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We discuss the one-loop quantum corrections to the méssd central charg& of supersymmetric (susy)
solitons: the kink, the vortex and the monopole. Contrary to previous expectations and published results, in
each of these cases there are nonvanishing quantum corrections to the mass. Nos=thekink and the

N = 2 monopole a new anomaly id rescues BPS saturatiof( = Z); for the N = 2 vortex, BPS saturation

is rescued for two reasons: (i) the quantum fluctuations of the Higgs field acquire a nontrivial phase due to
the winding of the classical solution, and (ii) a fermionic zero mode used in the literature is shown not to be

normalizable.
1 An introduction to new develop- A soliton is closely related to an instanton. The later is
ments in quantum field theory for  defined asfollows:
susy solitons Definition 2: an instanton is a nonsingular so-
lution of the classical field equations Eucli-
Solitons [1] have recently come back in the center of at- deanspace with finiteaction.

tention of quantum field theory (QFT) because in a certain
class of supersymmetric (susy) field theories (the ones withBecause instantons have finite action, they contribute alre
N = 2 susy) dualities between field theories with point- ady at the classical level to the path integral. This is the
particles and field theories with solitons allowed calculation reason for the requirement of finite action. It is clear that
of some nonperturbative effects [2]. Let us begin by defining @ soliton inn + 1 dimensions is an instanton indimensi-
what we mean by a soliton: ons: since the time coordinate plays no role in the solitor
solutions, the space integral in Minkowski space can also b
viewed as an integral over Euclidean space, and the ener
E = [d"sH(z) = [d"z(p¢ — L) is equal to the action
S=—[d"zL.

We shall discuss three solitons:

Definition 1: a soliton is a nonsingular time-
independent solution of the classical field
equations inMinkowski spacetime with finite
energy.

Solitons can be viewed as extended particles (“lumps”)

which should clearly have finite mass (= finite energy at 1) thekink in 1+1 dimensions withlV = 1 susy

rest). We shall only consider relativistic field theories. There

exist also time-dependent solutions with finite energy (the  2) thevortex in 2+1 dimensions withlV = 2 susy
“breather” solution in the sine-Gordon model, for example),

but we consider only time-independent solitons. One can, of  3) themonopolein 3+1 dimensions witlV = 2 susy
course, boost solitons in a relativistic theory, and obtain then

moving solitons, but since one can always choose a LorentzThere exist also susy extensions of these solitons with mor
frame in which they are at rest, we restrict our attention to susy (V = 2 for the kink, N = 4 for the monopole) or less
only time-independent solutions. susy (V = 1 for the vortex). In addition, discussions have
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been given about the quantum corrections to these solitonsiumber of components of spinors grows much faste
without fermions and without susy. higher dimensions than that of bosons. However, in the
All three models have recently led to surprising new in- dimensions we consider there are possibilities. For exan
sights in the quantization of solitons. In particular, a new the N = 1 (more preciselyV = (1, 1)) susy kink in 1+1 di-
anomaly was discovered in the quantum corrections to themensions remaind’ = 1 susy in 2+1 dimensions becau
central charge of the susy algebras for these models. Thespinors have 2 components both in 2 and in 3 dimensi
solitons have not only a madg but also a central charge For the vortex we preserv& = 1 susy in 3+1 dimensi
[3]. The quantum mass of a soliton is obtained by evaluating ons by starting with ariV. = 2 model in 2+1 dimension
the vacuum expectation value of the Hamiltonian. The latter (2 x 2 = 1 x 4). Finally, for the monopole we get a minim
depends on the soliton background because one decompacsusy model in 5+1 dimensions (with complex unconstrai
ses quantum fields into a background field and a quantum 4-component chiral spinors) by starting with Ah= 2 mo-
field. The quantum fluctuations appear quadratically (and of del in 3+1 dimensions with two real 4-component spin
course also at higher orders) in the action, and thus the quan{or, equivalently, two complex 2-component spinors).
tum correction to the mass is to first orderfithe sum over If n < no, the models remain automatically susy |
the zero point energies of all the fluctuations. The quan- cayse one does not change the number of bosonic an
tum central charge arises as follows. The susy generatorsyionic field components (one only reinterprets some ¢
are the Noether charges for rigid susy, and as any Noetheponents of vector fields asscalars as we have discusse
charge they are the space integrals over the time componentgg mych for how we deal with susy in the two versions
of the Noether currents. They are expressed in terms of thegimensjonal regularization. We wish to preserve (ordin
Heisenberg fields. Using equal-time canonical (anti) com-  see helow) susy, and the best way to preserve itis to pre:
mutation relations, one finds then for example for the kink it manifestly, by using models which remain susy even

at the full quantum level before regularization
{Q*. 7% ()} = H(x) £ ((2)
JF = Gs + (0up £ V)
Qs = / J+(z)dw
((z) = 020(x)U(x) = 9 W () @

where U is a potential quadratic inp and W(¢) =
JU(#)de.

Classically,M = Z, the well-known BPS bound, but
quantum mechanically both/ and Z get quantum correc-
tions. At first sight (or thought) it is surprising that gets

regularization.

How can one understand that an anomalyirns pre-
sent? Anomalies form multiplets in susy, and these anor
multiplets contain the trace anomaly and the conformal
anomaly~ - j. Here a small explanation is needed. ¢
persymmetry is the same as translational symmetry intc
fermionic directions in superspace, and like ordinary tre
lational symmetry, there is no anomaly in ordinary sL
0*j,(susy)=0 at the quantum level. However, in mass
theories one also has conformal susy (the fermionic cou
part of scale invariance and conformal boost invariance),
the conformal susy current js,(conf) = (2°7,)j,.(susy).
Clearly, 0" j,, (conf) = ~*j,(susy) if ordinary susy is free

any quantum corrections at all, because classicaliy the from anomalies. In massless (conformal) theories the ¢
space integral of a total space-derivative. So it gets its con-nary susy current satisfies at the classical level the rel:
tributions from far away from the soliton, and if one can ne- v*j.(susy) = 0. For example, in the WZ model in 1+1 o
glect the presence of the soliton, how can one still get non-mensions;j, (susy) = (@¢)7,, and sincey*y,v, = 0in
vanishing corrections? The answer (one answer) is that thel+1 dimensions, one hasj(susy) = 0. In 3+1 dimensions
central charge is a composite operator, and applying pointthe WZ model yields;j, (susy) = F,;v*7,%, and since
splitting as a regularization scheme, the total derivative cea-v*7”?, = 0 in 3+1 dimensions, also hete j(susy) = 0.
ses to be a total derivative, and one gets then quantum corAt the quantum level, there can be anomalieg,i(susy)
rections also from the region where the soliton is. (the currentj, (conf) is no longer conserved, equivalen
We shall not use point splitting as regularization scheme, v*7,.(susy) is no longer vanishing).
but dimensional regularization. There are actually two ver- What is the technical reason that there is an anon
sions of dimensional regularization how does it appear when one calculates? Let us recall
an anomaly usually appears as 0/0: 0 because class
there is no violation, and 1/0 because a quantum field
infinitely many degrees of freedom (there are no anom:
in guantum mechanics, see however [70]). Consider
first ordinary dimensional regularization. It is known tf
translations in higher dimensions become central charg
lower dimensions. For example, the susy kink model hi
translations in 3 dimensions, which become 2 translat
and one central charge if one performs dimensional re
tion (setting the coordinate® to zero). This seems to doo
If n > mng one needs a model which remains susy in the prospects of anomalies i because we already men
higher dimensions if we want to preserve susy at the regu-oned that there are no anomalies in the translational syn
larized level. This is in general not possible because thetry. However, the presence of the soliton in the backgro

(1) ordinary ('t Hooft-Veltman-Bollini-Giambiagi) di-
mensional regularization [4, 5] wherebecomes lar-
ger thamg = 2, 3 or 4 for our models

(2) dimensional reduction [6], where one letget smal-
ler thanng. Vector fieldsA, decompose then into
n-dimensional vector fields with < p < n and sca-
lar fields (callede-scalars) wherer < u < ng (and
ng —n = e).
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polarizesthe fermionic excitations in the extra dimensions One would like to know whether there is an explanation
[7, 8]. This phenomenon has the same origin as the quan-or this equality. This involves fermionic zero modes, let us
tum Hall effect, and as a result the left-moving and the right- first define them.

moving modes of the fermions have different normalizations

on the domain wall created by the soliton. One word about Definition 3: A zero mode is a time-
domain walls [5, 9, 10, 11, 12]: if one moves from 1+1 to independent solution of the linearized field
2+1 dimensions, with coordinatés, y, t) andy is the new equation for the quantum fluctuations which is
coordinate, then the solitop(z) remains a solution with normalizable and nonsingular.

finite energy per unit of length in the extra dimension. In . ) )

1+1 dimensions the energy density of the soliton solution Bosonic zero modes can be obtained by making a symmetr
o(z) is located around: = 0, so in 2+1 dimensions it is t_ransformatlo_n on the_sollton, for example shlftln_g or rota-
located around the “wall” (line in this case)= 0 but any ting the classical solution. Many, but not all, fermionic zero
y. One must then solve the Dirac equation in 2+1 dimen- Modes can be obtained by making an ordinary susy tran:
sions, and in this way one discovers the polarization. (In formgnqn of the soliton. (For smgle-mstantorjs there exist
string theory, Horava and Witten [13], and others have usedfermionic zero modes fofU(n) with » > 3 which do not
this effect for other purpos&s A detailed calculation re- ~ come from susy). _ _ _

veals that for the kink and the monopole there is indeed an ~ Arguments have been given in the literature that the
anomaly coming from the polarization of domain wall fer- €quality of A/ andZ for the susy vortex at the one-loop le-
mions. Two remarks should quickly be made: (1) in odd Velis a mystery because one can count how many fermioni
dimensions there are no anomalies, so lbgets a contri- zero modes there are in this model and it has been qlalme
bution for the vortex should at this point not yet be clear to that there are two, rather than (as expected) one. With tw
the uninformed reader, and furthermore, (2) there are alsofermionic zero modes the equality = Z could indeed not
massless fermions on the domain wall; they are chiral (they P€ €xplained; it could be due to some as yet not known sym
only move in one direction) but these fermions do not con- Metry, or it might just be an accident. However, we have
tribute to the anomaly because in dimensional regularizationshown that the second fermionic zero mode is not normali
massless tadpole integrals vanish. Only the polarization ofZable at the origin. Hence there is only one fermionic zerc
the massive domain wall fermions yields an anomaly. mode, and this means that the equality = Z which we

. . obtained by detailed calculations using quantum field the:
In the calculation of quantum corrections Aé and Z . A :
ory for extended objects, is, in fact, a direct consequence ¢
one should let: tend tong, S0Oe = ng — n tends to zero.

However the sum of all polarizations is divergent. As the re- ordinary super_symmetry at j[he qugntum_level. o
ader may be now anticipate one indeed finds a total correc- . So far we discussed ordlqary dlmenS|ona_I regul_arlzatlor
tion of the forme/e which is finite. Many other regulariza- Wlt?tignzwi?r?. Vlle alre?g;/etrj\llsec;u;s;d thﬁ:edmﬂfgnﬂ frle
tion schemes have been analyzed, and also in these schem(g%J n = noP Y-

one finds an anomaly if and the value of this anomaly is o:ecsgﬂ?dnfrggt Zfofnirem\lggfo?Egszonsggzggga;?ﬂ;e doils(an
the same in all cases.

. . . i cussed). The identity*~,y, = 0 remains valid because

_ The picture becomes now clear in even dimensions the index; keeps running frond to 2, instead of from 0

Eklnk,tm?kr]lopde). Therttla adre n(t)nvanlshmg qluantum cortr_ec- to ng. (If this index would have been due to a derivative
ions to the mass, par ue to nonanomalous correction .
(which however var?ish ¥or kink and monopole in the mostss-‘uc_h asj, = Oup thenu should only fun up tou, bUt_

v 1o Ju = @y, and sou must run up towy). This raised a pro
widely used renormalization scheme) and partly due to thepyem many decades ago: it seemed that there was no confc
trace anomaly. There are also nonvanishing corrections_ tOmal susy anomaly in dimensional reduction. Some peopl
the central charge, due to the central charge anomaly (Whichyroposed wild solutions: breakdown of cyclicity of the trace
sits in the same multiplet as the conformal susy anomaly andqperation or other drastic measures. Actually, the solution i
the trace anomaly). Both corrections are equal: the Class'cahonventional, although subtle: there aranescent counter
BPS bound also holds at the quantum level. terms [14] for the currents. These are counter terms such a

In odd dimensions, in particular for the vortex, there is Aj, = %@go’y;ﬂ/} where the index: only runs over values
another reason why there is a nonvanishing correctidgiito  (namely fromn to ny). One cannot writey, itself ase times
There cannot be an anomaly, as we already mentioned, but finite quantity, but inside loop graphs the effectygfis
now the soliton deforms the quantum fluctuations of the sca-to supply a factoe. ThusAj, yields finite contributions.
lar (Higgs) field such that the latter acquires an extra phase.If one requires that ordinary susy is preserved, one must s:
This phase has a nontrivial space dependence (a dependentisfy 9%, (susy) = 0 in dimensional reduction, and then
on the angles which can not be removed continuously by one must renormalize the susy current by adding an evane
a gauge transformation which is everywhere regular). This cent counter termThis counter term, and not the original
twist remains far away from the vortex and does give a non- loop graph, yields the anomaly In ordinary dimensional
vanishing contribution to the integral of the total derivative. regularization the situation is just the reverse: there the looj
The resultisM = Z also at the one loop level. graph yields the anomaly (as discussed in text books) an

1They considered 2 branes éh= 11 supergravity with a chiral spinor on one brane and an antichiral spinor on the other (this combination canno
avoided because there are no chiral spinors in odd dimensions). Then they sent one brane to infinity, applied dimensional reduction, and found in t
chiral spinors in 4 dimensions.
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the counter terms do not contribute to the anomaly. One can‘derivative regularizatior? indeed led to a different resul
construct the whole anomaly multiplet, and one finds then namely that originally obtained by Schonfeld [18], whi
that the evanescent counter tefw,, in the conformal susy  however appeared to be in conflict with the BPS inequz
current yields a finite nonsingular contribution to the central for a central charge without quantum corrections.
charge anomaly. This finite term is the anomalyZnand Since this appeared to be a pure one-loop eff
the value of this anomaly is the same as that obtained fromRef. [24] proposed the conjecture that it may be forr
ordinary dimensional regularization. To avoid misunders- |ated in terms of a topological quantum anomaly. It v
tanding: we also directly computed this anomaly using di- then shown by Shifman et al. [27], using a susy-preser
mensional reduction, but as the preceding discussion showshigher-derivative regularization method, that there is ind
one can also obtain it by making susy transformations of the an anomalous contribution to the central charge balan
anomalyy - j(susy). the quantum corrections to the mass so that BPS satur
We have written several papers on these subjects, andemains intact. In fact, it was later understood that multi
also published some reviews [15, 16]. For a gentle intro- shortening does in fact occur even in minimally susy :
duction we recommend [15]. In the remaining sections we dimensional theories, giving rise to single-state superm
focus on the kink, vortex, and monopole, respectively, using plets [28].
susy-preserving dimensional regularization methods. Both results, the nonvanishing mass correction and
the necessity of a nonvanishing correction to the cer
charge, have been confirmed by a number of diffe
2 The (Susy) kink. methods [29, 30, 25, 31, 32, 33, 26] validating also the
nite mass formula in terms of only the discrete modes c

The calculation of quantum corrections to the mass of a su-ved in Refs. [34, 35] based on the method of [36]. Howe
persymmetric (susy) kink and to its central charge has pro-Some authors claimed a nontrivial quantum correction tc
ved to be a surprisingly subtle problem, and it took protrac- ¢entral charge [29, 37] apparently without the need of
ted struggles to fully understand it in the various methods anomalous term proposed in Ref. [27].
that had been employed. In [38], we have shown that a particularly simple &
Initially it was thought that supersymmetry would lead €legant regularization scheme that yields the correct g
to a complete cancellation of quantum corrections [17] and tum mass of the susy kink is dimensional regularizatior
thereby guarantee Bogomolnyi-Prasad-Sommerfield (Bps)the kink is embedded in higher dimensions as a domain
saturation at the quantum level. Then, by considering a kink-[5]. Such a scheme was not considered before for the
antikink system in a finite box and regularizing the ultravi- Kink because both susy and the existence of finite-en
olet divergences by a cutoff in the number of the discreti- Solutions seemed to tie one to one spatial dimension.
zed modes, Schonfeld [18] found that there is a nonzero, In [39] we then showed the 2+1 dimensional dom
negative quantum correction at one-loop lev&l)/(V) = wall is BPS saturated through a nontrivial quantum cor
—m/(27). Most of the subsequent literature [19] conside- tion to the momentum in the extra dimension. This n
red instead a single kink directly, using (usually implicitly) trivial correction is made possible by the fact that the ?
an energy-momentum cutoff which gave again a null result. dimensional theory spontaneously breaks parity, which
A direct calculation of the central charge [20] also gave a allows the appearance of domain wall fermions of only |
null result, apparently confirming a conjecture of Witten and chirality. By dimensionally reducing to 1+1 dimensior
Olive [3] that BPS saturation in the minimally susy 1+1 di- this parity-violating contribution to the extra momentt
mensional case would hold although arguments on multipletturns out to provide an anomalous contribution to the ¢
shortening naively do not seem to apply. tral charge as postulated in Ref. [27], thereby giving a na
In Ref. [21] two of the present authors noticed a sur- physical explanation of the latter. This is in line with t
prising dependence on the regularization method, even afwell-known fact that central charges of susy theories ca
ter the renormalization conditions have been fully fixed. In reinterpreted as momenta in higher dimensions.
particular it was found that the naive energy-momentum cu-  Hence, in the case of the susy kink, dimensional reg
toff as used in the susy case spoils the integrability of the rization is seen to be compatible with susy invariance ¢
bosonic sine-Gordon model [22]. Using a mode regulari- at the expense of a spontaneous parity violation, whic
zation scheme and periodic boundary conditions in a finite turn allows nonvanishing quantum corrections to the e
box instead led to a susy kink mass correctisp/ () = momentum in one higher spatial dimension. On the o
+m(1/4—1/27) > 0 (obtained previously also in Ref. [23]) hand, the surface term that usually exclusively provides
which together with the null result for the central charge ap- central charge does not receive quantum corrections il
peared to be consistent with the BPS bound, but implying mensional regularization, by the same reason that led tc
nonsaturation. Subsequently it was found by two of us to- results previously in other schemes [20, 21, 24]. Ther
gether with Nastase and Stephanov [24] that the traditionallytrivial anomalous quantum correction to the central che
used periodic boundary conditions are questionable. Usingoperator is thus seen to be entirely the remnant of the s
instead topological boundary conditions which are invisible taneous parity violation in the higher-dimensional theon
in the topological and in the trivial sector together with a which a susy kink can be embedded by preserving mini

2In mode regularization it turns out that one has to average over sets of boundary conditions to cancel both localized boundary energy and
momentum [25, 26].
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susy.

2.1 The model

The realp* model in 1+1 dimensions with spontaneously
brokenZ, symmetry (@ — —¢) has topologically nontri-
vial finite-energy solutions called “kinks” which interpolate
between the two degenerate vacuum states+v. It has a
minimally supersymmetric extension [40]

1
£=-3
where is a Majorana spinory = »TC with Cy*
—(v")TC. We shall use a Majorana representation of the
Dirac matrices witm® = —i72, v = 73, andC = 72 in
terms of the standard Pauli matrice’s so that)) = (if)
with realy™ (x, t) andy ™ (x, t).
The* model is defined as the special case

NEYERE)

where theZ; symmetry of the susy action also involves the
fermions according tgp — —y, ¥ — 754 with v° = 4941,

A classical kink at rest at = 0 which interpolates between
the two vacuap = +wy is given by [1]

YK = vg tanh (uoﬂc/ﬂ) . 4)

At the quantum level we have to renormalize, and we
shall employ the simplest possible schéméich consists
of putting all renormalization constants to unity except for a

[(8u99)2 + U(SD)2 + &’Y’Laﬂ/} + U/(<P)1Z¢] 2

Uo = Mo/)\ 3
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profile given by (4) which have finite surface (string) tension
M/L = m3/\. With a compact extra dimension one can of
course use these configurations to form “domain strings” of
finite total energy proportional to the lengthof the string
when wrapped around the extra dimension.

The 2+1 dimensional case is different also with res-
pect to the discrete symmetries of (2). In 2+1 dimensions
~v5 = A0y142 = 41 correspondlng to the two inequivalent
choices available fo? = +7! (in odd space-time dimen-
sions the Clifford algebra has two inequivalent irreducible
representations). Therefore, the sign of the fermion mas
(Yukawa) term can no longer be reversediypy- 3¢ and
there is no longer th&, symmetryyp — —, 1 — 5.

What the 2+1 dimensional model does break spontane
ously is insteagarity, which corresponds to changing the
sign of one of the spatial coordinates. The Lagrangian is in
variant under™ — —x™ for a given spatial index: = 1, 2
together withp — —¢ (which thus is a pseudoscalar) and
1) — ~v™ep. Each of the trivial vacua breaks these invarian-
ces spontaneously, whereas a kink background incthe
direction with g (—z') = —px(a!) is symmetric with
respect tar!-reflections, but breaks? = y reflection in-
variance.

2.2 Susy algebra

The susy algebra for the 1+1 and the 2+1 dimensional ca
ses can both be covered by starting from 2+1 dimensions
the 1+1 dimensional case following from reduction by one
spatial dimension.

In 2+1 dimensions one obtains classically [41]

mass counterterm chosen such that tadpole diagrams cancel

completely in the trivial vacuum. At the one-loop level and
using dimensional regularization this gives

dkod®k —i
2 0
Adv* = )\/ (2m)d+1 k2 + m2 — je

/ d%k 1
A _ ,
J (2m)? 2[k2 + m2)1/2

wherem = U’(v) = v/2u is the mass of elementary bosons
and fermions and? = k2 — k2.
The susy invariance of the model undes = € and
Y = (Pp — U)e (with u2 replaced byu? + 612) leads to
the on-shell conserved Noether current

—(Po +U(p))V"

and two conserved charges™ = [ dx j*
The model (2) is equally supersymmetric in 2+1 dimen-
sions, where we usg? = 7!. The same renormalization

S

(5)

(6)

scheme can be used, only the renormalization constant (5)

has to be evaluated fef = 2 — ¢ in place ofd = 1 — ¢
spatial dimensions.

While classical kinks in 1+1 dimensions have finite
energy (rest mass)yl = m3/), in (noncompact) 2+1 di-
mensions there exist no longer solitons of finite-energy. Ins-

tead one can have (one-dimensional) domain walls with awall Z,. /L1

{Q*, Qp} = 2i(»M)" PM
=2i(y"H ++"(P: + Z,)

(M =0, 1,2)
(151/ - ZZ))Q,@? (7)

where we separated off two surface terfhs in defining

jjm :/dd$75nta 75m = Soam‘fo_ (w'yoamw) (8)

g = /ddmg’m, 2y = U(9)Omip = 0 W () (9)

with W () = [doU(p).

Havmg a kink profile in thez-direction, which satisfies
the Bogomolnyi equation,ox = —U(¢k ), one finds that
with our choice of Dirac matrices

Q%fﬁm¢$@@Wiﬂm¢ivw»wmum
(Q*.Q*) = 2H = (Z, — B)), (11)

and the chargé& leaves the topological (domain-wall) va-
cuumy = @g, ¢ = 0 invariant. This corresponds to classi-
cal BPS saturation, since with, = 0 andP, = 0 one has
{Q+,QT} = 2(H + Z,) and, indeed, with a kink domain
=W(+v) = W(—v) = =M /L,

3See [38] for a detailed discussion of more general renormalization schemes in this context.
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At the quantum level, hermiticity a@* implies

(s|Hls) = | (s|Pyls) | = [(s(By — Zo)ls)].  (12) b= o +
This inequality is saturated when / e _dk [bw e—qz(mfew(WH ¢k(w))
(271-)‘1%1 Vdrw L™ Vot isp ()
QT |s)=0 (13)
b, (ee)), @8

so that BPS states correspond to massless faié3" = 0
with P, = M for a kink domain wall in thez-direction,
however with infinite momentum and energy unlessghe
direction is compact with finite length. sy,
Classically, the susy algebra in 1+1 dimensions is obtai- ), = / (ﬁbw e~ il(t—y) (‘%0)’ bg(g) = bo(—0).

with

ned from (7) simply by dropping, as well asZ, so that )=

P, = P,. The termm2Z, remains, however, with? being o , (19)
the nontrivialy® of 1+1 dimensions. The susy algebra sim- Thus, the fermionic zero modef the susy kink turns intc
plifies to massless modes located on the domain wall, which |

only one chirality, forming a Majorana-Weyl domain w:
{Q*.Q*} =2 +2), {Q",Q"}=2P, (14  fermion[38, 7’
For the massive modes the Dirac equation relates th

and one has the inequality genfunctions appearing in the upper and the lower cor
nents of the spinors as follows:
(s|H|s) > [(s|Z]s)| (15)
for any quantum state BPS saturated states hape |s) = Sp = i(am + Uy = ——=—=(0, + U")p, (20)
0orQ~ |s) = 0, corresponding to kink and antikink, respec- W Vw? — 2

tively, and preserve half of the supersymmetry. ) ) )
so that the functiorns; is the SUSY-quantum mechanic

[42] partner state o, and thus coincides with the eige

2.3 Fluctuations modes of the sine-Gordon model (hence the notation) |
In a kink (or kink domain wall) background one spatial di- With (20), their normalization is the same as that ofdhe
rection is singled out and we choose this to be alenghe The canonical equal-time anti-commutation relati

direction orthogonal to the kink direction (parallel to the do- {¥* (%), v*(Z)} = 6*76(Z — ') are satisfied if
main wall) will be denoted by.

The quantum fields can then be expanded in the analy- {bo(0), bg(é’)} {bo(£), bo(—")} = 6(¢ — 1),
tically known kink eigenfunctions [1] times plane waves in t B ,
the extra dimensions. For the bosonic fluctuations we have {bk,e; by o} = Orprd(l =1, (21)
[-O+ (U'* + UU")]n = 0 which is solved by

and again thé;, ,» becomes a Dirac delta for the continut

dd—1y dk —i(wt—ty) states. The algebra (21) and the solution for the mas:

n= / a1 (ak-l’ € Y on() mode (18) show that the operatg(¢) creates right-movin
(271') 2 Varw . . L
massless states on the wall whérs negative and annih

+ aLj ei(“”*zy)qs;(x)) . (16) lates them for positive momentum Thus only massles
states with momentum in the positiyedirection can be cre

The kink eigenfunctionsy;, are normalized according to ated. Changing the representation of the gamma matric
[ dz|¢|> = 1 for the discrete states and to Dirac distribu- 7* — —7?, which is inequivalent to the original one, reve

tions for the continuum states according falz ¢} ¢ = ses the situation. Now only massless states with momer

275(k — k'). The mode energies ate= +/w? + /2 where the positivey-direction exist. Thus depending on the rep

wy is the energy in the 1+1-dimensional case. sentation of the Clifford algebra one chirality of the dom

The canonical equal-time commutation relations Wall fermionsis singled out. This is a reflection of the sp

[n(Z),7(T')] = i6(Z — &) are fulfilled with taneous violation of parity when embedding the susy
as a domain wall in 2+1 dimensions.

[ak.e, azw} = e 0(L— 1), (17) Notice that in (18) can be only 2 or 1, for whicli has

1 or 0 components, so for strictty= 1 £ = 0. In order to

where for the continuum statés ;- becomes a Dirac delta. have a susy-preserving dimensional regularization sct
For the fermionic modes which satisfy the Dirac equa- by dimensional reduction, we shall start frai= 2 spatial
tion [@ + U']y» = 0 one finds dimensions, and then makecontinuous and smaller than

4By a slight abuse of notation we shall always label this by a subgtripit this should not be confused with the threshold miede 0 (which does not
appear explicitly anywhere below).

5The mode with¢ = 0 corresponds in 1+1 dimensions to the zero mode of the susy kink. It has to be counted as half a degree of freedon
regularization [25]. For dimensional regularization such subtleties do not play a role because the zero mode only gives scaleless integrals and th
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2.4 Energy corrections usingU’(z = +o00) = +m this leads just to the contribution

Using the mode expansions in the Hamiltonian expanded to 1 ' 9 1 9000
second order in quantum fluctuations, one finds that the bo- /dm<§aﬂ"(U 7)) = U %
sonic and fermionic contributions combine into qi-1¢ dk 1
_ == = mév?
/ (2m)d-1 / orow U

(26)

/dw A1y (H®) which matches precisely the countertexnd ;.2 from requi-
i1 it ring vanishing tadpoles. Straightforward application of the
L /dx/ a— Zt %f(ml? “1sk?). (22) rules of dimensional regularization thus leads to a null resul
2 (2m)d—1 27 2 for the net one-loop correction &) in the same way as
found in Refs. [20, 21, 24] in other schemes.
In these expressions, the massless modes (which correspond  On the other hand, by considering the less singular com
to the zero mode of the 1+1 dimensional kink) can be drop- bination(H + Z,) and showing that it vanishes exactly, it
ped in dimensional regularization as scaleless and thus vawas concluded in Ref. [29] thaﬁx) has to compensate any
nishing contributions, and the massive discrete modes cannontrivial result for(H), which in Ref. [29] was obtained

cel between bosons and fermidhsCarrying out thez-

by subtracting successive Born approximations for scatte

integration over the continuous mode functions gives a dif- ring phase shifts. In fact, Ref. [29] explicitly demonstrates

ference of spectral densities, namely

2m
k2 +m?2’

/ d(|6x (@) — |si(2)[2) = —0/(k) = (23)

how to rewrite(Z, ) into —(H ), apparently without the need
for the anomalous terms in the quantum central charge ope
rator derived in Ref. [27].

The resolution of this discrepancy is that Ref. [29] did
not regularize Z,;) and the manipulations needed to rewrite

Wheree(kﬁ) is the additional phase shift of the mode functi- it as _<H> (Wh|ch eventua"y is regu'arized and renormali-

onss; compared tapy,.

zed) are ill-defined. Using dimensional regularization one

Combining (22) and (23), and adding in the counterterm in fact obtains a nonzero result foH + Z,.), apparently in

contribution from (5) leads to a simple integral

AM® _l/dkdd‘lﬂ
Ld-1 4 (2m)d
1 [dkd='0¢*

T il
) I‘\(S*d)

w0 (k) + mov?

This reproduces the correct known result for the susy kink

mass correctiodM 1) = —m/(2r) (for d = 1) and the

surface (string) tension of the 2+1 dimensional susy kink

domain wallAM ™ /L = —m?/(8x) (for d = 2) [38].

2.5 Anomalous contributions to the central
charge

In a kink (domain wall) background with only nontrivial
x dependence, the central charge dengityreceives non-
trivial contributions. Expanding, around the kink back-
ground gives

- 6/;2 1

Z, = Udyox — —0,0K + 0,(Un) + =0,(U'n?
oK = e (Umn) + 50:(Un")

+0(n*).

(25)

Again only the part quadratic in the fluctuations contribu-

tes to the integrated quantity at one-loop ofdddowever,

violation of susy.

However, dimensional regularization by embedding the
kink as a domain wall in (up to) one higher dimension,
which preserves susy, instead leads to

<H 7y Py> —0, @27)
i.e. the saturation of (12), as we shall now verify.
The bosonic contribution t@P,) involves
1,. i d= dk ¢ 9
§<778y77+ Oymiy) = */W 2 o §|¢k(l’)| .
(28)

The ¢-integral factorizes and gives zero both because it is
a scale-less integral and because the integrand is odd in
Only the fermions turn out to give interesting contributions:

(B = siou)
1 [ di fdk f
= 5/7(27r)d*1 2%%[(“"*‘5”%\2
+Hw = O)|sil]

1 [ di 1
= §/W69(—£) |o|® +

1 [ dY f kol )
+3 [ g 3 e (5o + I

2
(6P~ P (@9)

6The zero mode contributions in fact do not cancel by themselves between bosons and fermions, because the latter are chiral. This noncancella

fact crucial in energy cutoff regularization (see Ref. [38]).

7Again, this does not hold for the central charge density locally [27, 31].
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From the last sum-integral we have separated off the contri-
bution of the zero mode of the kink, which turns into chiral

. div
domain wall fermions fol > 1. The contribution of the (0[7ulp)
IaFter no longer vanishes by symmetry, bgt mmtegrgl is _ 1 p Ak £ Fu(p)
still scale-less and therefore put to zero in dimensional re- =1iU"(v) z n T2 L 21 272"
o : : : o 0 (2m)"™ [ + pa(l — x) + m?]
gularization. The first sum-integral on the right-hand side is (31)

again zero by both symmetry and scalelessness, but the final
term is not. The/-integration no longer factorizes because
k2 + ¢2 + m?2. Integrating over: and using (23) one

in fact obtains exactly the same expression as in the one-loop 9. 9 2

result for the energy, Eq. (24). T O Eéﬁ)w = —Kky, — Eﬁ?éﬁw
So for alld < 2 we have BPS saturationH) =

(Z, — B,)|, which in the limitd — 1, the susy kink, is SO that

made possible by a nonvanishitg,). The anomaly in the 0, )™ = U"(v) ulp). (32)

central charge is seen to arise from a parity-violating contri- o 2r €

bution ind = 1 + ¢ dimensions which is the price to be paid Hence, the regularized one-loop contribution to the susy

for preserving supersymmetry when going up in dimensions rent contains the evanescent operator

to embed the susy kink as a domain wall.

It is perhaps worth emphasizing that the above results aiv U (p) 5ﬁ
do not depend on the details of the spectral densities asso- Ju T T ?7“/"

ciated with the mode functions;, andsy. In the integra- L ) . .
ted quantitieg /) and(2,) only the difference of the spec- This is by itself a cor)serve_d quantity, l_)ecause all _flelds
pend only on then-dimensional coordinates, but it has

tral densities as given by (23) is responsible for the nonva- Y : X . X
nonvanishing contraction with#. The latter gives rise t

nishing contribution. The functiofi(k) therein is entirely - .
fixed by the form of the Dirac equation in the asymptotic " anomalous contribution to the rengrmahzed conforr

regionsz — +oo far away from the kink [21]. susy current/j, ™ wherejie™ = j, — ji",

Using SZ =0, — g; we find that under the integral

Y

(33)

-ren 1 -div u”
a“(¢.7;L Danom. = =7 .73 = _gw (34)

2.6 Dimensional reduction and evanescent (There are also nonvanishing nonanomalous contributio

counterterms 0" (#j,,) because our model is not conformal-susy invari

at the classical level [44].)
We now describe how the central charge anomaly can be re- Ord'”‘?‘ry Susy on the Oth?rerand IS unbroken; therg :
covered from Siegel's version of dimensional regularization 2nomaly in the divergence gfs". A susy variation ofj,,
[6] wheren is smaller than the dimension of spacetime and Volves the energy-momentum tensor and the topolog
where one keeps the number of field components fixed, butCentral-charge curreqy, according to
lowers the number of coordinates and momenta from 2 to
n < 2. At the one-loop level one encounters 2-dimensional
4, coming from Dirac matrices, arml-dimensionaﬁ; from where classically,, = ¢, Ud" .
loop momenta. An important concept which is going to play At the quantum level, the counter-terjﬁ - ,jﬁiv- in-
a role are the evanescent counterterms [14] involving the dyces an additional contribution to the central charge cul
factor 16%+,1, whered, = 6% — 6 has onlye = 2 —n .
nonvanishing components. 1 4%
. : . Grom = —+e,,00U" (36)
In the trivial vacuum, expanding the supercurrgnt= i

—(Po + U(p))yuy into quantum fields yields

8 = =2, v — 20,7 °¢, (35)

41 €

which despite appearances ifirdte quantity: using that to
tal antisymmetrization of the three lower indices has to
nish in two dimensions gives

1 1 R R

Ju=— ({377 +U' (v)n+ §U"(U) 772> mw+ﬁ6u2ww- 5Z€”P = eepp + 5/?6”# (37)

(30 :

Only matrix elements with one external fermion are diver- @nd together with the fact thé&/" only depends om-

gent. The term involving/” (v);? in (30) gives rise to a dimensional coordinates this finally yields

divergent scalar tadpole that is cancelled completely by the 1

countertermy 2 (which itself is due to am and ay loop). oo = ZeupapU’ (38)

The only other divergent diagram is due to the term invol- T

ving @n in (30) and has the form@-selfenergy. Its singular  in agreement with the anomaly in the central charge as

part reads tained previously.
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3 The (susy) vortex. tential,

_ 2 «@ dndm eV 4
We next considered [45] the Abrikosov-Nielsen-Olesen [46, £ = /d oW Wa ""/d Oe (I)+“/d V. (39)

47,48, 49] vortex solution of the abelian Higgs model in 2+1

dimensions which has a supersymmetric extension [50, 51]In terms of 2-component spinors in 3+1 dimensions, the ac

(see also [52, 53]) such that classically the Bogomolnyi tion read$ ) )

bound [54] is saturated. We employed our variant of dimen- » _ 2 + ¥%5" 048 + D2 + (1 — eld|2)D
sional regularization to th&’ = 2 vortex by dimensionally 4 T X 040X 2 (1 = elgl")
reducing theV = 1 abelian Higgs model i8 + 1 dimensi- —|Dug|? + Yok Dy’ + | F?

ons. We confirmed the results of [50, 55, 56] that in a par- Ve [o* o 4 4
ticular gauge (background-covariant Feynman-'t Hooft) the +V2e [¢7Xxat" + $Xat] (40)

sums over zero-point energies of fluctuations in the vortex where D, = 0, — ieA, when acting ong and, and

background cancel completely, but contrary to [50, 55] we F,, = 9,4, — d,A,. Elimination of the auxiliary field

found a nonvanishing quantum correction to the vortex massp yields the scalar potential = 1D? = 1e2(|¢f? — v?)2

coming from a finite renormalization of the expectation va- ith 42 = x /e.

lue of the Higgs field in this gauge [57, 56]. In contrastto  |n 3+1 dimensions, this model has a chiral anomaly, anc

[50], where a null result for the quantum corrections to the jn order to cancel the chiral U(1) anomaly, additional scalar

central charge was stated, we show that the central charge remyitiplets would be needed such that the sum over charge

ceives also a net nonvanishing quantum correction, name'YvanishesE. e; = 0.

from a nontrivial phase in the fluctuations of the Higgs field In 2+1 dzimensions, dimensional reduction gives\an-

in the vortex background, which contributes to the central 9 model involving, in the notation of [55], a real scalar

charge even though the latter is a surface term that can bey — 4, and two complex (Dirac) spinorg = (1)

evaluated far away from the vortex. The correction to the , — (x®).

central charge exactly matches the correction to the mass o%( Completing squares in the bosonic part of the classica

the vortex. Hamiltonian density one finds the Bogomolnyi equations
In Ref. [55], it was claimed that the usual multiplet shor- and the central charge

tening arguments in favor of BPS saturation would not be

(!) '

applicable to theV = 2 vortex since in the vortex back- H = i 2+ |Dpol® + %e2(|q§|2 —v?)?

ground there would be two rather than one fermionic zero 1 1 )
modes [58], leading to two short multiplets which have the = —|Dypd+ienDid” + 5 (Fiz +e(|¢]* —v?))
same number of states as one long multipléte showed 2 e 2

however that the extra zero mode postulated in [55] has to +§'U2€lekl — 10k (ex1¢™ D1 9) (41)

be discarded because its gaugino component is singular, and
that only after doing so there is agreement with the resultswherek, ! are the spatial indices in 2+1 dimensions. The
from index theorems [59, 58, 60]. For this reason, stan- classical central charge reads

dard multiplet shortening arguments do apply, explaining

the BPS saturation at the quantum level that we observe in Z = /dQﬂU erOy (ev® A — i¢*Dyg) (42)
our explicit one-loop calculations.

The N = 2 susy vortex in 2+1 dimensions is the so-
litonic (finite-energy) solution of the abelian Higgs model
which can be obtained by dimensional reduction from a
3+1-dimensionalN = 1 model. We shall use the latter
for the purpose of dimensional regularization of the 2+1-
dimensional model by susy-preserving dimensional reduc-
tion from 3+1 dimensions (where the vortex has infinite
mass but finite energy-density).

where asymptoticallyD;¢ tends to zero exponentially fast.
Classically, BPS saturatiolk = |Z| = 2mv?n holds
when the BPS equation®; + iDs)¢ = Di¢ = 0 and
Fis + e(]¢]? — v?) = 0 are satisfied, where the upper and
lower sign corresponds to vortex and antivortex, respecti
vely. The vortex solution with winding number is given

by (AY = AY +iAY)

oy =), eaf = —ie? D0 (g3)

wheref’(r) = 2f(r) andd’(r) = re?(f(r)* — v?) with
3.1 The model boundary conditions [49]

The superspace action for the vortex in terms of 3+1- a(r — 00) =0 f(r —o0) =v
dimensional superfields contains &h = 1 abelian vector _ ’ 9 . nt2

multiplet and anV — 1 scalar multiplet, coupled as usual, (" = 0) =n+0@%),  f(r—0) ocr™ +O("™).
together with a Fayet-lliopoulos term but without superpo- (44)

8Incidentally, Refs. [55, 58] considered supersymmetric Maxwell-Chern-Simons theory, which contains the supersymmetric abelian Higgs mod
special case. ) )

9O_ur conventions a_rgf“’ = (=1,+1,+1,+1), x* = e*¥x 5 andy® = edﬁxB with €28 = €45 = —e3P = —€4g ande'? = +1. In particular we
haveys = (Yo )* butyp® = —(4p®)*. Furthermoreg* = (—1, &) with the usual representation for the Pauli matries
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3.2 Fluctuation equations with
. . iDY V2epy
For the calculation of quantum corrections to a vortex solu- L= feqs i )
. . ; % _
tion we decompose into a classical background pagt,
and a quantum panp. Similarly, 4, is decomposed as It — iDY  —\2e¢y (51)
AY + a,, where onlyAY with . = 1,2 is nonvanishing. V2e¢% 10y ‘
We use a backgroun®. [61] gauge fixing term which is Iteration shows thal/ satisfies the same second or
quadratic in the quantum gauge fields, equations as the bosonic fluctuatidBis
1 L'LU = (03 —9})U, L'LB = (9% —9?)B (52)
L X:_iabu_~ * ok 2. 45 3 t ’ 3 t
g.fi 25( na Ze£(¢\777 (b\/n)) ( ) LLTV _ (ag _ 6152)‘/, (53)
The corresponding Faddeev-Popov Lagrangian reads with LTL given by (48), whereak’ is governed by a diagc
nal equation with
Lot =b (0 = " {2Uov P +ovi +6yn}) e @48) <7(D,¥)2+€2|¢v|2 + e’ 0 )
= _ 92 2 2
The fluctuation equations in 2+1 dimensions have been 0 O +2¢% v (54)

given in [50, 55] for the choic€ = 1 (Feynman-‘t Hooft
gauge) which leads to important simplifications. We shall
mostly use this gauge choice when considering fluctuations
in the solitonic background, but will carry out renormaliza- .
tion in the trivial vacuum for generdl to exhibit some of 3.3 Renormalized mass
the intermediate gauge dependences.

Because we are going to consider dimensional regulari-
zation by dimensional reduction from the 3+l. dimensiqnal of tadpoles, even when only by finite amounts, will theref
m_odel, we _shall_need ghe. fO”T‘ Of. the fluctuat|o_n equations . nibute directly to the quantum mass and central ch
Wlth der|vat.|ves in then_ direction included. (Th.|s onetri- e N — 9 vortex, a fact that has been overlooked
v[al extra dimension will eventually be turned in¢o— 0 the original literature [50, 55] on quantum corrections to
dimensions.) N = 2 vortex10

In the 't Hooft-Feynman gauge, the part of the bosonic Adopting a “minimal” renormalization scheme whe

action quadratic in the quantum fields reads the scalar wave function renormalization constapt= 1,
1 the renormalization of? is fixed by the requirement of ve
CE,QO)S = —5(3Hau)2 —e*lpv|*ar, nishing tadpoles in the trivial sector of the 2+1 dimen:s
V.2 9 o o 1o nal model. The calculation can be conveniently perforr
=|Dpnl” = e Blov]” = vl by using dimensional regularization of the 3+1 dimensic
~2ica* [n"DY éyv —n(DYdv)*] . (47) N = 1 model. For the calculation of the tadpoles we dec
posep = v + 1 = v + (o +ip)/\/2, whereo is the Higgs
In the trivial vacuum, which corresponds ¢&; — v and field andp the would-be Goldstone boson. The gauge
Al‘j — 0, the last term vanishes, but in the solitonic vacuum xing term (45) avoids mixed,,-p propagators, but there a
it couples the linearized field equations for the fluctuations mixedx-i> propagators, which can be diagonalized by in
B = (n,a4/v/2) with a; = a; + iay to each other accor-  ducing new spinors = (v +ix)/v/2 andd = (¢ —ix)/v/2
dingto ¢k =1,2) with mass termsn (s, s® —dad®) + h.c., wherem = v/2ev.
The part of the interaction Lagrangian which is relev
for o tadpoles to one-loop order is given by

(In deriving these fluctuation equations we used the |
equations throughout.)

At the classical level, the energy and central charge of v
ces are multiples afrv? with v? = k/e. Renormalizatior

@~ op)p O e
. ( —(D¥)2 +62(3|¢V‘2 —UQ) Z'\/ie(D_qu) )B ‘C’o'—tadpoles = e(Xa¥™ + Xa¥” )U - 7( +p )
N —iv2e(D_¢v)* =07 +2¢%|pv|?) fem(ai +&be— 0v?) o, (55)

(48)  whereb andc are the Faddeev-Popov fields.

. Th -l tributi to thetadpole th d
The quarte{as, ag, b, ¢) with b, ¢ the Faddeev-Popov ghost € one-loop contributions fo adpole thus rea

fields has diagonal field equations at the linearized level o123 €

52
(07 —2¢*|ov 1)@ =0, Q = (as, ao,b,c). (49) ? T

For the fermionic fluctuations, which we group @s=

P! ¥? ; ; ; ;
(%i)’ V= ()22), the linearized field equations read —em { 2trlol(m) + [( )+

LU =i(0y + 05)V, L'V =i(0, — d5)U, (50) +[3I(m) + E1(€3m)] — EI(E2m) — 6v2},

10The nontrivial renormalization of /e has however been included in [57, 56].



Brazilian Journal of Physics, vol. 34, no. 4A, December, 2004 1283

where
Bk —i . )
I(m) = /(27{-)3-&-6 k2 + m2 (2) = 27m21;0
I o ) TPV — i [ a0 (6% + 0D — dean) v + ) oo
(4m)i+e/2 D(-1) 4 ) ;
= 2mn{vg — M'n)lr—o}
Requiring that the sum of tadpole diagrams (56) va- 27
nishes fixe$v?, —i/ do{(n'yn)
0
5 1 1 1+ 5% —iedy; (agn) — iedy <a9nT>}|r_,oo
=- (1 I(€° =— . (57
ov 2 ( (m) + (gzm)) ‘D::s gt S = Z,+ 7 (63)

Because in dimensional regularization there are no poles in
odd dimensions at the one-loop level, the resultfot is where we have usefh(r — c0)) — 0 (which determines
finite, but it is nonvanishing. §v2), [27d6(ag) = 0, and(nTnag) = O(h%).

As it turns out, this is the only contribution to the one- The first contribution,Z,, can be easily evaluated for
loop mass correction of the vortex. In the= 1 gauge the  arbitrary gauge parametéryielding
zero-point energies of the quartets, ag, b, ¢) cancels, and
one is left with

%Zwbos_ %waerm :ZWU_ZWV7 (58)

Using dimensional regularization these sums can be
made well defined by replacing all eigen frequencigsn
2+1 dimensions by, = (w? + ¢?)'/2 where( are the _ _
extra momenta. Using index theorems, it has been shownIf this was all, the q“a”t“”.‘ CO”?Ct'onS K)WO.Uld cancel,
that the spectral densities fof andV are equal up to zero Justas in the naive ca!culgtlor_1 atin the susy kink [20, 21].
modes [50, 55], and zero modes (massless modes upon em- 1he second contribution in (63), however, does not va-
bedding) do not contribute in dimensional regularization. Nish when taking the limit — co. This contribution is
Hence,> wy — Y wy = 0, as we have also verified more simplest in the& = 1 gauge, w_here the a_mdag fluctuatlons_ _
directly [16], and the only nonvanishing quantum correction aré governed by the fluctuation equations (48). In t_he limit
of the vortex mass is from renormalization. In our “mini- © — o© one hag¢y| — v andD_¢y — 0 exponentially.

mal” renormalization scheme we thus have This eliminates the contributions frotngn). However,D7,
which governs the fluctuations, contains long-range con-

E = 2r|n|(v* + 6v%[e=1) = 27|n|(v? — 4@). (59) tributions from the vector potential. Making a separation of
d variables inr and# one finds that asymptotically

Zo = 2en(s — 5((00) + ()]}

= 2mn{ef — S [T(m) + I(Em)]}
= 2mn(vg — 0v?) = 2. (64)

3.4 Central charge 1
. . N 1D nl* = |0p0f* + (8 — in)n|? (65)
By starting from the susy algebra in 3+1 dimensions one can 72

derive the central charge in 2+1 dimensions as the compo- _ _
nentTys of so that then fluctuations have an extra phase fact&t?

) compared to those in the trivial vacuum. We thus have, ir
THY _ fif[‘ra’“’d {QO” Joy (60) theé = 1 gauge,

whereJ is the susy Noether current o T
o =) . - Zy = —i [ df

The antisymmetric part of'** gives the standard ex- b ! /0 {<77 9ol >
pression for the central charge density, while the symmetric
part is a genuine momentum in the extra dimension:

(z) = /d2x<T03> —(2+By). (61)

(A similar decomposition is valid for the kink [39].)

Z corresponds to the classical expression for the central__ = .
This is exactly the result for the one-loop correction to the

charge. Being a surface term, its quantum corrections can - . - :
be evaluated at infinity: mass of the vortex in eq. (59), implying saturation of the

BPS bound provided that there are now no anomalous cor
. o - ELE tributions to the central charge operator as there are in th
(2) = /d rOker () = / d0{Co)r—~o0  (62) case in theV = 1 susy kink [39].
_ 70 In dimensional regularization by dimensional reduction
with §; = ev3 A; — i¢ D¢ andvd = v? + 602, from a higher-dimensional model such anomalous contribu
Expanding in quantum fields = ¢v +n, A = AV +a tions to the central charge operator come from a finite re-

~m v vttt bl AlamemiAam] E Al A~ - amO ANV e mim i~ ~F AN At rem v v it 1 vvm vt TOOT T A ot~ -

—ied (agn) — iepy (aon’) }r—oo
27
= 71/0 do <77T8977>£=1 =2mn <17T77>5=1,r—>oo

= 2mndv .
2mn 25 66
=1
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Ze=(Py) = [ x (FoFai-+ (Do) Dag + (D20) Dad — ixoudax — 100 Dav). (67)

Inserting mode expansions for the quantum fields one immediately finds that the bosonic contributions vanish be
symmetry in the extra trivial dimension. However, this is not the case for the fermionic fields, which have a mode e»
of the form

Vw—~fuy

U) / det }[ 1 ilwt—p Vo—Tusy 1
= Loy = L it +d, % (c.c.)} (68)
Vv 27)€/2 { ) Vw+Llvy k.l ?

@2m)2 ], V2w T on

where we have not written out explicitly the zero-modes (for dimensionalV = 1 theory [66]
which w? = ¢2). The fermionic contribution td&Z, reads,

. 1 <
schematically, L= —ZFﬁ 5 — ATAD A, (70)
- where the indicesd, B take the value$),1,2,3,5,6 and
Ze = <P3> = which is invariant under
det 2 < _ 1
/ (27r)‘2 : Z/d%; [|u1\2 + Jug|? = |v1]? — |v2|2] 0AL = XTIy — LA, 0A* = §F§CI‘BFC77. (71)
(69) The complex spinor) is in the adjoint representatic
of the gauge group which we assume to be SU(2
wherew = wy, + 2, so that the integral does give anon- the following and (D \)* = (94X + gAa x M)
vanishing result. However, theintegration over the mode = 94\* + ge®*“A%\°. Furthermore\ and satisfy the

functionsu, 2(k; ) andv; 2 (k; ) produces their spectral ~ Weyl condition:

densities, which cancel up to zero-mode contributions as we . . _

have seen aboVk and zero-mode contributions only pro- (1-T7)A=0 with T7 =TIl (72)
duce scaleless integrals which vanish in dimensional regula-  To carry out the dimensional reduction we wrilg; =
rization. HenceZ, = 0 and|Z| = |Z, + Zy| = FE, so that (A,,P,S) and choose the following representation
the BPS bound is saturated at the (one-loop) quantum levelgamma matrices

F#:’}/#®0’1 ’ #:071>2737

s=v%®01 , Tg=11o;. (73)
4 The (susy) monopole. _ _ N
In this representation the Weyl condition (72) becomes

(), with a complex four-component spingr'2

We now consider th&V = 2 monopole in 3+1 dimensions, The (3+1)-dimensional Lagrangian then reads

which has been used by many authors in studies of duality.
The monopole model has more unbroken susy generators ) ) ) )
than the susy kink or the vortex, so one runs the risk (or L——{-F2 +2(D S)2+~(D,P)2+~g2(S x P)2
the blessing) of vanishing quantum corrections. This mo- 7{4 w 2( 7“ ) 2( ”7 ) 29 ( )
del has been studied before in Refs. [62, 63, 64] and while —{ Y Dyip +ig(S x ¥) + ghys(P x )} (74)
the initial result of vanishing corrections of Ref. [62] tur- . . . _
ned out to be an oversimplification, Refs. [63, 64] neverthe- Aa V_\/e gﬂ‘?gstﬁe”lf. sé.msn;;tg'b{ﬁikéngs%gﬁ;'eolffs;e
less arrived at the conclusion of vanishing quantum correcti- h6 ;r% 3f' A — 3" 67 ’ P

ons, at least in the simplest renormalization schemes. UsingI e form (forA, = 0) [67]

susy-preserving dimensional regularization by dimensional j

Z
reduction, we have instead recently shown [65] that there are A = eaij g?(l — K(mr)), (75)
nonvanishing but equal quantum corrections to both mass N
and central charge of th& = 2 monopole. Thus BPS S = & JLZH(mr), (76)
saturation is preserved as required by multiplet shortening r
arguments [3], but in a nontrivial manner. with H = mrcoth(mr) — 1 and K = msr/sinh(mr),

The N = 2 super-Yang-Mills theory in 3+1 dimensions wherem = gv is the mass of the particles that are ch
can be obtained by dimensional reduction from the (5+1)- ged under the unbroken U(1). The BPS equatidh +

11 An explicit calculation which confirms these cancellations can be found in [16].
12We use the metric with signatufe-, +, 4+, +, +,+) andA* = (A*)TiI'%, hencey® = (¥%)Tiy%. One can rewrite this model in terms of tv
symplectic Majorana spinors in order to exhibit tResymmetry group U(2).
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€;,DpS® = 0 can be written as a self-duality equation (1+1) dimensions, where a nonvanishing quantum correc
for Fiyyn with M, N = 1,2,3,6, and the classical mass is tion to the kink mass (in a minimal renormalization scheme)
M., = 4mm/g%. is associated with an anomaly in the central charge (whicl

The susy algebra for the charg@s = [ j%“d3z with is scheme-independent; in a non-minimal renormalizatior
j4 = sTBTCFpcT4 ) reads scheme there are also non-anomalous quantum correctio

- to the central charge).
{Q%,Qp} = —(v")*Pu+ (75)*p U +1id3 V, In Ref. [64] it has been argued that in the renormali-
with o, 8 = 1,..., 4. Inthe trivial sectorP, acts as),,, and

zation scheme defined above, the one-loop contributions t

P | the ] ! the central charge precisely cancel the contribution from the
U multiplies the massive fields by, but in the topological
sectorP,, are covariant translations, aidand V" are sur-

counterterm in the classical expression. In this particulal
) ' - calculation it turns out that the cancelling contributions have
face integrals. The classical monopole solution saturates thgqentical form so that the regularization methods of Ref. [64]
BPS boundM? > [(U)[> + [(V)|* by [Ua.| = M, and  can be used at least self-consistently, and also straigh
Va.=0. _ forward dimensional regularization would imply complete
For obtaining the one-loop quantum corrections, one hascancellations. The result (80) would then appear to violate
to consider quantum fluctuations about the monopole back-the Bogomolnyi bound.
ground. The bosonic fluctuation equations turn out to be However, this is just the situation encountered in the
simplest in the background-covariant Feynman-gauge (1+1)-dimensional susy kink. As we have shown in
which is obtained by dimensional reduction of the ordinary Ref. [39] and recapitulated above, dimensional regulariza
background-covariant Feynman gauge-fixing term in (5+1) tjon gives a zero result for the correction to the central
dimensions- 4 (Dg[A] a”)?, wherea” comprises the bo-  charge unless the latter is augmented by the momentum op
sonic fluctuations andi? the background fields. As has rator in the extra dimension used to embed the soliton. Thi:
been found in Refs. [63, 64], in this gauge the eigenvaluesis necessary for manifest supersymmetry, and, indeed, th
of the bosonic fluctuation equations (taking into account extra momentum operator can acquire a nonvanishing e»
Faddeev-Popov fields) and those of the fermionic fluctuation pectation value. As it turns out, the latter is entirely due to
equations combine such that one can make use of an indexnontrivial contributions from the fermions = (jﬁ*) whose
theorem by Weinberg [68] to determine the spectral density. fluctuation equations have the form -
This leads to the following (unregularized!) formula for the

(77)

one-loop mass correction Ly +i(0y + 05)y— = 0, (81)
; i -
4 h Z(at — 85)¢+ + L ’lﬁ, = 0. (82)
MY = 7r72no +3 > (wp —wr)
90 . The fermionic field operator can be written as
dmmg R / a’k 9
= + 3 k2 + m?2 PM k 7(78) € :
0 [ O e g
27r)€e/2 27)3/2
with mg andgy denoting bare quantities and (2m) (2m) 2w
8 X {akze_i<“’t_“5> ( w=Lx+ )
—3T™m /
pu (k) = T2 Loy (79) —Vw+lx-
k2(k? +m?)
4ol pilwi—ta®) Vw =€ x4 83)
This expression is logarithmically divergent and is made fi- ki Vwt+ilx_ )]’

nite by combining it with the one-loop renormalizationgf

while m does not need to be renormalized [63, 64]. Com- where xy_ =

1 _ 1 ; 2 _
oo lx and x, = w—kLTX_ with w; =

bining these two expressions from the sum over zero pointz2 1,2 and the normalization factok&w =+ ¢ are such that
energies and the counter term, we find that there is a mis-rt 1\, = w2y, andLL y_ = w?y_ with w? = wi + 2.

match proportional te, but e multiplies a logarithmically

Because of these normalization factors, one obtains an e

divergent integral, which in dimensional regularization in- pressjon for the momentum densty;; in the extra dimen-
volves a pole—!. We therefore obtain a finite correction of  sjon which has an even component under reflection in th

the form
_1_ e
M 4”;”7€><27m P(l 2 23
g ™ (2rh)T(-})
o0 14 €
x/ dk(k* +m?)~ 2t
0
4 2
= -1 0( (80)
g T

which because of the fact that it arisestas oo bears the
hallmark of an anomaly.

Indeed, as we shall now show, this result is comple-

tely analogous to the case of thé = 1 susy kink in

extra momentum variablé

(©0s) = /%/(gﬂ;%{(w—@lxﬁ
o+ O]
€ 3 2
~ [ [ e b (@9

(omitting zero-mode contributions which do not contribute
in dimensional regularization [39]).

Integration overz then produces the spectral density
(79) and finally yields
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A Uan

/ &z (O0s)

_ / d3k det 02
= (27T)3+€ 2 ﬁ T PM

(k)

2
—4m/ / ¢
21 m2IE T B rme

(1-¢
- (47T)l+2) T+e _27m +00), (89

which is indeed equal to the nonzero mass correction obtai-of the minimally supersymmetric kink in 1+1 dimensions

ned above. constitutes a new anomafythat had previously been ign
This verifies that the BPS bound remains saturated underred in direct calculations [63, 64] of the quantum correcti

quantum corrections, but the quantum corrections to masso the N = 2 monopole.

and central charge both contain an anomalous contribution,

analogous to the central-charge anomaly in the 1+1 dimen-
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