC _
Jao = (2(;)3/26 2 = r_ﬁa (11) Using these results,
Ofan ) w2 Ng/2 (Qﬂ)uz
auL - 7MauLfa0 g = 1 + ZZ Ua (27‘r)1/2 M}X/Q
Choosing the coordinate system in order to have 0,
and considering, for simplicity, the non-relativistic limit, we o S ) 9 5 o
obtain X Z /o dr @w—nQa)T ="K/ (2pa)
5/2 o - n——oo
g=1 +ZZ ii Ho Z / dTei(w_nQa)T > 2 . 2 2 .
~ w (27[')1/2 = Jo > / du | uie—#auL/2e—zeBkLuLc sin ¥71/(2Q4q)
JO
X/ duy oo/ 2eiekyuT ) [Fm(r)](‘"'*”A )
N —oc0 ($E$$ﬂ"‘ ’
X/ du, uie—uaui/Qe—isBkiuicz sin ¥71/(2Q4) where
0
J
ko o
k‘ﬁ 1 1 chﬁTQ N 3
ﬁuig; 1- r J|n\(37n)=]|n\($n ) Fna(T)
1 Mo «

|n|Jln\ (:L':)JITLHI(‘T:L)
ZTn

kZ
—&—ik—éSn sin 1 cos v {

X (KT — ba cOSt + iSnba sinw)lCnT}

+iﬁ5’ sin 1) cos ¢ {|n|J|n+1(ﬂU;DJn|(x;)
J2on

o

X (=T — by cos ) — iS, by sinq/))lCnT}
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Nt L in?y '\n|J\n|($I)=_7\n\+1(mﬁ)
k2 L Tn

X (—KnT + bo cos ) — 1S, b, sin ’(/))’C,LT:|

2

|7 Jjn )1 (2

k2 sin? ¢

+
Tn

X (=T — by cos ) — 1S, b, sin ZZ))ICRT}

41 (w

+)J\n|+1(x;)

R o2
— oz Sin 1/){ e

Tn Tn

2k kL

X |n|J (@
Qkuk‘l

S

1
2 Sy, cos 1/1K (—

)y (

Fna(T)(’CnT)Q]

,CkHT)
—1
Ha

n ) (ba cOS )

CkJHT

T Inbo ) )

X (KCpT + 1Spba sin )

kal . 1 ( _CkHT) |:Jn|+1($;t)‘]n|($;)
smz/}u— —1 -

fha

Fra (T)IC»,LT:|

n

.ka'J_ in 1 ,Ck‘HT
—1 smyYy— | —1
k2 uy Ha

In order to simplify the ensuing calculations, we intro-

duce the following notation,

xf = yffuJ_,
Fro(T) = foalT )ula (15)

where

y?f = [c%i/ﬂi + 2(ck, /Q4y) cosp(ncep [2)T

+(n2e2302/4)72} 1/27
fra(T) = [PE/Q5 — (n®ehc?/4)r
—12(ck1 /Q4q) sin()(|n|cep/2)T)] .

Moreover, we define

k k
lecii-7 Ny = U7
w

ceEp Qa
NB:7> Ya:77
w w

(16)

Ca = NBNL Siﬂw/Ym
Using this notation,

t = (wr/ta). 17

Kot = (nNppat/2)uy, b= (NL/Yo)ul,

and the dielectric constant becomes the following

Ez—l-l—zz QMQ Z / dt @ha(1=nYa)t o —pa Nit/2

n——oo

Fra (T)ICnT:|

Tn

(In]=1)  roo ) _
X 7[1077(’&(77—)1)' | / duy u e (Haul/2+iCH A - (18)
YnYn )" 0

where
kQ
kll 1 2,2 + -
+ﬁ7 (1 — ,U,aN”t ) J‘n|(1‘n)J‘n|(1‘n)fna(T)

2 + _
+ik—l5n sin ) cos ¥ 7} (7 ):]‘nlﬂ(x")
k2 un
x((nNppat/2) — (N1 /Ya) costp

+iSu(N 1/ Ya) sin ) (nNpjiat/2) u

+ _
+Z—J‘S sin ) cos [n|‘]"|+1(;£)=]ln($n)
X(— (nNppat/2) — (N1 /Ya)costp

—i8, (N1 /Ya)sin®) (nNppat/2) u l]

X)J|n\+1(x1;)
Yn

(NL/Y,)cosp

k22 sm 'll) |:|’I7,|J|n(l'
k

X (= (nNppat/2) +

—iSp(NL/Ya) sin ) (nNpjiat/2) u
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o, 0|1 (@) T (2,
n¢|:| ||+(yf{)|( )
X (— (nNppat/2) — (N1 /Yy,) costp

~iSn(NL/Ya) sin ) ("N piat/2) uL

41 @) T4 (27,)

Yt Yn

S cos ) (—iN|t) 0] Jjn) (27) Ty (

X ((NL/Yq)cos)

2
—% sin? ¢ {

X fra(T) (nNBNat/Q)Q ui

Qk“kl
k2

)

2k’||kL

sin ( iNHt> |n|J‘n‘(Z‘i)J|n‘(l’;)

X ((nNBuat/Q) +1iSn(NL/Y,)siny)

1231

% faa(7) ("N pHat/2) us |

(x:)JlnHl(x

Yn

L )

k2

smw( iNHt) {Jw

X fra(T) ("N ppat/2) uL} .

In this expression we can find the following integrals
over the perpendicular variable,

I,= / du uLe*(uauiﬂ)[Hicat] Jln‘(:E:)J‘nl(m;)
0
]E = /0 du uie*(uauiﬂ)[lﬂ(at] J\n|($§)<]|n\+1($f)

Ii3= / du| Ule —(paul /2)[1+i¢a t]J\n|+1($z)J|n\+1($ﬁ)
0
(19)
These integrals can be easily solved, and are given b
simple expressions involving the modified Bessel function

k Jin Jpn) (
H 51n1/1( iN| t) nf+1( _?_ nt (@) 1, [9]
Yn
J
e (Watxhat?)/(1+iCat) Sna(t)
hn = 1+ iCat A"'(l j t>
ﬂa( + i ) + i1Ca
It g (vatxnat?)/(1+iCat)
12 3/2(1+2Ca)
Sna(t) Sna(t)
T+ ne —TFI Zner/ 20
X |: n |n\<1+2-<at> n \n|+1<1+i<.at ( )
. e a+xnat’)/(+idat) [ g (1) Spa(t)
2 PE(L+iCat)?  |[T+iCat "N\ T+ it
V2 + 2 12 Snal(t)
— _a  Ana’ 1. 21
(|n|+ 1+ iCat ) \n|+1<1+i<at):| ) ( )
|
where and
= ul/*TE 23
TE = /12 £ 2u, cos Yxnat + X212 Ha2ns (23)
+,—
YnYn = HaSnalt) .
Spa = /A — 202 cos(20)\ 2o 12 + Aot non na(f)
1/2 The dielectric constant therefore can be written as fol-
_ nNppud lows
XTLCM - 5 !
2
e N kv (Ta) =Y S 3 [T e i
@ /j,,ll/2Y Qu ’ * My ' « n——0o0

Using the symbols introduced by Egs. (19), and the no-
tation introduced by Egs. (21), we can write

f’na = IL‘L(XHI‘L(X (t)y
where
H,o(t) = 1/2 — 128,V sin(¥) xnat

X WO A%, (24)
where
K2 ki
A= Fnlla+ ) (1 - MQN“%?) 111 Hpo(t)
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+1—J‘S sin v cos ) [| | I 5(Xnat — vacosy —iSpVq Sin 1) (:U‘a Xnat):|
K2 H,o(t)
+iSn v siny) ( xmtﬂ _k%?_ sin® ¢ {S:j(t) I3 (Haxiat2)
il Il .+ Qku 1 : 12
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. . 2k k
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) _
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€l—1+lz Qua Z / dt @1 (1=nYa)tg—na Nit?/2
n——oo
e W2 at?)/(1+iCat) [Hm(t)](ln‘_l - 25)
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We now introduce the definition of the "inhomogeneous plasma dispersion function”, for the non-relativistic case [5]
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Eqg. (26) can be prepared for the use of the inhomogeneous plasma dispersion function, as follows,
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This expression can be somewhat simplified, by collecting together some terms and by cancelling others
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This expression can be inverted, and we obtain,
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Using this expression in Eq. (28),
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