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We extend a Fokker-Planck formalism, previously used to describe the behavior of a cooling granular gas,
with a Hertzian contact potential and viscoelastic radial friction, giving a velocity dependent coefficient of
restitution. In the present work, we study the more general case of a steady-state with finite kinetic energy, far
from equilibrium, due to the coupling to an external energy-feeding mechanism. Also from first-principles, we
extend the validity of the former results.

1 Introduction on a first-principles expansion around equilibrium [12], ki-
netic theory methods [18], Monte Carlo methods or molec-
The problem of a granular gas (GG) at a steady-state, un-ular dynamics simulations [19]. Most of these are effec-
der the action of an energy feeding mechanism, has beeriive approaches that ignore the detailed collisional dynam
extensively studied by means of theoretical [1, 2, 3] and ex- ics. Some authors did indeed take the time dependence f
perimental methods [4, 5]. A GG presents many interest- the collisional dynamics into account in their models [20].
ing and non-trivial properties concerning its statistical be- Naturally, most models in the literature are basedqos-
havior, such as non-Gaussian velocity distributions [4, 6], teriori justifications for their assumptions.
energy equipartition breakdown [6, 7], vortices and cluster-  We believe our model can show its usefulness in help:
ing [8, 9, 10]. These interesting properties are a direct con-ing to set some of the stochastic and kinetic theory model.
sequence of the inelastic behavior of a GG. No matter howused to describe granular gases in better theoretical footing
small, any amount of inelasticity will make a GG completely It explores the same expansion methods [14] used to de
different, in long times, from an elastic molecular gas. For rive stochastic equations for granular gases in the rapid flov
instance, no matter how small the inelasticity is, the GG will state. In special, careful steps are taken to ensure that
eventually lose all its internal kinetic energy [11]. However, appropriate non-equilibrium steady-state is correctly taker
a more fundamental approach unifying all these aspects ofinto account as the basis for the expansions methods. Tt
granular physics is still laking [13]. Fokker-Planck equation thus obtained can be used as tt
With the goal of obtaining a basic first-principles ap- starting point for the development of kinetic theory meth-
proach to the problem of an inelastic GG, Schofield and 0ds appropriate for granular gases. For didactic reasons, w
Oppenheim [12] derived a set of Fokker-Planck equations keep most of the calculation details in the main body of the
for the distribution of positions and velocities for the grain’s text.
centers of mass of a GG at the (not necessarily homoge- In order to maintain our model system in a constant en:
neous) cooling state (no energy-feeding mechanism) tendingergy steady-state, we make use of the democratic model
to true thermal equilibrium. This is a very general method energy feeding and derive the inelastic Boltzmann equatio!
that depends on a time-scale separation between the internah that context. This mechanism is used because of its prac
relaxation processes of a grain (fast variables) and the evodicallity. More realistic energy-feeding mechanisms can be
lution of the long wavelength phenomena for the GG (slow modeled [6, 7]. It should be noticed that the typical granu-
variables) [14]. It gives the velocity dependence for the co- lar energies for the GG steady state, compared to that of th
efficient of restitution found elsewhere [15, 16, 17]. thermal equilibrium situation, may typically be of the order
In the present work, we introduced a well known energy- Of 102 or larger.
feeding mechanism to extend the validity of that previous This paper is organized as follows. In Section I, we de-
approach to a GG in a steady-state of finite granular kinetic scribe the microscopic model. In Section Ill, we describe
energy. The basic steps leading to an equation describinghe energy-feeding mechanism used in the paper. In Sectic
the time-evolution for the distribution include postulating 1V, we eliminate the fast degrees of freedom for the sys-
the inelastic Boltzmann-Enskog equation [8, 9], adding en- tem and obtain the appropriate Fokker-Planck equations an
ergy feeding mechanisms such as the “democratic” vibra-the viscoelastic friction coefficient. In Sections V, VI, VII
tion model [1], and deriving Fokker-Planck equations based and VIII, we obtain the BBGKY hierarchy and proceed to
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make the multiple time-scale analysis and to obtain the ap-cles. The positions and momenta of the grains are def

propriate Boltzmann equation for the GG. In Section IX, a below:

Sonine polynomials expansion is obtained for the distribu-

tion and its moments analyzed. In Section X, we analyzethe r" ={ri,r2,...,ry} andp” = {p1,p2,....pn}-

properties of the steady-state distribution. In Section XI, we ) ) )

summarize the results and make our concluding remarks. The microscopic degrees of freedom are atomlc c
dinates¢™™ and atomic momenta™™ (XM, «N = 0)
associated to each atom of every grain. We can simplify

2  Fokker-Plank approach notation by grouping these two sets of coordinates into:

= MN J\lN and N N
We will follow closely the method used by Schofield and X = {5 } Xr = {r P }

Oppenheim [12] and study a system/éfspherical, smooth Thus, the complete Hamiltonian can be partitioned
and identical grains of mass constituted by)M atoms,
M > 1. The grains are large enough making quantum H(xr,x1) = Hi(xr) + Hi(x1) + o(x1, x1), (@)

effects irrelevant. The only frictional forces acting on the
particles are radial, along the collisional axis for two parti- where the terms above are given in the sequence.

l

The granular Hamiltonian:

2

N
Hvr) = 305+ V) = 50+ UG, @
The internal Hamiltonian:
N M N2
Hi(x1) = ZZ T | y(eNM) = i TVEY. 3
i=11=1
The interaction (coupling) term:
N
S, xr) = Y, . ot |&m — &) = o™, EN). 4

i,j=11,m=1

The probability density for the system evolves according 3~ Energy feeding - Democratic Model
to the Liouvillian operator defined by:
For dissipative systems, the rate of kinetic energY lposs
L=Li+Lr+Lg due to the inelasticity during the collisions is given by

where
P~ OF o /pN.PY
LT:—7~VTN +VTNU~VPN, — = —
m ot Dissipation ot 2m Dissipation
7'|'N
Li=—— Ven +VenV-Von, PN . PV
iz ¢ ¢ = / dxrdx1 TLP(XT,XM) (6)
m
and In order to keep the system in a non-trivial steady-st
_ ] ] y! i -trivi y-
Lo = Ving - Vi 4 Ven g - V. it is necessary to feed kinetic energy into it. In the seque
The Liouville equation reads we describe the so-called democratic model [1], whicl
equivalent to coupling the GG with a granular heat-bath
Orplxr,xist) = Lp(xr,xi,t) 5) We assume that each grain in the system will peri

cally gain random momentum. That momentum is assu
In the expression above, we need to average out theto be a vectorial random variable, with fixed amplitude
terms containing internal degrees of freedom in order to ob-fact it is a set of N random variables)
tain an effective equation for the remaining granular degrees .
of freedom. N = ¢eN,
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where the unit vectot is uniformly distributed on the  to a shift that can be written as

sphere. It obeys: N

~ 1 PN N+ ) = € VPN pN ). (7)

<{>=0 and <>=Z=¢%
2 We assume that all grains are hit periodically, and simul-

The effect on the distributiop~ »™ x1,t) corresponds  taneously, with a period,. The heating rate corresponds to

]

v

dp
PN 2 1 2 )
/ dp (Qm) {*C—szv 'vap(TN,pN7XI,t)} + O(C*C)

27’0 T0

(PY)?
om (PN pN 4N xa,6) — prN oY x1,t))

o o /PP
ot Heating ot 2m Heating

Itis necessary to take the limigs 7o — 0, keeping the rati%ii0 = M, fixed. We obtain exactly:

oF (PY)?2
it = M d fe N PN N )}
ot )Heating C/ p 2m {vp VP Pl p™x t)}

Hence, the time evolution term for the distribution, cor- scopic (fast) degrees of freedom through an averaging prc
responding to the interaction with the heat bath, will be: cess [21]. Thus, our goal is to find an effective equation for
the reduced granular distribution:

A‘{CVIJN . vap(r'N,pN,XI,t).

The full Liouville-like Master Equation for the GG (now Wixrt) = /dx1 Plxrxst) (11)
an open system) becomes

ot
Steady-state distribution:

@) We use the method of eliminating the fast variables [14,
21]. The idea is to consider some naturally occurring small
parameter that sets the time-scale differences. In previol

In order to study the GG's steady-state, we need to makemodels for granular systems, that role was played by the

T :
suitable expansions around a reference state. Our goal is ggnass ratioe = /4, [12] reflecting the large number of

: tituting a grain. However, for a realistic granular
use a reference state that approximates the true stead -sta?%oms cons A
bp y-Siag eady-state, the parametehas to be modified in order to

solutionpss (x1, xT). That state can be chosen by noticing .
that a typical steady-state has its internal and granular de-take into account that the granular temperature

grees of freedom almost uncorrelated. A suitable state for 9
expansions is given by T = <L>

%f (x1) e—ﬁ(Hz-Hb)7 9)

Plxrxit) = {L +McVpn - Vin } PXTX1t)-

obeysTy, > kgT. Since
wheref (xr) = [ dxipss (x1, xr), and

P2 2 .
— ~ va ~ Ty, and— ~ pué* ~ kpT,
2= [duduef uye oL 10) " h
The form of Eq. 9 is not the same as the steady-state sothe parameter ~ ”?g ~a/ B kng sets the time scale sep-

lution pss but it will stand for the expansion reference state aration for the granular gas. A typical value for it is of the

used for obtaining a stochastic equation for the distribution order10~3 whereas for previous models [12] it was of the

of the granular degrees of freedom. order of 109, The Liouville equation can be rewritten in
a way that makes explicit the role ef associated with the

4 Elimination of fast degrees of free- " Patom 112

dom Op=LOp+ LW, (12)

The exact Liouville-like equation, Eq. 8, is unmanageable Where
and can only be made tractable by eliminating the micro- LO =L+ Veng - Vo
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and we can write
1
LY =Ly + Vg Von + S8V - Vi dy = cAy+eBz, (17)
Oz = FEz+eCy+eDz, (18)
In order to average over the fast degrees of freedom, we
define a projection operatd?, projectingp onto the fast  where
variables, and its compleme@® = 1 — P. The projection
operator must satisfy [14] (see appendix) Yy Pp, z = Qp,
PLO =0 and LOP=0. (13) 4 = PLWP, B=PLWQ, C=QLVP,
QL(I)Q’ E=090L©Q.
A solution is given by the projection operatBracting
upon a dynamical variabe = g(xr.xi.t) as By switching to the slow time scale= <t we obtain
Py = g [ du gt son (14) dy = Ay+Bz, (19)
Osz = %Ez +Cy+ Dz. (20)

whereg is a function of the form of Eq. 9:
We use an expansion feras a function of the paramet

R e—B(HI+9) c
o(rix1) = T dx; e—BHI+)’ 2= 20 4oy 4 2.2 4 (21)
where we see thaft dx; o(rx1) = 1. and substitute it for in Eqg. 20. By grouping terms of equ

The following identities guarantee that the condition order ine we have
given by Eq. 13 is satisfied:

Ez9 = o, (22)
/dXI (Li+Vened-Von) =0 0,29 = Ez) 4 Cy+ D2, (23)
and From above, we obtain the solution fof’) andz("):
(Li+ Vend - Vo) =0 o o B ,
We multiply Eqg. 12 on the left by? and also byQ in #7 =0andz" = —E7Cy. (24)
order to obtain By substituting the expression fof!) in Eq. 19, we ob-
oaPp = ePLWPp+ePLYQp, (15) tain an equation foy
_ (0) (1) (1)
0Qp = QLYW QOp+e9QLYWPp+ QLY Qp. (16) Duy = Ay — eBE-'Cy. (25)

By using the fact that the projectors obey o ) ]
Now, it is necessary to compute the right hand side

P2=P, PQ=QP=0, and Q*=Q, the equation above. The first term is given by:

]

Ay = PLWy = 5 ) (Lr + (Ving), - Vn + MV - Vo )Wixr,), (26)

where(V,~¢), = [ dxi pV,~ . In order to find the second term, we need to calculate

Cy = oLWPy
= {0¢x0HLr + McVpn - Vv YW (xr 1)
+Wixr, ) Q{Lrotrx0} + Vpy Wixr,t) - Q{a(rx1) Vv ¢}, (27)

where the first term of the right hand side cancels identically. By writingexplicitly in the second term we obtain
Wer ) Q{Lrdtron)} = Woer ) Q{(— 2 - v,x)dtrox) } = WeerH{— o - v, 8o }

Itis easy to show that [12]
Vox 8(rxr) = —B0(rx1)¥, n

where
A\(X’T‘yXIut) = A(xrxast) — /dXT 0(r,x1) A(xr.x1,t)-
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Hence N
Wier ) Q{Lrd(rxn} = Wixr 0)380rx) o - V,n 0,

and
Cy = 8(rx)V,n ¢ - {BE— + Vv W (i), (28)

In order to operaté3 ontoC'y, we write B in a suitable way
B = pPLYQ
0(r,x1) / dxi (L +V,no - Vv + MV - va)Q

@(T,XI)(LT + VTN(ZS . va) / dXI Q + @(T,Xl) / dXI VT.N¢ . va Q

Using that
/ daQ =0,
we obtain
B= é(r,xl)/dX]ergz) -V Q. (29)
Therefore .
— — P
BE~'Cy = o(rx1) / dxiV,n - Vo QB p(r)V,on b - {8— + Ve }Wixr.t) (30)

where the inverse operator &fcan be written as [12, 21]

L@
E-l=— / e dr
Jo

By substituting this into Eq. 30, we have

~ & ~ = . f— pN
BE'Cy = —dtrx) / d { / drieran Vo ge™” vrw} L Vo {8— + Ve JWrt)

0 m

(31)
Sincel.” = (L + Ven g - Von)| = —(Li + Veng - V,ox), we obtain
. pN
BE™'Cy = —3(rp)T ()1 Vpw {5— + Vpn }W(xer ) (32)
where -
TNy = / dr(V,n e ™V 5 ), (33)
0

Adding up the results above, and switching back to the time-gcaless, we obtain a Fokker-Planck equation for the
reduced granular distribution

OWeert)y = e(Lr+(V,n¢), Vpn + Medp - Vpn )W (xr )
+e2I(N): pr{ﬂ% + Vpn JW(xr,t). (34)
The equation above can be expressed in a more convenient form as [12]
OWixrt) = el +(V,wng), Vpn +McVpn - Vn )Wixr,t)

1 .. (pi — pr.)
+§€2 %: ryikrikrik(vpi - vpk){(vpi - vpk:) + BT}W(XTJ% (35)

where, for short-ranged potentials, the radial friction coefficient is given by [1,15,22]

Yik = /0 dTF(rik,rik,T) = /0 dT<V/rm\Q§[€77L(U)}V/—mk\¢>O (36)
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Eq. 35 has the same form as the one obtained bynumber density of the system and the rate of energy fee
Schofield and Oppenheim [12], except for a new energy-
injecting term. This fact shows their coherence amubste-
riori justifies their use in deriving the behavior of a system § BBGKY Hierarchy
of grains withT, > kgT [15]. We have now established
the correct form for the basic equation of our model and |n the following we simplify the notation by letting,, stand
can proceed to study some of their physical properties. Thefor (r,,, p,,). We define the reduced distributions below
Fokker-Planck equation 35 is the starting point for the hy-
drodynamic analysis. Its validity is based on the separation n N!
of internal and granular time-scales given by the condition F = (N —n)! / dXn41--- dXNWert).  (37)
that the parameterhas to be small. However, in order to de-
rive, from Eq. 35, the hydrodynamic equations appropriated By integrating Eq. 35 and using the definition of Eq. .
for the granular steady-state, we need a few more physicalwe can compute the equations for the one-particle del
assumptions, concerning the rate of energy dissipation, thef(1) and pair density . For (1) that reads [12]:

]

0 1 e
sl Y 1Y = / Ao (Vr,U(r12) + Vr,,6(r12)) - Vi, /2
—I—/ drayiafiofia(Vy, 2 + EV p1— ﬁv po) fP
P1 m p1 m p1
9
My—— '\, 38
Mgy f (38)

Similarly for £ [12]:

) 2 i J—
Ef@) = - % : vrif(z) - (v7'12 U(T12) + v7'12¢(T12)) . (vpl - vpz)f@)

=1

+712?12?12(vp1 - vpz)(vpl - vpz + %(pl - P2)f(2)

- /.d$3(vm3U(ri3) +Vrad(ri3)) - Vi, S

i=1,2

. s B .
+ Z /de’Yi?,risriz(sz -V, + E(pz —pB))f(a)

i=1,2

62

M(——

+M( P

We shall estimate the order of magnitude of each term in both Egs. 38 and 39). We assume the distribution to be
thatis (™) = f(p), we obtain [12]

——f®) (39)
2

2
gf(l) = —n*L'f® 4Nt @) g 4 n*@Mcg—f“) (40)
Os 0%py
where
0
K = n 9
m 67'1
1o}
Ll = /dl‘zFlzaipl
ad 0 d 0
N' = d frofio i (m— — —)(=— — — —
/ Toy1212f12 (apl o2 \op1 ~ + B(p1 — p2))
and
%f(2) — 7K2f(2) o IZf(2) + 9]\/[2f(2) o n*LQf(3) + n*aNQf(3)

9% 2 9% L9
agplf +6Tp2f ) (41)

+n*9Mc(
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with
P 0 Py, 0
2 _ 1t Y 2 J
K= m Ory m Ora
0 0
2 _
= Poegp +Ingp
A 19} 0 15} 0 B
M? = Pofioi(z—— 2 N5—— 75—+ —(m —
Y12l2l12 (6p1 Bps’ \Ops O m(pl P2))
L2 = /VCZ.I'gl‘?lgi‘F/dl‘gl‘7‘23i
8p1 8p2
s 4 o 6 0 3
N2 — dx- al1al1q ¢ — (—— — — D=
/ T3Y13l13013 6p1(8p1+m(p1 p3))
. 0 0 3
+/d$3723r23f23 : 87)2(5‘7)2 + E(m —p3))

In the next section we use the time-scale separation  Then, the time derivative becomes
method in order to obtain an inelastic Boltzmann equation 5 5 s 5 s

for the granular gas in the democratic vibration regime. 9_9 0+ 40— 40—+ (42)
Jds 01 o1 072 oT3 074

6 Time-scale separation The distributionsf (™ will be expanded perturbatively

as
We shall express the distribution functions as depending im-  f(n) — fn 4 gfn 4 p* 2 4 92 f2 4 p*0f7 4 .- . (43)
plicitly on the variable trough explicit variables [23%y, 71,
T2, T3, T4, - - -, defined by We substitute equations (42) and (43) into (38) and col-
lect terms to the correct order in the small parameters ob
To=8,71 = 08,79 =n*s, 3 = 025,74 =n"0s, ... taining
]
a 1 1,1
—ff = —K'fi=0
87'0 0 fO
9 9
o, 10 + 0770111 =0
0 1 0 r1 1,2
—_ S
9y 0 + or fa fo
a 1 8 1 8 1 _
97570 + 8771f1 + 677—0]03 =0
8 1 a 1 a 1 a 1 1,2 1 r2 82 1
— — — —fi=-L N My ——
87'4f0 + (97'2f1 + 87’0f4 + 87'1f2 fl + fO + 482p1f0
(44)
[
Similarly for (39) For 7, we impose the initial condition

s>1 §>2 N! 1
fisi=0 e fg =7NS(N_S)!1:[f0 (47)

0 2 2 2\ £2 2 r2
arolo = —(K*+I°)fs =-H"f; (45) By canceling the secular terms (for— co) we obtain
o )

0 72:_ 2,2 72,2 2 p2
D D wepreang e = s
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ifl _ ﬁfq _o whereS;s = lim,, _..e~H°™_ Using the definitions of.!
I’ % ory’t andsS;,, we obtain
The following consistency equations must be satisfied

0 0
e fo =/d$2dp2F12fS12f(}f& (53)
T2

0 0
gl = LA (48) "
9 92 Using the property

arfo = TLURENUE+Mogy fy (49)

K2512f‘01f01 = IQSlgf(}fUl para To — 00,
The solutions for the Egs. 45 and 46 are respectively

) yields
filr) = e f0) (50)

2 [T 2 > 9 (pr—p2) O
i) = e [Tt are g ey s hi = [z PP s

.. Making use of the Bogoliubov’s scheme integrationl:
7 The Boltzmann collisional term

ad — ad
Whenr, — oo, we obtain from Egs. 48 and 50 —fo = /61102“?17?2| /bdbde/dxfsmf&f&,
0T m ox
%f(} =—L'Siafa fo (52) we finally obtain the collisional term
2
]
0 _
ot = [ amaol 2222l @) (60 88 6) - R0 502, (54)

2

_ / / 0
whereo () = bdbde [24] andp} andp), are the momenta of PN fLfL 4 M, 5 £ (55)
1

grains before the collision that generateandps.

8 The dissipative contribution and

the energy feeding term
The first term on the right hand side of the equat
Equation (49) gives us above is negligibly small when, — co. It is due to the
application of operatof.!S;, to the integral [23]. Hence

P 0o ) ) by using explicitly the operataV!, the above equations b
—f = —L1512/ d e Pe A f pd comes
67—4 0
]
d . s s 00 pi—po 141 ?
877—4]6“ = /dbdpz%zfurw : 87)1(8771 ksl )SlZfofo +M<827plf0' (56)
We can write this last equation as a Fokker-Planck equation
d d s T2 (P1—Pp2)
6774]% = aipl/dxzdpﬂuruﬁslzf&f&
0 o 0
——: [ dxad frof12S12fo fo + Me———fo
9p1 Op1 / 2aP2712l12612 12fofo capl op1 fo
(57)

At low dissipation, we can approximate [22]

Swfofe = Siwafo(P1)fi(p2) |
~ fa (L) f (o) BT, (58)
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where¢,, is the elastic potential energy between grains. We define the granular temp&gatyre

1

2
< > .
3mk:B p

g =

At the low density, low dissipation limit, the distribution is nearly Gaussian:

1 3/2
fo(p) = n(27rng(74)) ’ (59)
The inelastic contribution is then
g , 1 o 0 1 0 0 .,
o fo = Tapl g 0P A+ 5o s (foA) + Mg - fo (60)
whereA is given by [22]
2 R b1 3
Ax imo dr~(r)e BT D Ty, (61)
0
for a Hertzian potentiap;».
The dissipative contribution reads
0 . 0 0 1 0 0 .,
—fo=A— [— — —f5- 2
87’4f0 apl apl + mk T ]fO 8p1 (9[)1 fO (6 )
We finally obtain the Inelastic Boltzmann Equation:
afs - . .
B [ apaanl PPy g o) o) ~ fo0) i 02)
0 0 1 0 0
A [ M, —f 63
+ op1 [8p1 + mkp TpﬂfO + CE) f)pl fo (63)

The form of Eq. 63 is slightly different from the one used the non-Gaussian velocity distribution has been obtained fo
in reference [25]. However, a similar form has been pro- systems with constant coefficients of restitution [28]. How-
posed recently for a driven elastic hard sphere model that re-ever, this is an approximation that becomes invalid as insta
produces the physics of an inelastic GG [26]. These distinctbilities develop [29]. Since our model shows a velocity de-
equations should reproduce the same physics in the limit ofpendent coefficient of restitution, we need to study whethe
a low density, low dissipation GG. We will check this in the these instabilities are indeed present at long times, or disaj
next section. pear as shown for systems with velocity dependent coeffi

cients of restitution [25].

9 Homogeneous Cooling State - HCS g 1 sonine Polynomials Expansion

By turning off the energy source, the granular temperature Eq. 63 is the starting point for the asymptotic analysis. We
will tend to zero [27]. For an initially homogeneous system, express it in terms of the velocity:

|

o) = [ dvad | vi = va | o@) T (v)Fvr) — F)f(v2)
A 0
+ 7kaT67Vl'V1f(V1)v (64)

whereM, = 0 and%2T ~ 0.
We assume that the distribution scales with the granular velogias [1]

fv,t) = = fle.t) (65)

ow\ 3
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where Q
c:Xgn:/ﬁvﬂwﬂ,&:ng (66)
Vo ag
oy being the granular diameter angl= vy (t) is given byT, (t) = 1muv(t).
We obtain L d 5 1 8 5 1 8
_ - %% A I ) A e
vg dt (3+c 80)f+v08t 3 (3+C 8c)f+vo<9tf nool(f,f), (67)
where o o }
I(f:f) :Il(fvf)+I2(f)7
and
DD = [ desd®]er = ea | @(Fe)F(e's) = Flen) Flea)), (68)
- A o .
B = e 7)) (69)
|
The approximations obey We use the results in Ref. [25] to obtain
2
muy 2 o 4 PR i 2
kpT < 1, A< nogmuokpT. /dcc IL(f,f) = 4\/27T{a2 + 3512 }, (73)
The functionf(c, t) will be expanded by means of So- and
nine polynomials
— 4 3 — -
) - 2 /dcc L(f)=15(1+ az)na%mvokBT' (74)
fle,t)y=0(e)q 1+ ap()S,(c*) ¢,
p=1 The coefficientu, then reads
where 1
2 =42 —ay?t +15(1 —.
o(c) = 1 se T Ha ﬂ-{@ Ty } +15( +a2)n03mvgkz3T
(2m)2 (75)

We define the coefficients
po == [ de el 1(F. ) (70)
these will be useful in the sequence.

9.1.1 Calculation ofusy

In this case, the term correspondinglid f, f) cancels out
due to the symmetry of the integrand [24]:

/dc02 L(f,f)=0.
The second term does contributerig

f/dccg I, = 4 (71)

M2 = 2 )
nogmuokpT

where we useet O >= [dc fO = < ¢ >= 3.

9.1.2 Calculation of

From the definition:

pi=— [ dect 17 ) = [ dect [L(F. P+ ().
(72)

9.2 Long-time behavior

The granular temperatui€, = %m’uo(t)Q satisfies [25]

dr, 1 2 AT,
Ti = —gnagmvg,ug = —gBTg,ug = - %k'BigT’ (76)

whereA = 'yTg3/5 andB = vy (t)no?.

Expressing Eq. 76 as a function of the variable=
Ty/Ty0, WhereTy, is the initial granular temperature, v
obtain

3
d 2’}/ T;o 8/5
= L9085, 77
at' = kgt (77)
The solution is given by
t o 27, £\ e
u=(1+—)"% y =/ =L (1+—) (78)
To m To
where
5kaT
To = 375
6vTy0

It is the equivalent of Haff's law [27] for systems with v
locity dependent coefficients of restitution. The time der
dence ofas is given by [25]:
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4 4
— = —Bus(l - —B
i az 3 w2 (l + az) 15 Ha

3A

—(1
nagmvokBT( +a2)

2
= —nuyo,
3 0

4 1
—1—5111100(2) [4\/2#{(12 + 3 a22} +15(1 + as)

nodmuokpT
16 > o 1,
= —anogo 27r{a2+3—2a2 } (79)

The equation above agrees with Eq. (53) from the first cooling state for low densities and low dissipation is thus
article on Ref. [25]. Rewriting Eq. 79 as a functionof  well described by Eq. 63.
gives us

L CQ{aQ + ﬁ} (1 - t)_m =0, (80 10 Steady-state

dt 32 To
where We now check the validity of our model against the results
o — gmg 27T yo obtained from the inelastic Boltzmann-Enskog method [25]
2715 00 m at the low density, low dissipation limit.
At this order of approximation, the solution is given by
as(t) = a2(0) . @y 10.1 Collision operators
t 6

(1 + ags(zo)) GCW(HH) - ags(zo) When the GG is acted upon by an energy-feeding meche

nism, such as the democratic model defined eaffiér >

0), a steady-state distribution tends to develop at the poin
The system tends to exhibit a Gaussian velocity distri- where the rate of energy injection equals the rate of energ

bution at long-times, as it becomes more elastic [25]. The dissipation. The Dissipation-Vibration operator is given by

|

= as(t — o0) — 0.

L(f) = 4 9 '[le(cl)}‘f'

nogmuokpT Ocy

M. 0 o
noam?v3 dc; dey "

(82)
At the steady state, the granular temperature is a constant and

- A 0 . M, o 0 =
YR TP S Y I ST Y
/dcc 2(f)=0=10 nogmuokpT dec dc [cf} * nogm?uvg e e 8cf7

giving the steady-state value

3
where we used! = 7Ty .
Thus, the operatof, can be put on the convenient form:

o MR T, \' o g 9 .95
L(f) = 2n02v/2m {2 (Tg(io)> der [le(cl)} T e 801f}7
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10.2 Distribution Tail

It is important to understand the behavior of distribution on
the limit of largest velocities [1]. We shall study f, f) =
I(f, f) + Ig(f), whene > 1, separately. In order to deter-
mine the behavior of the system at large velocities we will

follow the Ansatz
flo) ~eme®e, (83)
For I, we shall use the well known form [1]
L(f, f) = —ncf. (84)
For I, we notice that
o 0 = 20 ~
50 el =i+,
C
and
O (ef) =3f - gcf
Oc o el
]
Bpcf B = —of |
dp 3M,
T P%M Vam, ()}

[2 1
mnogy| —Tg .
m

The solution for the equation above is given by

2 t
go(t):ga(())—!—ﬂnagq/—/ at’ T)/%(¢).  (86)
mJo
Since
5
MckpT\ ®
Jlim 7, (1) = Tg(oo)Z( 437 ) >0,

the integral in Eq. 86 diverges as

t
dtT)}/? ~t — o

lim (87)
t—o0 0
Thus,
thm p(t) ~ t— 0. (88)

R. C. Proleon and W. A. M. Morgad.

The operatots( f) thus becomes

~ M. 1 ~
L(f)m —— e T pc f,
BT nogvamT, (o)t
forc > 1.
For all values of:, we have
) 9 19, i
s Brc o)+ BT o f = I(].]),

In the limit of largec, and using
Dp=-2.f

we derive an equation that allows us to calculat@t high-
est order on):

(85)

11 Conclusions

The main motivation for the present work is to reformulat
first-principles approach to the stochastic behavior of a g
ular gas [12], done previously in the context of a cool
granular system, in order to include an energy feeding m
anism, in this case, the democratic model [1]. We bel
this to be important since the results obtained in Ref. |
have been successfully applied to describe the inelasti
havior of grains during a collision [15] and to derive the |
drodynamics of dilute granular gases [22].

Technically, we eliminate the fast (internal) degr
of freedom from the most general Liouville-like Maste
Equation for the complete system. That s in fact a Liouv
equation plus an energy-feeding term coupling the sys
to a thermal bath. A naturally occurring small parame
setting the time-scales is (typically) in this case

@kBT

~107% <« 1.
p Ty

™
M1l

The result above shows that the overpopulation of the
velocity tails will decrease with time, as was shown previ- The expansion leads to a Fokker-Planck equation that ir
ously in Ref. [25]. porates the energy feeding term, and shows to be consi
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in form, with the one obtained previously [12]. In order to [13] A recent manuscript addresses the equation of state proble
study the granular hydrodynamic from it, we use the time-
extension method [23] and obtain, as a consistency condi-
tion, a modified Boltzmann Equation appropriate for low [14)
density, low dissipation limit. Comparing with Ref. [25],
we re-obtain the Sonine expansion results in lower order in
density and dissipation, as expected. We also study the dis-
tribution’s large velocity dependence for the cooling state [16]
and the constant energy steady-state and conclude that the
results are consistent, on the correct approximation order, tq17]
the ones obtained by rather different methods [25].

In summary, the method satisfactorily describes the

physics of inelastic, energy-fed systems at the low density,
low dissipation limit. The stochastic equations obtained are
consistent with the ones obtained by other methods, thus
being able to serve as a basis for other theories describindlg]
flowing granular systems.
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