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We present a detailed derivation of the effective dielectric constant to be used in the dispersion relation for
electrostatic waves in the case of a plasma immersed in a inhomogeneous magnetic field, with inhomogeneity
perpendicular to the direction of the magnetic field.

1 Introduction

We have recently discussed the correct form of the disper-
sion relation for electrostatic waves in inhomogeneous plas-
mas, considering for simplicity the particular case in which
the magnetic field is homogeneous and other plasma param-
eters can be inhomogeneous, and deriving a general expres-
sion for the dielectric constant, valid for arbitrary direction
of propagation [1-3] The situation in which the magnetic
field is homogeneous has been chosen for these studies be-
cause it features a relatively simple geometry, which has
been useful for the discussion of basic features, like the sym-
metry properties of the effective dielectric tensor. More gen-
eral situations which also feature inhomogeneity in the mag-
netic field introduce considerable difficulty to the derivation
of the effective dielectric tensor and to the effective dielec-
tric constant, since the inhomogeneity in the magnetic field
affects the resonance condition [4,5].

From the derivation presented in Refs. [3] and [2], it is
important to remember here that the dispersion relation for
electrostatic waves in inhomogeneous plasmas can be writ-
ten in a general form which is well known from the literature
[6],

k2εl − ik ·
(
∇· ↔ε

)
= 0 , (1)

where the
↔
ε is the dielectric tensor andεl is the longitudinal

dielectric constant,

εl =
∑

ij

kiεijkj

k2
. (2)

It is also important to remember here that it has been
demonstrated that for an inhomogeneous plasma the dielec-
tric properties are given by the so-calledeffective dielectric
tensor, instead of the conventional dielectric tensor [2,7,8].
When studying electrostatic waves, therefore, Eq. (1) must
be utilized along with an effective dielectric tensor and an
effective dielectric constant, derived according to Eq. (2),
with the components of the effective dielectric tensor ap-
pearing in the right-hand side.

In the present paper we derive the effective dielectric
constant considering the case of a magnetic field featuring
perpendicular gradients, therefore complementing the for-
mulation appearing in Refs. [2,3]. The geometry to be used
is the same geometry which has been adopted in Ref. [5],
which has been concerned with the general dispersion re-
lation for electromagnetic waves. The derivation requires
a considerable amount of algebraic work whose main steps
are illustrated in the following sections. Due to the details
which must be provided, we emphasize analytical features
of the derivation, leaving detailed applications with numeri-
cal results to forthcoming publications.

The structure of the paper is the following: In section 2
the formulation employed in Ref. [5] is adopted and applied
to the derivation of a general expression for the effective di-
electric constant, and in section III the general expression
is particularized to the case in which the plasma particles
possess a Maxwellian distribution function.

2 Derivation of the longitudinal di-
electric constant

Let us assume a plasma immersed into an inhomogeneous
magnetic field, with weak inhomogeneity perpendicular to
the direction ofB. Using Eq. (3) from Ref. [5]:

↔
ε=

↔
1 − i

∑
α

4πq2
α

mαω

∞∑
n→−∞

∫ ∞

0

dτ

∫
d3u u⊥L(fα0)

×eiDnατ [Fnα(τ)](|n|−1) Π−nαΠ+
nα

(x−n x+
n )|n|

−ezez

∑
α

4πq2
α

mαω2

∫
d3u

u‖
γ

L(fα0) , (3)

where
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c

Π±nα = ±
[
nJ|n|(x±n )G±nα(τ) + i

J|n|+1(x±n )
x±n

F 1/2
nα (τ)bα sin ψ

]
ex

+i

[
|n|J|n|(x±n )G±nα(τ)∓ J|n|+1(x±n )

x±n
F 1/2

nα (τ)(bα cos ψ ±Knτ)
]
ey

+
u‖
u⊥

J|n|(x±n )F 1/2
nα (τ) ez

d

G±nα(τ) = i

√
Knτ ∓ bα cos ψ + iSnbα sin ψ

Knτ ± bα cos ψ + iSnbα sin ψ

G+
nαG−nα = −1

F 1/2
nα G±nα = −(Knτ ∓ bα cos ψ + iSnbα sin ψ).

with

Fnα(τ) = b2
α −K2

nτ2 − i2Snbα sin ψKnτ

In these expressions we have

Dnα = γω − ck‖u‖ − nΩα(1 + εBx)− εB
k⊥u2

⊥c2

2Ωα
sin ψ

bα =
k⊥u⊥c

Ωα

L(fα0) = ∂u⊥fα0 −
N‖u⊥

γ
L(fα0)

L(fα0) =
u‖
u⊥

∂u⊥fα0 − ∂u‖fα0

The geometry utilized has been the following. The mag-
netic field has been considered pointing in thez direction,
and inhomogeneous in thex direction, B0 = B0(x)ez.
The waves were assumed propagating in arbitrary direc-
tions, withk‖ andk⊥ as the components of the wave vector
respectively parallel and perpendicular to the magnetic field.
The wave angular frequency has been denoted asω. ψ de-
notes the angle between the vectork⊥ and the direction of

the inhomogeneity. The inhomogeneity has been assumed to
be weak, such that the cyclotron frequency has been written
as

Ωα(x′α) ∼ Ωα(x)[1 + εB(x′α − x)], (4)

whereΩα(x) = (qαB0(x)/mαc) is the particle cyclotron
angular frequency,mα is the particle rest mass,qα is the par-

ticle charge,c is the velocity of light,εB ≡
[

1
B0

dB0
dx′α

]
x′α=x

,

andx′α is the unperturbed position of particleα.
We also used

u = p/(mαc) Sn = sign(n) , Kn = nεBcu⊥/2 ,

x±n =
[
b2
α ± 2bα cos ψKnτ +K2

nτ2
]1/2

The longitudinal dielectric constant can be obtained
from the effective dielectric tensor as follows,

εl = 1− i
∑
α

4πq2
α

mαωk2

∞∑
n→−∞

∫ ∞

0

dτ

∫
d3u u⊥L(fα0)

×eiDnατ [Fnα(τ)](|n|−1)
∑

ij

kikjΠ−i Π+
j

(x−n x+
n )|n|

−
k2
‖

k2

∑
α

4πq2
α

mαω2

∫
d3u

u‖
γ

L(fα0) , (5)

where we did not use the indexesnα in the componentsΠi,
for simplicity. We see that it is necessary to evaluate the
following product,

c
∑

i

kiΠ±i = k‖
u‖
u⊥

J|n|(x±n )F 1/2
nα (τ)

±k⊥ cos ψ

[
nJ|n|(x±n )G±nα(τ) + i

J|n|+1(x±n )
x±n

F 1/2
nα (τ)bα sin ψ

]

+ik⊥ sin ψ
[
|n|J|n|(x±n )G±nα(τ)

∓J|n|+1(x±n )
x±n

F 1/2
nα (τ)(bα cos ψ ±Knτ)

]

= ± (Snk⊥ cosψ ± ik⊥ sin ψ)
[|n|J|n|(x±n )G±nα(τ)

]
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−ik⊥ sin ψ

[
J|n|+1(x±n )

x±n
F 1/2

nα (τ)Knτ

]

+k‖
u‖
u⊥

J|n|(x±n )F 1/2
nα (τ).

Therefore, the quantity of interest is given by

∑

j

kjΠ+
j

∑

i

kiΠ−i

=
{

(Snk⊥ cos ψ + ik⊥ sinψ)
[|n|J|n|(x+

n )G+
nα(τ)

]

−ik⊥ sin ψ

[
J|n|+1(x+

n )
x+

n
F 1/2

nα (τ)Knτ

]
+ k‖

u‖
u⊥

J|n|(x+
n )F 1/2

nα (τ)
}

×{− (Snk⊥ cosψ − ik⊥ sin ψ)
[|n|J|n|(x−n )G−nα(τ)

]

−ik⊥ sin ψ

[
J|n|+1(x−n )

x−n
F 1/2

nα (τ)Knτ

]
+ k‖

u‖
u⊥

J|n|(x−n )F 1/2
nα (τ)

}

d

After some straightforward algebra, usingG+G− = −1
andF 1/2F 1/2 = F , we arrive to the following

∑

j

kjΠ+
j

∑

i

kiΠ−i = k2
⊥ n2J|n|(x+

n )J|n|(x−n )

−ik2
⊥ sin ψ (Sn cosψ + i sin ψ)

×
[ |n|J|n|(x+

n )J|n|+1(x−n )
x−n

F 1/2
nα (τ)G+

nα(τ)Knτ

]

+k‖k⊥ (Sn cosψ + i sin ψ)

× u‖
u⊥
|n|J|n|(x+

n )J|n|(x−n )F 1/2
nα (τ)G+

nα(τ)

+ik2
⊥ sin ψ (Sn cosψ − i sin ψ)

×
[ |n|J|n|+1(x+

n )J|n|(x−n )
x+

n
F 1/2

nα (τ)G−nα(τ)Knτ

]

−k2
⊥ sin2 ψ

[
J|n|+1(x+

n )J|n|+1(x−n )
x+

n x−n
Fnα(τ)(Knτ)2

]

−ik‖k⊥ sin ψ
u‖
u⊥

[
J|n|+1(x+

n )J|n|(x−n )
x+

n
Fnα(τ)Knτ

]

−k‖k⊥ (Sn cosψ − i sin ψ)

× u‖
u⊥

[
|n|J|n|(x+

n )J|n|(x−n )F 1/2
nα (τ)G−nα(τ)

]

−ik‖k⊥ sin ψ
u‖
u⊥

[
J|n|(x+

n )J|n|+1(x−n )
x−n

Fnα(τ)Knτ

]

+k2
‖

u2
‖

u2
⊥

J|n|(x+
n )J|n|(x−n )Fnα(τ)

Using now the expression forF 1/2G±, and separating
the terms containingSn cos ψ from those withi sinψ, we
obtain

∑

j

kjΠ+
j

∑

i

kiΠ−i = k2
⊥ n2J|n|(x+

n )J|n|(x−n )

+k2
‖

u2
‖

u2
⊥

J|n|(x+
n )J|n|(x−n )Fnα(τ)

+ik2
⊥Sn sin ψ cos ψ

[ |n|J|n|(x+
n )J|n|+1(x−n )
x−n

×(Knτ − bα cos ψ + iSnbα sinψ)Knτ
]

+ik2
⊥Sn sin ψ cos ψ

[ |n|J|n|+1(x+
n )J|n|(x−n )

x+
n

×(−Knτ − bα cosψ − iSnbα sin ψ)Knτ
]

+k2
⊥ sin2 ψ

[ |n|J|n|(x+
n )J|n|+1(x−n )
x−n

×(−Knτ + bα cosψ − iSnbα sin ψ)Knτ
]

+k2
⊥ sin2 ψ

[ |n|J|n|+1(x+
n )J|n|(x−n )

x+
n

×(−Knτ − bα cosψ − iSnbα sin ψ)Knτ
]

−k2
⊥ sin2 ψ

[
J|n|+1(x+

n )J|n|+1(x−n )
x+

n x−n
Fnα(τ)(Knτ)2

]

+2k‖k⊥Sn cosψ
u‖
u⊥
|n|J|n|(x+

n )J|n|(x−n )(bα cos ψ)

−i 2k‖k⊥ sin ψ
u‖
u⊥
|n|J|n|(x+

n )J|n|(x−n )(Knτ+iSnbα sin ψ)

−ik‖k⊥ sin ψ
u‖
u⊥

[
J|n|+1(x+

n )J|n|(x−n )
x+

n
Fnα(τ)Knτ

]
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−ik‖k⊥ sin ψ
u‖
u⊥

[
J|n|(x+

n )J|n|+1(x−n )
x−n

Fnα(τ)Knτ

]
.

(6)
This expression must be used along with Eq. (5), which

constitutes a general form of the longitudinal dielectric con-
stant. An alternative form can be obtained by use of the

following property of Bessel functions,

Jn+1(x) =
(

nJn(x)
x

− J ′n(x)
)

.

Using this property, Eq. (6) can be written as follows,

c

∑

ij

kikjΠ−i Π+
j

k2
=

k2
⊥

k2
n2J|n|(x+

n )J|n|(x−n )

+
k2
‖

k2

u2
‖

u2
⊥

J|n|(x+
n )J|n|(x−n )Fnα(τ) + i

k2
⊥

k2
Sn sin ψ cos ψ

×
[(

|n|2J|n|(x+
n )J|n|(x−n )

x−n x−n
−
|n|J|n|(x+

n )J ′|n|(x
−
n )

x−n

)

×(Knτ − bα cos ψ + iSnbα sinψ)(Knτ)
]

+ i
k2
⊥

k2
Sn sin ψ cos ψ

×
[(

|n|2J|n|(x+
n )J|n|(x−n )

x+
n x+

n
−
|n|J|n|(x−n )J ′|n|(x

+
n )

x+
n

)

×(−Knτ − bα cosψ − iSnbα sin ψ)(Knτ)
]

+
k2
⊥

k2
sin2 ψ

[(
|n|2J|n|(x+

n )J|n|(x−n )
x−n x−n

−
|n|J|n|(x+

n )J ′|n|(x
−
n )

x−n

)

×(−Knτ + bα cosψ − iSnbα sin ψ)(Knτ)
]

+
k2
⊥

k2
sin2 ψ

[(
|n|2J|n|(x+

n )J|n|(x−n )
x+

n x+
n

−
|n|J|n|(x−n )J ′|n|(x

+
n )

x+
n

)

×(−Knτ − bα cosψ − iSnbα sin ψ)(Knτ)
]

−k2
⊥

k2
sin2 ψ

[
1

x+
n x−n

( |n|J|n|(x+
n )

x+
n

− J ′|n|(x
+
n )

)

( |n|J|n|(x−n )
x−n

− J ′|n|(x
−
n )

)
Fnα(τ)(Knτ)2

]

+
2k‖k⊥

k2
Sn cosψ

u‖
u⊥
|n|J|n|(x+

n )J|n|(x−n )(bα cos ψ)

−i
2k‖k⊥

k2
sin ψ

u‖
u⊥
|n|J|n|(x+

n )J|n|(x−n )(Knτ + iSnbα sin ψ)

−i
k‖k⊥
k2

sinψ
u‖
u⊥

[(
|n|J|n|(x+

n )J|n|(x−n )
x+

n x+
n

−
J|n|(x−n )J ′|n|(x

+
n )

x+
n

)

×Fnα(τ)(Knτ)
]

−i
k‖k⊥
k2

sinψ
u‖
u⊥

[(
|n|J|n|(x+

n )J|n|(x−n )
x−n x−n

−
J|n|(x+

n )J ′|n|(x
−
n )

x−n

)

×Fnα(τ)(Knτ)
]
. (7)
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This is an alternative expression to be utilized instead of
Eq. (6), for evaluation of the dielectric constant, given by
Eq. (5).

In the homogeneous limit,Kn → 0, x±n → bα, and
Fnα → b2

α. In that case it is easy to show that Eq. (7) is
reduced to the following expression,

∑

ij

kikjΠ−i Π+
j

k2
→ b2

α J2
|n|(bα)

[
k⊥
k

n

bα
+

k‖
k

u‖
u⊥

]2

and therefore,

εl = 1 +
∑
α

4πq2
α

mαω

∞∑
n→−∞

∫
d3u u⊥L(fα0)

× 1
Dnα

J2
|n|(bα)

[
k⊥
k

n

bα
+

k‖
k

u‖
u⊥

]2

−
k2
‖

k2

∑
α

4πq2
α

mαω2

∫
d3u

u‖
γ

L(fα0), (8)

where we have performed the integration over the time vari-
able, ∫ ∞

0

dτeiDnατ =
i

Dnα
.

Equation (8) corresponds to the homogeneous contribu-
tion appearing in Ref. [2]. It is easy to see that the same limit
is obtained using the alternative form, based on Eq. (7).

Another interesting limit to be considered corresponds
to the case of propagation parallel to the magnetic field,
bα → 0, where

x±n → |Kn|τ,

Fnα → −(Knτ)2 = −x+
n x−n .

The Bessel functions become all independent ofk⊥.
Therefore, for vanishingk⊥, all terms which have combi-
nations of Bessel functions multiplied byk⊥ should vanish.
After a small amount of algebra, it is easy to show that Eq.
(5) becomes

c

εl = 1− i
∑
α

4πq2
α

mαω

∞∑
n→−∞

(−1)|n|
∫ ∞

0

dτ

∫
d3u u⊥L(fα0)

×eiDnατ
u2
‖

u2
⊥

J|n|(x+
n )J|n|(x−n )

−
∑
α

4πq2
α

mαω2

∫
d3u

u‖
γ

L(fα0). (9)

d

For propagation parallel to the direction of the inhomo-
geneity,

x±n =
[
b2
α ± 2bαKnτ +K2

nτ2
]1/2

=
[
(bα ±Knτ)2

]1/2
= |bα ±Knτ | ,

Fnα(τ) = b2
α − (Knτ)2,

and

εl = 1− i
∑
α

4πq2
α

mαω

∞∑
n→−∞

∫ ∞

0

dτ

∫
d3u u⊥L(fα0)

×eiDnατ [Fnα(τ)](|n|−1)

(x−n x+
n )|n|

n2J|n|(x+
n )J|n|(x−n ). (10)

The last limiting case to be considered is the case of
propagation perpendicular to the direction of the magnetic
field and of the inhomogeneity.

x±n =
[
b2
α +K2

nτ2
]1/2

,

Fnα(τ) = b2
α − (Knτ)2 − i2Snbα(Knτ),

The dielectric constant in these cases is given by Eq. (5),
with

∑

ij

kikjΠ−i Π+
j

k2
= n2J|n|(x+

n )J|n|(x−n )

−
[(

|n|2J|n|(x+
n )J|n|(x−n )

x−n x−n
−
|n|J|n|(x+

n )J ′|n|(x
−
n )

x−n

)

×(Knτ + iSnbα)(Knτ)
]

−
[(

|n|2J|n|(x+
n )J|n|(x−n )

x+
n x+

n
−
|n|J|n|(x−n )J ′|n|(x

+
n )

x+
n

)

×(Knτ + iSnbα)(Knτ)
]

−
[

1
x+

n x−n

( |n|J|n|(x+
n )

x+
n

− J ′|n|(x
+
n )

)

×
( |n|J|n|(x−n )

x−n
− J ′|n|(x

−
n )

)
Fnα(τ)(Knτ)2

]
.
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In the same limit, an alternative expression can be ob-
tained using Eq. (7), resulting the following,

∑

ij

kikjΠ−i Π+
j

k2
→ n2J|n|(x+

n )J|n|(x−n )

−
[ |n|J|n|(x+

n )J|n|+1(x−n )
x−n

(Knτ + iSnbα)(Knτ)
]

−
[ |n|J|n|+1(x+

n )J|n|(x−n )
x+

n
(Knτ + iSnbα)(Knτ)

]

−
[
J|n|+1(x+

n )J|n|+1(x−n )
x+

n x−n
Fnα(τ)(Knτ)2

]

3 The dielectric constant for the case
of a Maxwellian distribution func-
tion

Let us assume a Maxwellian distribution function for parti-
cles of typeα,

fα0 =
nαµ

3/2
α

(2π)3/2
e−µαu2/2, µα =

mαc2

Tα
(11)

∂fα0

∂u⊥
= −µαu⊥fα0

Choosing the coordinate system in order to havex = 0,
and considering, for simplicity, the non-relativistic limit, we
obtain

εl = 1 + i
∑
α

ω2
α

ω

µ
5/2
α

(2π)1/2

∞∑
n→−∞

∫ ∞

0

dτ ei(ω−nΩα)τ

×
∫ ∞

−∞
du‖ e−µαu2

‖/2e−ick‖u‖τ

×
∫ ∞

0

du⊥ u3
⊥e−µαu2

⊥/2e−iεBk⊥u2
⊥c2 sin ψτ/(2Ωα)

× [Fnα(τ)](|n|−1)

(x−n x+
n )|n|

∑

ij

kikjΠ−i Π+
j

k2
. (12)

The quantitiesx±n andFnα do not depend on the paral-
lel momentum, which only appears in the productΠ−i Π+

j .
Therefore we are left with the following integrals over par-
allel momentum,

Ij =
∫ ∞

−∞
du‖ e−µαu2

‖/2e−ick‖u‖τ (u‖)j ,

with j = 0, 1, 2. These can be easily performed, with the
following results,

j = 0 : I0 =
(2π)1/2

µ
1/2
α

e−c2k2
‖τ2/(2µα)

j = 1 : I1 = −i
(2π)1/2

µ
1/2
α

ck‖τ
µα

e−c2k2
‖τ2/(2µα)

j = 2 : I2 =
(2π)1/2

µ
1/2
α

1
µα

(
1−

c2k2
‖τ

2

µα

)
e−c2k2

‖τ2/(2µα)

(13)
Using these results,

εl = 1 + i
∑
α

ω2
α

ω

µ
5/2
α

(2π)1/2

(2π)1/2

µ
1/2
α

×
∞∑

n→−∞

∫ ∞

0

dτ ei(ω−nΩα)τe−c2k2
‖τ2/(2µα)

×
∫ ∞

0

du⊥ u3
⊥e−µαu2

⊥/2e−iεBk⊥u2
⊥c2 sin ψτ/(2Ωα)

× [Fnα(τ)](|n|−1)

(x−n x+
n )|n|

Λ, (14)

where

c

Λ =
k2
⊥

k2
n2J|n|(x+

n )J|n|(x−n )

+
k2
‖

k2

1
u2
⊥

1
µα

(
1−

c2k2
‖τ

2

µα

)
J|n|(x+

n )J|n|(x−n )Fnα(τ)

+i
k2
⊥

k2
Sn sin ψ cos ψ

[ |n|J|n|(x+
n )J|n|+1(x−n )
x−n

×(Knτ − bα cosψ + iSnbα sin ψ)Knτ
]

+i
k2
⊥

k2
Sn sin ψ cos ψ

[ |n|J|n|+1(x+
n )J|n|(x−n )

x+
n

×(−Knτ − bα cos ψ − iSnbα sinψ)Knτ
]
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+
k2
⊥

k2
sin2 ψ

[ |n|J|n|(x+
n )J|n|+1(x−n )
x−n

×(−Knτ + bα cosψ − iSnbα sin ψ)Knτ
]

+
k2
⊥

k2
sin2 ψ

[ |n|J|n|+1(x+
n )J|n|(x−n )

x+
n

×(−Knτ − bα cosψ − iSnbα sin ψ)Knτ
]

−k2
⊥

k2
sin2 ψ

[
J|n|+1(x+

n )J|n|+1(x−n )
x+

n x−n
Fnα(τ)(Knτ)2

]

+
2k‖k⊥

k2
Sn cosψ

1
u⊥

(
−i

ck‖τ
µα

)

×|n|J|n|(x+
n )J|n|(x−n )(bα cosψ)

−i
2k‖k⊥

k2
sin ψ

1
u⊥

(
−i

ck‖τ
µα

)
|n|J|n|(x+

n )J|n|(x−n )

×(Knτ + iSnbα sin ψ)

−i
k‖k⊥
k2

sin ψ
1

u⊥

(
−i

ck‖τ
µα

)[
J|n|+1(x+

n )J|n|(x−n )
x+

n
Fnα(τ)Knτ

]

−i
k‖k⊥
k2

sin ψ
1

u⊥

(
−i

ck‖τ
µα

)[
J|n|(x+

n )J|n|+1(x−n )
x−n

Fnα(τ)Knτ

]

d

In order to simplify the ensuing calculations, we intro-
duce the following notation,

x±n ≡ y±n u⊥,

Fnα(τ) ≡ fnα(τ)u2
⊥, (15)

where

y±n =
[
c2k2

⊥/Ω2
α ± 2(ck⊥/Ωα) cos ψ(ncεB/2)τ

+(n2ε2Bc2/4)τ2
]1/2

,

fnα(τ) =
[
c2k2

⊥/Ω2
α − (n2ε2Bc2/4)τ2

−i2(ck⊥/Ωα) sin(ψ)(|n|cεB/2)τ)] .

Moreover, we define

N⊥ =
ck⊥
ω

, N‖ =
ck‖
ω

, NB =
cεB

ω
, Yα =

Ωα

ω
,

(16)
and

ζα = NBN⊥ sin ψ/Yα, t = (ωτ/µα). (17)

Using this notation,

Knτ = (nNBµαt/2)u⊥, bα = (N⊥/Yα)u⊥,

and the dielectric constant becomes the following

εl = 1+i
∑
α

ω2
α

ω2
µ3

α

∞∑
n→−∞

∫ ∞

0

dt eiµα(1−nYα)te−µαN2
‖ t2/2

× [fnα(τ)](|n|−1)

(y−n y+
n )|n|

∫ ∞

0

du⊥ u⊥e−(µαu2
⊥/2)[1+iζαt]Λ, (18)

where

Λ =
k2
⊥

k2
n2J|n|(x+

n )J|n|(x−n )

+
k2
‖

k2

1
µα

(
1− µαN2

‖ t
2
)

J|n|(x+
n )J|n|(x−n )fnα(τ)

+i
k2
⊥

k2
Sn sin ψ cosψ

[ |n|J|n|(x+
n )J|n|+1(x−n )
y−n

×((nNBµαt/2)− (N⊥/Yα) cos ψ

+iSn(N⊥/Yα) sin ψ) (nNBµαt/2)u⊥
]

+i
k2
⊥

k2
Sn sin ψ cosψ

[ |n|J|n|+1(x+
n )J|n|(x−n )

y+
n

×(− (nNBµαt/2)− (N⊥/Yα) cos ψ

−iSn(N⊥/Yα) sin ψ) (nNBµαt/2)u⊥
]

+
k2
⊥

k2
sin2 ψ

[ |n|J|n|(x+
n )J|n|+1(x−n )
y−n

×(− (nNBµαt/2) + (N⊥/Yα) cos ψ

−iSn(N⊥/Yα) sin ψ) (nNBµαt/2)u⊥
]
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+
k2
⊥

k2
sin2 ψ

[ |n|J|n|+1(x+
n )J|n|(x−n )

y+
n

×(− (nNBµαt/2)− (N⊥/Yα) cos ψ

−iSn(N⊥/Yα) sin ψ) (nNBµαt/2)u⊥
]

−k2
⊥

k2
sin2 ψ

[
J|n|+1(x+

n )J|n|+1(x−n )
y+

n y−n

×fnα(τ) (nNBµαt/2)2 u2
⊥

]

+
2k‖k⊥

k2
Sn cos ψ

(−iN‖t
) |n|J|n|(x+

n )J|n|(x−n )

×((N⊥/Yα) cos ψ)

−i
2k‖k⊥

k2
sin ψ

(−iN‖t
) |n|J|n|(x+

n )J|n|(x−n )

×((nNBµαt/2) + iSn(N⊥/Yα) sin ψ)

−i
k‖k⊥
k2

sin ψ
(−iN‖t

) [
J|n|+1(x+

n )J|n|(x−n )
y+

n

×fnα(τ) (nNBµαt/2)u⊥
]

−i
k‖k⊥
k2

sin ψ
(−iN‖t

) [
J|n|(x+

n )J|n|+1(x−n )
y−n

×fnα(τ) (nNBµαt/2) u⊥
]
.

In this expression we can find the following integrals
over the perpendicular variable,

I⊥1 =
∫ ∞

0

du⊥ u⊥e−(µαu2
⊥/2)[1+iζαt]J|n|(x+

n )J|n|(x−n )

I±⊥2 =
∫ ∞

0

du⊥ u2
⊥e−(µαu2

⊥/2)[1+iζαt]J|n|(x∓n )J|n|+1(x±n )

I⊥3 =
∫ ∞

0

du⊥ u3
⊥e−(µαu2

⊥/2)[1+iζαt]J|n|+1(x+
n )J|n|+1(x−n )

(19)
These integrals can be easily solved, and are given by

simple expressions involving the modified Bessel function
In [9]

c

I⊥1 =
e−(ν2

α+χ2
nαt2)/(1+iζαt)

µα(1 + iζαt)
I|n|

(
Snα(t)
1 + iζαt

)

I±⊥2 =
e−(ν2

α+χ2
nαt2)/(1+iζαt)

µ
3/2
α (1 + iζαt)2

×
[
T±n I|n|

(
Snα(t)
1 + iζαt

)
− T∓n I|n|+1

(
Snα(t)
1 + iζαt

)]
(20)

I⊥3 = 2
e−(ν2

α+χ2
nαt2)/(1+iζαt)

µ2
α(1 + iζαt)2

[
Snα(t)
1 + iζαt

I|n|

(
Snα(t)
1 + iζαt

)

−
(
|n|+ ν2

α + χ2
nαt2

1 + iζαt

)
I|n|+1

(
Snα(t)
1 + iζαt

)]
, (21)

d

where

T±n =
√

ν2
α ± 2να cos ψχnαt + χ2

nαt2

Snα =
√

ν4
α − 2ν2

α cos(2ψ)χ2
nαt2 + χ4

nαt4,

χnα =
nNBµ

1/2
α

2
,

να =
N⊥

µ
1/2
α Yα

=
k⊥vα

Ωα
, vα =

(
Tα

mα

)1/2

.

Using the symbols introduced by Eqs. (19), and the no-
tation introduced by Eqs. (21), we can write

fnα = µαHnα(t),

where

Hnα(t) = ν2
α − i2Snνα sin(ψ)χnαt− χ2

nαt2, (22)

and
y±n = µ1/2

α T±n , (23)

y+
n y−n = µαSnα(t) .

The dielectric constant therefore can be written as fol-
lows,

εl = 1+i
∑
α

ω2
α

ω2
µ2

α

∞∑
n→−∞

∫ ∞

0

dt eiµα(1−nYα)te−µαN2
‖ t2/2

× [Hnα(t)](|n|−1)

(Snα(t))|n|
Λ∗, (24)

where

Λ∗ =
k2
⊥

k2
n2I⊥1 +

k2
‖

k2

(
1− µαN2

‖ t2
)

I⊥1Hnα(t)
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+i
k2
⊥

k2
Sn sin ψ cosψ

[ |n|
T−n

I−⊥2(χnαt− να cos ψ

+iSnνα sin ψ)
(
µ1/2

α χnαt
)]

+i
k2
⊥

k2
Sn sin ψ cosψ

[ |n|
T+

n
I+
⊥2(−χnαt− να cosψ

−iSnνα sin ψ)
(
µ1/2

α χnαt
)]

+
k2
⊥

k2
sin2 ψ

[ |n|
T−n

I−⊥2(−χnαt + να cosψ

−iSnνα sin ψ)
(
µ1/2

α χnαt
)]

+
k2
⊥

k2
sin2 ψ

[ |n|
T+

n
I+
⊥2(−χnαt− να cos ψ

−iSnνα sin ψ)
(
µ1/2

α χnαt
)]

−k2
⊥

k2
sin2 ψ

[
Hnα(t)
Snα(t)

I⊥3

(
µαχ2

nαt2
)]

+
2k‖k⊥

k2
Sn cos ψ

(−iN‖t
) |n|I⊥1(µ1/2

α να cosψ)

−i
2k‖k⊥

k2
sin ψ

(−iN‖t
)
µ1/2

α |n|I⊥1(χnαt + iSnνα sin ψ)

−i
k‖k⊥
k2

sin ψ
(−iN‖t

)
µα

[
Hnα(t)

T+
n

I+
⊥2χnαt

]

−i
k‖k⊥
k2

sin ψ
(−iN‖t

)
µα

[
Hnα(t)

T−n
I−⊥2χnαt

]

Using the integrals given by Eqs. (21),

c

εl = 1 + i
∑
α

ω2
α

ω2
µ2

α

∞∑
n→−∞

∫ ∞

0

dt eiµα(1−nYα)te−µαN2
‖ t2/2

×e−(ν2
α+χ2

nαt2)/(1+iζαt)

µα(1 + iζαt)
[Hnα(t)](|n|−1)

(Snα(t))|n|
Λ∗, (25)

where

Λ∗ =
k2
⊥

k2
n2I|n|

(
Snα(t)
1 + iζαt

)

+
k2
‖

k2

(
1− µαN2

‖ t
2
)

I|n|

(
Snα(t)
1 + iζαt

)
Hnα(t)

+i
k2
⊥

k2
Sn

sinψ cosψ

(1 + iζαt)

×
[ |n|
T−n

[
T−n I|n|

(
Snα(t)
1 + iζαt

)
− T+

n I|n|+1

(
Snα(t)
1 + iζαt

)]

×(χnαt− να cosψ + iSnνα sinψ) (χnαt)]

+i
k2
⊥

k2
Sn

sinψ cosψ

(1 + iζαt)

×
[ |n|
T+

n

[
T+

n I|n|

(
Snα(t)
1 + iζαt

)
− T−n I|n|+1

(
Snα(t)
1 + iζαt

)]

×(−χnαt− να cos ψ − iSnνα sin ψ) (χnαt)]

+
k2
⊥

k2

sin2 ψ

(1 + iζαt)

×
[ |n|
T−n

[
T−n I|n|

(
Snα(t)
1 + iζαt

)
− T+

n I|n|+1

(
Snα(t)
1 + iζαt

)]

×(−χnαt + να cos ψ − iSnνα sin ψ) (χnαt)]

+
k2
⊥

k2

sin2 ψ

(1 + iζαt)

×
[ |n|
T+

n

[
T+

n I|n|

(
Snα(t)
1 + iζαt

)
− T−n I|n|+1

(
Snα(t)
1 + iζαt

)]

×(−χnαt− να cos ψ − iSnνα sin ψ) (χnαt)]
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−k2
⊥

k2

2 sin2 ψ

(1 + iζαt)

×
[
Hnα(t)
Snα(t)

(
χ2

nαt2
)] [

Snα(t)
1 + iζαt

I|n|

(
Snα(t)
1 + iζαt

)

−
(
|n|+ ν2

α + χ2
nαt2

1 + iζαt

)
I|n|+1

(
Snα(t)
1 + iζαt

)]

−2k‖k⊥
k2

(
N‖t

) |n|µ1/2
α [iSnνα + sin ψχnαt] I|n|

(
Snα(t)
1 + iζαt

)

−i
k‖k⊥
k2

sin ψ
(−iN‖t

)

(1 + iζαt)
µ1/2

α

×
[
Hnα(t)

T+
n

[
T+

n I|n|

(
Snα(t)
1 + iζαt

)
− T−n I|n|+1

(
Snα(t)
1 + iζαt

)]
χnαt

]

−i
k‖k⊥
k2

sin ψ
(−iN‖t

)

(1 + iζαt)
µ1/2

α

×
[
Hnα(t)

T−n

[
T−n I|n|

(
Snα(t)
1 + iζαt

)
− T+

n I|n|+1

(
Snα(t)
1 + iζαt

)]
χnαt

]
, (26)

where we have taken into account the following

2k‖k⊥
k2

Sn cos ψ
(−iN‖t

) |n|(µ1/2
α να cosψ)I|n|

(
Snα(t)
1 + iζαt

)

− 2k‖k⊥
k2

sin ψ
(
N‖t

) |n|

×(µ1/2
α χnαt + iSnµ1/2

α να sin ψ)I|n|

(
Snα(t)
1 + iζαt

)

=
2k‖k⊥

k2

(
N‖t

) |n|µ1/2
α

[−iSnνα(cos2 ψ + sin2 ψ)

− sin ψχnαt] I|n|

(
Snα(t)
1 + iζαt

)

= −2k‖k⊥
k2

(
N‖t

) |n|µ1/2
α [iSnνα + sin ψχnαt]

×I|n|

(
Snα(t)
1 + iζαt

)
.

We now introduce the definition of the ”inhomogeneous plasma dispersion function”, for the non-relativistic case [5]

Gr,p,m,l = −i

∫ ∞

0

dt
(it)reiµα(1−nYα)te−µαN2

‖ t2/2

(1 + iζαt)p

×e−(ν2
α+χ2

nαt2)/(1+iζαt) [Hnα(t)]m

(Snα(t))l
Il

(
Snα(t)
1 + iζαt

)
(27)

Eq. (26) can be prepared for the use of the inhomogeneous plasma dispersion function, as follows,

Λ∗ =
k2
⊥

k2
n2I|n|

(
Snα(t)
1 + iζαt

)

+
k2
‖

k2

(
1 + µαN2

‖ (it)2
)

I|n|

(
Snα(t)
1 + iζαt

)
Hnα(t)

+
k2
⊥

k2
Sn|n|χnα

sinψ cosψ

(1 + iζαt)
I|n|

(
Snα(t)
1 + iζαt

)
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×(−iχnαit− να cosψ + iSnνα sin ψ) (it)

−k2
⊥

k2
Sn|n|χnα

sin ψ cos ψ

(1 + iζαt)
T+

n

T−n
I|n|+1

(
Snα(t)
1 + iζαt

)

×(−iχnαit− να cosψ + iSnνα sin ψ) (it)

+
k2
⊥

k2
Sn|n|χnα

sin ψ cosψ

(1 + iζαt)
I|n|

(
Snα(t)
1 + iζαt

)

×(iχnαit− να cos ψ − iSnνα sin ψ) (it)

−k2
⊥

k2
Sn|n|χnα

sin ψ cos ψ

(1 + iζαt)
T−n
T+

n
I|n|+1

(
Snα(t)
1 + iζαt

)

×(iχnαit− να cos ψ − iSnνα sin ψ) (it)

−i
k2
⊥

k2
|n|χnα

sin2 ψ

(1 + iζαt)
I|n|

(
Snα(t)
1 + iζαt

)

×(iχnαit + να cos ψ − iSnνα sin ψ) (it)

+i
k2
⊥

k2
|n|χnα

sin2 ψ

(1 + iζαt)
T+

n

T−n
I|n|+1

(
Snα(t)
1 + iζαt

)

×(iχnαit + να cos ψ − iSnνα sin ψ) (it)

−i
k2
⊥

k2
|n|χnα

sin2 ψ

(1 + iζαt)
I|n|

(
Snα(t)
1 + iζαt

)

×(iχnαit− να cos ψ − iSnνα sin ψ) (it)

+i
k2
⊥

k2
|n|χnα

sin2 ψ

(1 + iζαt)
T−n
T+

n
I|n|+1

(
Snα(t)
1 + iζαt

)

×(iχnαit− να cos ψ − iSnνα sin ψ) (it)

+
k2
⊥

k2
χ2

nα

2 sin2 ψ

(1 + iζαt)

[
Hnα(t)
Snα(t)

(it)2
] [

Snα(t)
1 + iζαt

I|n|

(
Snα(t)
1 + iζαt

)

−
(
|n|+ ν2

α − χ2
nα(it)2

1 + iζαt

)
I|n|+1

(
Snα(t)
1 + iζαt

)]

−2k‖k⊥
k2

N‖ (it) |n|µ1/2
α [Snνα − sin ψχnα(it)] I|n|

(
Snα(t)
1 + iζαt

)

+
k‖k⊥
k2

N‖χnαµ1/2
α

sin ψ

(1 + iζαt)
Hnα(t)I|n|

(
Snα(t)
1 + iζαt

)
(it)2

−k‖k⊥
k2

N‖χnαµ1/2
α

sin ψ

(1 + iζαt)
T−n
T+

n
Hnα(t)I|n|+1

(
Snα(t)
1 + iζαt

)
(it)2

+
k‖k⊥
k2

N‖χnαµ1/2
α

sin ψ

(1 + iζαt)
Hnα(t)I|n|

(
Snα(t)
1 + iζαt

)
(it)2

−k‖k⊥
k2

N‖χnαµ1/2
α

sin ψ

(1 + iζαt)
T+

n

T−n
Hnα(t)I|n|+1

(
Snα(t)
1 + iζαt

)
(it)2

Using the definition of the inhomogeneous dispersion function, we obtain the following

εl = 1−
∑
α

ω2
α

ω2
µα

∞∑
n→−∞

{
k2
⊥

k2
n2G0,1,|n|−1,|n|

+
k2
‖

k2

(
G0,1,|n|,|n| + µαN2

‖G2,1,|n|,|n|
)

+
k2
⊥

k2
Sn|n|χnα sin ψ cosψ

(−iχnαG2,2,|n|−1,|n|
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−να cosψG1,2,|n|−1,|n| + iSnνα sin ψG1,2,|n|−1,|n|
)

+
k2
⊥

k2
Sn|n|χnα sin ψ cosψ

(
iχnαG2,2,|n|−1,|n|

−να cosψG1,2,|n|−1,|n| − iSnνα sin ψG1,2,|n|−1,|n|
)

−i
k2
⊥

k2
|n|χnα sin2 ψ

(
iχnαG2,2,|n|−1,|n|

+να cosψG1,2,|n|−1,|n| − iSnνα sin ψG1,2,|n|−1,|n|
)

−i
k2
⊥

k2
|n|χnα sin2 ψ

(
iχnαG2,2,|n|−1,|n|

−να cosψG1,2,|n|−1,|n| − iSnνα sin ψG1,2,|n|−1,|n|
)

+2
k2
⊥

k2
χ2

nα sin2 ψ
[G2,3,|n|,|n| − |n|G2,2,|n|,|n|+1

−ν2
αG2,3,|n|,|n|+1 + χ2

nαG4,3,|n|,|n|+1

]

−2k‖k⊥
k2

N‖|n|µ1/2
α

[
SnναG1,1,|n|−1,|n| − sin ψχnαG2,1,|n|−1,|n|

]

+
k‖k⊥
k2

N‖χnαµ1/2
α sin ψG2,2,|n|,|n|

+
k‖k⊥
k2

N‖χnαµ1/2
α sinψG2,2,|n|,|n|

}

+i
∑
α

ω2
α

ω2
µ2

α

∞∑
n→−∞

∫ ∞

0

dt eiµα(1−nYα)te−µαN2
‖ t2/2

×e−(ν2
α+χ2

nαt2)/(1+iζαt)

µα(1 + iζαt)
[Hnα(t)](|n|−1)

(Snα(t))|n|
Λ†

where

Λ† = −k2
⊥

k2
Sn|n|χnα

sin ψ cos ψ

(1 + iζαt)
T+

n

T−n
I|n|+1

(
Snα(t)
1 + iζαt

)

×(−iχnαit− να cos ψ + iSnνα sin ψ) (it)

−k2
⊥

k2
Sn|n|χnα

sinψ cosψ

(1 + iζαt)
T−n
T+

n
I|n|+1

(
Snα(t)
1 + iζαt

)

×(iχnαit− να cosψ − iSnνα sin ψ) (it)

+i
k2
⊥

k2
|n|χnα

sin2 ψ

(1 + iζαt)
T+

n

T−n
I|n|+1

(
Snα(t)
1 + iζαt

)

×(iχnαit + να cosψ − iSnνα sin ψ) (it)

+i
k2
⊥

k2
|n|χnα

sin2 ψ

(1 + iζαt)
T−n
T+

n
I|n|+1

(
Snα(t)
1 + iζαt

)

×(iχnαit− να cosψ − iSnνα sin ψ) (it)

−k‖k⊥
k2

N‖χnαµ1/2
α

sin ψ

(1 + iζαt)
T−n
T+

n
Hnα(t)

×I|n|+1

(
Snα(t)
1 + iζαt

)
(it)2

−k‖k⊥
k2

N‖χnαµ1/2
α

sin ψ

(1 + iζαt)
T+

n

T−n
Hnα(t)

×I|n|+1

(
Snα(t)
1 + iζαt

)
(it)2.
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This expression can be somewhat simplified, by collecting together some terms and by cancelling others

εl = 1−
∑
α

ω2
α

ω2
µα

∞∑
n→−∞

{
k2
⊥

k2
n2G0,1,|n|−1,|n|

+
k2
‖

k2

(
G0,1,|n|,|n| + µαN2

‖G2,1,|n|,|n|
)

−2
k2
⊥

k2
nναχnα sinψG1,2,|n|−1,|n|

+2
k2
⊥

k2
χ2

nα sin2 ψ
[G2,3,|n|,|n| + |n|G2,2,|n|−1,|n|

−|n|G2,2,|n|,|n|+1 − ν2
αG2,3,|n|,|n|+1 + χ2

nαG4,3,|n|,|n|+1

]

−2k‖k⊥
k2

N‖|n|µ1/2
α

[
SnναG1,1,|n|−1,|n| − sin ψχnαG2,1,|n|−1,|n|

]

+2
k‖k⊥
k2

N‖χnαµ1/2
α sin ψG2,2,|n|,|n|

}

+i
∑
α

ω2
α

ω2
µ2

α

∞∑
n→−∞

∫ ∞

0

dt eiµα(1−nYα)te−µαN2
‖ t2/2

×e−(ν2
α+χ2

nαt2)/(1+iζαt)

µα(1 + iζαt)
[Hnα(t)](|n|−1)

(Snα(t))|n|
Λ†. (28)

Let us examine the terms appearing in the expression forΛ†. Initially we consider the following terms,

−k2
⊥

k2
Sn|n| sinψ cosψ

(1 + iζαt)
T+

n

T−n
I|n|+1

(
Snα(t)
1 + iζαt

)

×(−iχnαit− να cos ψ + iSnνα sin ψ) (χnαit)

−k2
⊥

k2
Sn|n| sinψ cosψ

(1 + iζαt)
T−n
T+

n
I|n|+1

(
Snα(t)
1 + iζαt

)

×(iχnαit− να cosψ − iSnνα sin ψ) (χnαit)

= −k2
⊥

k2
Sn|n| sin ψ cos ψ

(1 + iζαt)
I|n|+1

(
Snα(t)
1 + iζαt

)
(χnαit)

×
[
−iχnαit

(
T+

n

T−n
− T−n

T+
n

)

−να cosψ

(
T+

n

T−n
+

T−n
T+

n

)
+ iSnνα sin ψ

(
T+

n

T−n
− T−n

T+
n

)]
. (29)

Now we may consider the following,

T−n
T+

n
=

T−n T+
n

T+
n T+

n
=

(√
ν2

α + 2να cosψχnαt + χ2
nαt2

)
(√

ν2
α + 2να cosψχnαt + χ2

nαt2
)

×

(√
ν2

α − 2να cosψχnαt + χ2
nαt2

)
(√

ν2
α + 2να cosψχnαt + χ2

nαt2
)

=

√
ν4

α + χ4
nαt4 − 2ν2

α cos(2ψ)χ2
nαt2

ν2
α + 2να cos ψχnαt + χ2

nαt2

=
Snα(t)

|ν2
α + 2να cosψχnαt + χ2

nαt2| .
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This expression can be inverted, and we obtain,

T+
n

T−n
=

ν2
α + 2να cos ψχnαt + χ2

nαt2

Snα(t)
. (30)

Multiplying numerator and denominator byT−n ,

T−n
T+

n
=

T−n T−n
T+

n T−n
=

(√
ν2

α − 2να cosψχnαt + χ2
nαt2

)
(√

ν2
α − 2να cosψχnαt + χ2

nαt2
)

×

(√
ν2

α − 2να cos ψχnαt + χ2
nαt2

)
(√

ν2
α + 2να cos ψχnαt + χ2

nαt2
)

=
ν2

α − 2να cos ψχnαt + χ2
nαt2√

ν4
α + χ4

nαt4 − 2ν2
α cos(2ψ)χ2

nαt2

=
ν2

α − 2να cos ψχnαt + χ2
nαt2

Snα(t)
(31)

Consider now Eq. (30),
T+

n

T−n
=

ν2
α + 2να cosψχnαt + χ2

nαt2

Snα(t)

=
Hnα(t)
Snα(t)

+
2ναχnαt

Snα(t)
(cos ψ + iSn sin ψ) +

2χ2
nαt2

Snα(t)
.

Taking into account the following property,

e±iSnψ = cos(Snψ)± i sin(Snψ) = cos(ψ)± iSn sin(ψ),

we obtain,
T+

n

T−n
=

Hnα(t)
Snα(t)

+
2ναχnαt

Snα(t)
eiSnψ +

2χ2
nαt2

Snα(t)
. (32)

In analogous way,
T−n
T+

n
=

ν2
α − 2να cosψχnαt + χ2

nαt2

Snα(t)

=
Hnα(t)
Snα(t)

− 2ναχnαt

Snα(t)
(cos ψ − iSn sin ψ) +

2χ2
nαt2

Snα(t)

=
Hnα(t)
Snα(t)

− 2ναχnαt

Snα(t)
e−iSnψ +

2χ2
nαt2

Snα(t)
.

Collecting together these results,

T±n
T∓n

=
Hnα(t)
Snα(t)

± 2ναχnαt

Snα(t)
e±iSnψ +

2χ2
nαt2

Snα(t)
. (33)

Therefore, we have, (
T+

n

T−n
− T−n

T+
n

)
=

2ναχnαt

Snα(t)
(
eiSnψ + e−iSnψ

)

= −i
4ναχnα(it)

Snα(t)
cosψ (34)

(
T+

n

T−n
+

T−n
T+

n

)
= 2

Hnα(t)
Snα(t)

+
4χ2

nα(t)2

Snα(t)

+
2ναχnαt

Snα(t)
(
eiSnψ − e−iSnψ

)
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=
2

Snα(t)
[
Hnα(t) + 2χ2

nα(t)2 + iSn2ναχnαt sin ψ
]

=
2

Snα(t)
[
ν2

α + χ2
nαt2

]
. (35)

Using these results, a small amount of algebra transforms Eq. (29) into the following

2
k2
⊥

k2
n

sinψ cos2 ψ

(1 + iζαt)
I|n|+1

(
Snα(t)
1 + iζαt

)
(ναχnαit)

Hnα(t)
Snα(t)

. (36)

The next two terms in the expression forΛ† are the following

i
k2
⊥

k2

sin2 ψ

(1 + iζαt)
|n|T

+
n

T−n
I|n|+1

(
Snα(t)
1 + iζαt

)

×(iχnαit + να cosψ − iSnνα sin ψ) (χnαit)

+i
k2
⊥

k2

sin2 ψ

(1 + iζαt)
|n|T

−
n

T+
n

I|n|+1

(
Snα(t)
1 + iζαt

)

×(iχnαit− να cosψ − iSnνα sin ψ) (χnαit)

= i
k2
⊥

k2

sin2 ψ

(1 + iζαt)
|n|I|n|+1

(
Snα(t)
1 + iζαt

)
(χnαit)

×
[
iχnα(it)

(
T+

n

T−n
+

T−n
T+

n

)

+να cosψ

(
T+

n

T−n
− T−n

T+
n

)
− iSnνα sin ψ

(
T+

n

T−n
+

T−n
T+

n

)]

= 2
k2
⊥

k2

sin2 ψ

(1 + iζαt)
|n|I|n|+1

(
Snα(t)
1 + iζαt

)
(χnαit)

×Hnα(t)
Snα(t)

[χnα(it) + Snνα sin ψ] . (37)

The last two terms inΛ† can be written as follows,

−k‖k⊥
k2

sin ψN‖
(1 + iζαt)

µ1/2
α χnαHnα(t)

T−n
T+

n
I|n|+1

(
Snα(t)
1 + iζαt

)
(it)2

−k‖k⊥
k2

sin ψN‖
(1 + iζαt)

µ1/2
α χnαHnα(t)

T+
n

T−n
I|n|+1

(
Snα(t)
1 + iζαt

)
(it)2

= −k‖k⊥
k2

sin ψN‖
(1 + iζαt)

µ1/2
α χnαHnα(t)I|n|+1

(
Snα(t)
1 + iζαt

)
(it)2

×
(

T+
n

T−n
+

T−n
T+

n

)

= −2
k‖k⊥
k2

sin ψN‖
(1 + iζαt)

µ1/2
α χnαI|n|+1

(
Snα(t)
1 + iζαt

)
(it)2

×Hnα(t)
Snα(t)

[
ν2

α − χ2
nα(it)2

]
. (38)

Using Eqs. (36), (37) and (38),

Λ† == 2
χnα sin ψ

(1 + iζαt)
I|n|+1

(
Snα(t)
1 + iζαt

)
Hnα(t)
Snα(t)

{
k2
⊥

k2
nνα (it)

+
k2
⊥

k2
|n| sin ψχnα (it)2 − k‖k⊥

k2
N‖µ1/2

α (it)2
[
ν2

α − χ2
nα(it)2

]}
.
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Using this expression in Eq. (28),

εl = 1−
∑
α

ω2
α

ω2
µα

∞∑
n→−∞

{
k2
⊥

k2
n2G0,1,|n|−1,|n|

+
k2
‖

k2

(
G0,1,|n|,|n| + µαN2

‖G2,1,|n|,|n|
)

−2
k2
⊥

k2
nναχnα sin ψG1,2,|n|−1,|n|

+2
k2
⊥

k2
χ2

nα sin2 ψ
[G2,3,|n|,|n| + |n|G2,2,|n|−1,|n|

−|n|G2,2,|n|,|n|+1 − ν2
αG2,3,|n|,|n|+1 + χ2

nαG4,3,|n|,|n|+1

]

−2k‖k⊥
k2

N‖|n|µ1/2
α

[
SnναG1,1,|n|−1,|n| − sin ψχnαG2,1,|n|−1,|n|

]

+2
k‖k⊥
k2

N‖χnαµ1/2
α sinψG2,2,|n|,|n|

}

+i
∑
α

ω2
α

ω2
µ2

α

∞∑
n→−∞

∫ ∞

0

dt eiµα(1−nYα)te−µαN2
‖ t2/2

×e−(ν2
α+χ2

nαt2)/(1+iζαt)

µα(1 + iζαt)
[Hnα(t)](|n|−1)

(Snα(t))|n|

×2
χnα sin ψ

(1 + iζαt)
I|n|+1

(
Snα(t)
1 + iζαt

)
Hnα(t)
Snα(t)

{
k2
⊥

k2
nνα (it)

+
k2
⊥

k2
|n| sin ψχnα (it)2 − k‖k⊥

k2
N‖µ1/2

α (it)2
[
ν2

α − χ2
nα(it)2

]}
.

εl = 1−
∑
α

ω2
α

ω2
µα

∞∑
n→−∞

{
k2
⊥

k2
n2G0,1,|n|−1,|n|

+
k2
‖

k2

(
G0,1,|n|,|n| + µαN2

‖G2,1,|n|,|n|
)

−2
k2
⊥

k2
nναχnα sin ψG1,2,|n|−1,|n|

+2
k2
⊥

k2
χ2

nα sin2 ψ
[G2,3,|n|,|n| + |n|G2,2,|n|−1,|n|

−|n|G2,2,|n|,|n|+1 − ν2
αG2,3,|n|,|n|+1 + χ2

nαG4,3,|n|,|n|+1

]

−2k‖k⊥
k2

N‖|n|µ1/2
α

[
SnναG1,1,|n|−1,|n| − sin ψχnαG2,1,|n|−1,|n|

]

+2
k‖k⊥
k2

N‖χnαµ1/2
α sin ψG2,2,|n|,|n|

+2
k2
⊥

k2
nναχnα sinψG1,2,|n|,|n|+1

+2
k2
⊥

k2
|n|χ2

nα sin2 ψG2,2,|n|,|n|+1 − 2
k‖k⊥
k2

N‖µ1/2
α χnα sin ψ

× [
ν2

αG2,2,|n|,|n|+1 − χ2
nαG4,2,|n|,|n|+1

]}
.

εl = 1−
∑
α

ω2
α

ω2
µα

∞∑
n→−∞

{
k2
⊥

k2
n2G0,1,|n|−1,|n|
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+
k2
‖

k2

(
G0,1,|n|,|n| + µαN2

‖G2,1,|n|,|n|
)

−2
k2
⊥

k2
nναχnα sin ψ

[G1,2,|n|−1,|n| − G1,2,|n|,|n|+1

]

+2
k2
⊥

k2
χ2

nα sin2 ψ
[G2,3,|n|,|n| + |n|G2,2,|n|−1,|n|

−ν2
αG2,3,|n|,|n|+1 + χ2

nαG4,3,|n|,|n|+1

]

−2k‖k⊥
k2

N‖nµ1/2
α ναG1,1,|n|−1,|n|

−2
k‖k⊥
k2

N‖µ1/2
α χnα sin ψ

[−G2,2,|n|,|n| − |n|G2,1,|n|−1,|n|

+ν2
αG2,2,|n|,|n|+1 − χ2

nαG4,2,|n|,|n|+1

]}
. (39)

d

An interesting limiting case to be considered is the case
of propagation perpendicular to the direction of the mag-
netic field and of the inhomogeneity. In this case from Eq.
(39) we obtain,

εl = 1−
∑
α

ω2
α

ω2
µα

∞∑
n→−∞

{
n2G0,1,|n|−1,|n|

−2nναχnα

[G1,2,|n|−1,|n| − G1,2,|n|,|n|+1

]

+2χ2
nα

[|n|G2,2,|n|−1,|n| + G2,3,|n|,|n|

−ν2
αG2,3,|n|,|n|+1 + χ2

nαG4,3,|n|,|n|+1

]}
, (40)

which, as expected, corresponds to the expression for the
componentε22 of the effective dielectric tensor, for a
Maxwellian distribution function for particles of typeα, in
the non-relativistic approximation [5].
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