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Teleparallel gravity can be seen as a gauge theory for the translation group. As such, its fundamental field is
neither the tetrad nor the metric, but a gauge potential assuming values in the Lie algebra of the translation
group. This gauge character makes of teleparallel gravity, despite its equivalence to general relativity, a rather
peculiar theory. A first important point is that it does not rely on the universality of free fall, and consequently
does not require the equivalence principle to describe the gravitational interaction. Another peculiarity is its
similarity with Maxwell’'s theory, which allows an Abelian nonintegrable phase factor approach, and conse-
quently a global formulation for gravitation. Application of these concepts to the motion of spinless particles,
as well as to the COW and gravitational Aharonov-Bohm effects are presented and discussed.

1 Introduction bes quite consistently the electromagnetic interaction.
ven the analogy between electromagnetism and telepa
Like the other fundamental interactions of nature, gravita- gravity, in which the equations of motion are not geode:
tion can be described by a gauge theory [1]. The teleparallelbut force equations quite analogous to the electromag
equivalent of general relativity [2], or teleparallel gravity for Lorentz force equation, the question then arises whethe
short [3], can indeed be understood as a gauge theory for thgauge approach of teleparallel gravity would also be ab!
translation group. In this approach, the gravitational inte- describe the gravitational interaction in the lack of unive
raction is described by a force similar to the Lorentz force lity, thatis, in the absence of the weak equivalence princ
equation of electrodynamics, witorsion playing the role ~ As we are going to see, the answer to this question is |
of force [4]. tive: teleparallel gravity does not require the validity of |
On the other hand, due to the universality of free fall, it €quivalence principle to describe the gravitational inte
is also possible to describe gravitation not derae, butas  tion. In fact, although the geometrical description of gen
a geometrideformationof flat Minkowski spacetime. Ac- ~ relativity breaks down, the gauge description of telepar
cording to this point of view, a gravitational field produces 9ravity remains as a consistent theory in the absence of
a curvaturein spacetime, and its action on (structureless) Versality [5]. It belongs, therefore, to a more general typ
particles is described by letting them follow the geodesics theory.

of the curved spacetime. This is the approach of general A second point to be explored is the so called glo
relativity, in which geometry replaces the concept of gra- formulation, which is an approach based on the actio
vitational force, and the trajectories are determined, not by 5 nonintegrable phase factor. Relying on the well knc
force equations, but by geodesics. We notice in passing thabhase factor approach to Maxwell’s theory [6], a telepar:
an immediate consequence of this dual description of graVi'nonintegrabIe phase factor approach to gravitation wil
tation is that curvature and torsion might be related with the developed, which represents the quantum mechanical
same degrees of freedom of the gravitational field. sion of the classical gravitational Lorentz force of telepa

As a gauge theory for the translation group, which is |el gravity. As a first application of this global approa
an Abelian group, the teleparallel formulation of gravity we consider the Colella, Overhauser, Werner (COW) e:
becomes in several aspects similar to the electromagnetigiment [7], which consists in using a neutron interferome
Maxwell's theory. By exploring this analogy, as well as by to observe the quantum mechanical phase shift of neu
using well known results of electrodynamics, the basic pur- caused by their interaction with Earth’s gravitational fie
pose of this paper will be to study some specific properties By considering the Newtonian limit, it is shown that the te
of teleparallel gravity. parallel global formalism yields the correct quantum phe

The first point to be examined refers to the weak equiva- shift predicted (as well as experimentally verified) for
lence principle, which establishes the equality of inertial and COW experiment. As a second application of the telepe
gravitational masses. As is widely known, the electromag- lel global approach, we obtain the quantum phase-shift
netic interaction is not universal and there exists no elec-duced by the coupling of the particle’s kinetic energy w
tromagnetic equivalence principle. Nevertheless, Maxwell’s the gravitomagnetic components of the translational gz
theory, a gauge theory for the Abelian grolijl), descri- potential [8]. This effect is the gravitational analog of 1
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usual electromagnetic Aharonov-Bohm effect, and for this wherelzf’lw is the Christoffel connection constructed from
reason it will be called the gravitational Aharonov-Bohm the spacetime metrig,,,,, and

effect [9]. It is worthy mentioning that, as the phase dif-

ference depends essentially on the energy, it applies equally 1

to massive and massless particles. For the sake of comple- K*,, = 3 (T + T, — T ) 9
teness, we begin by reviewing, in the next section, the ba-

sic concepts related to teleparallel gravity. The equivalence. . .
principle is recast in its language, and shown to be unneces.S the contortion tensor. It is important to remark that curva-

sary. The global approach to gravitation is then presentedture and torsion are con3|d¢red as properties ofaconnec.tlo
and applied to the two mentioned effects not of spacetime [10]. Notice, for example, that the Chris-

toffel and the Weitzentick connections are defined on the
very same spacetime manifold.

2 Fundamentals of Teleparallel Gra- The Lagrangian of the teleparallel equivalent of general
relativity is [4]

vity
Teleparallel gravity corresponds to a gauge theory of the L=Lo+ Ly = ch SPYT 4L (10)
translation group. According to this model, to each point of 16rG - ’

spacetime there is attached a Minkowski tangent space, on
which the translation (gauge) group acts. We use the Greekwhereh = det(h®,), Ly is the Lagrangian of a source
alphabetu, v, p,--- = 0,1, 2, 3 to denote spacetime indices field, and

and the Latin alphabet, b, ¢, --- = 0, 1, 2, 3 to denote anho-
lonomic indices related to the tangent Minkowski spaces,

LV 14 1 LV, v " " v
whose metric is chosen to bg, = diag(+1, -1, —1,—1). SPHY = 5P = B [KHP = gP T 4 g™ T ]

As a gauge theory for translations, the fundamental field of. . . . (1;)
teleparallel gravity is the translational gauge poteria),, IS a tensor written in terms of t.he Weitzeidk connection
a 1-form assuming values in the Lie algebra of the transla-only. Performing a variation with respect to the gauge po-
tion group: tential, we find the teleparallel version of the gravitational
B, = B*, P, (1) field equation [11],
with P, = 9, the generators of infinitesimal translations.
Under a local translation of the tangent space coordinates poy _ ATG py _ 471G P
_ 9 p C 05 (RS\P7) — — = (ht)") = — (WT)\"), (12)
dz® = e¢*(x), the gauge potential transforms according to ¢ ¢
B, = B, — 9u¢€. (2)  where
4
It appears naturally as the nontrivial part of the tetrad field hty = % S,PYTH \ — 6:F L (13)
he,: m
h®, =90,z + B%,,. 3)

is the energy-momentum pseudotensor of the gravitatione
Notice that, whereas the tangent space indices are raised anfield, and7,” = 7,° h*, is the energy-momentum tensor of
lowered with the Minkowski metrig,;, the spacetime indi-  the source field, with

ces are raised and lowered with the spacetime metric

oL oL
v = Tap W%, hP,. 4 hTp = — =M = M 14
9u Nab 1V 4) 5Bap 5hap (14)
The above tetrad gives rise to the so called Weitdekb
connection A solution of the gravitational field equation (12) is an ex-
I, = he0,R%,, 5) plicit form of the gravitational gauge potentiBt*,,.

which introduces the distant parallelism in the four- When the weak equivalence principle is assumed to b
dimensional spacetime manifold. It is a connection which true, teleparallel gravity turns out to be equivalent to genera

presents torsion, but no curvature. Its torsion, relativity. In fact, upto a diverggnce_, thg Lagrangian (;0) is
found to be equivalent to the Einstein-Hilbert Lagrangian of
TP =T, —T7 0, (6) general relativity, and the teleparallel field equation (12) is

found to coincide with Einstein’s equation
is related to the translational gauge field strength,,, by

° 1 o 81G
F = 0,B% — 0,B% = h*, T*,,. (1) R\ =50 R= 7 T, (15)
The Weitzenbck connection can be decomposed as

o with Z%AP and}oaz respectively the Ricci and the scalar curva-
I =T+ K, (8) ture of the Christoffel connection.
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3 Gravitation and the Weak Equwa— equivalence principle. The gauge potenti#,,, therefore,
C A may be considered as the most fundamental field repre
lence PrmCIpIe ting gravitation. As we are going to see next, this is
the case of general relativity, in which to keep the equat
of motion given by geodesics, the gravitational field (r
tric tensor) must necessarily depend on the relatigrm;
of the particle, rendering thus the theory inconsistent w

My 7# M.

Let us begin by making it clear that, in spite of many contro-
versies related with the equivalence principle [12], it is not
our intention here to question its validity, but simply to ve-
rify whether teleparallel gravity requires it or not to describe
the gravitational interaction. This will be done by suppo-
sing that the gravitational mass, and the inertial mass;

do not coincide, and then by making a comparative study of 3.2 General Relativity: Geodesics
the force equation of teleparallel gravity with the geodesic

equation of general relativity. According to teleparallel gravity, even whem, # m;, the

tetrad is still given by (3), and the spacetime indices are
) ] sed and lowered with the metric (4). Then, by using
3.1 Teleparallel Gravity: Force Equation relation (7), as well as the identity

Let us then consider, in the context of teleparallel gravity,
the motion of a spinless particle in a gravitational fi&ld,,,

supposing however that the gravitational and the inertial the force equation (17) can be rewritten in the form
masses do not coincide. Analogously to the electromagnetic

T)‘#puAup:—K)‘#puAup, (29)

case [13], the action integral is written in the form du o mg — My dug
b g
S = / [=micdo —mgcB*yuada”],  (16)  \here use has been made also of the relation (8). N
a

that the violation of the weak equivalence principle pro
wheredo = (napdz®dz?)/? is the Minkowski tangent-  C€S a deviation from the geodesic motion, which is propt
space invariant interval, and" is the particle four-velocity ~ ©onal to the difference between the gravitational and ine
seen from the tetrad frame, necessarily anholonomic whenmasses. Notice furthermore that, due to the assumed
expressed in terms of thepacetimdine elementds. The universality of free fall, it is not possible to find a local co«
first term of the action (16) represents the action of a free dinate system in which the gravitational effects are abse

particle, and the second the (minimal) coupling of the parti-  Now, as already said, when the weak equivalence |
cle with the gravitational field. Variation of the action (16) CiPle is assumed to be true, the teleparallel field eque
yields the equation of motion [5] (12) is equivalent to Einstein’s equation (15). According
whenmy, = m;, the equation of motion (17) reduces

Mg du,  myg the geodesic equation of general relativity, as can be

<8Hm“ o Baﬂ) ds Fupuau®, (I7)  from its equivalent form (20). However, in the absence

the weak equivalence principle, it is not a geodesic et
where F¢,, is the gravitational field strength defined in tion. This means that the equation of motion (17) does

Eq. (7), and comply with the geometric description of general relativ
p_ dat e (18) according to which all trajectories must be given by gent
W= g et geodesic equations. In order to comply with the foundati

of general relativity, it is necessary to incorporate the |

. . o U . ticle properties into the geometry. This can be achieve
the Riemannian spacetime invariant interval. Equation (17) assuFrJnin% instead of thegtetrad (g) of teleparallel gravity

is the force equation governing the motion of the particle, in tetrad

which the teleparallel field strengti®,,, (that is, the Weit- new tetra e _ g gaq M
zenlick torsion) plays the role of gravitational force. Simi- n=Op m;
larly to the electromagnetic Lorentz force, which depends
on the relatiore/m;, with e the electric charge of the parti-
cle, the gravitational force depends explicitly on the relation

mg/m, Of the particle.

is the holonomic four-velocity, withls = (g,,, dz#dz")'/?

B, (21)

which takes into account the characteristi/m, of the
particle under consideration. This tetrad defines a new
cetime metric tensor

We see from the above equations that, even in the ab- G —mpo B R 29
. L . Guv Tab Ny Ny, ( )
sence of the weak equivalence principle, teleparallel gravity
is able to describe the motion of a particle with, # m,. in terms of which the corresponding spacetime invariani
The crucial point is to observe that, although the equation of terval is
motion depends explicitly on the relatiam, /m; of the par- ds® = G datda”. (23)

ticle, neitherB*, nor F*,, depends on this relation. This - . . .
means essentially that the teleparallel field equation (12) carby hoticing that in this case the relation between the gr

be consistently solved for the gravitational potenti,,, tational field strength and torsion becomes
which can then be used to write down the equation of mo- my
tion (17), independently of the validity or not of the weak m;

F., =h\T> ., (24)
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it is an easy task to verify that, for a fixed relatior, /m;, domains. Its use is mandatory, for example, to describe
the equation of motion (17) is equivalent to the true geodesicthe Aharonov-Bohm effect, a quantum phenomenon taking
equation place in a multiply-connected space [14].
dii B . I
Uy, *FAW iy @ = 0, (25) Now, in the teleparallel approach to gravitation, the

ds
whereu,, = dx,,/ds = h®,u,, andl”?,, is the Christof-
fel connection of the metrig,,,. However, the price for
imposing a geodesic equation of motion to describe a non-
universal interaction is that the gravitational theory becomes
inconsistent. In fact, the solution of the corresponding Eins-

fundamental field describing gravitation is the translational
gauge potentiaB®,. Like 4,, it is an Abelian gauge po-
tential. Thus, in analogy with electromagnetisBY;,, can

be used to construct a global formulation for gravitation. To
start with, let us notice that the electromagnetic phase factc
®.(P|Q) is of the form

tein’s field equation i
D, (P|Q) = exp {ﬁ Se] , (29)
~ 1 - 871G -
Ruu - 5 g;LZ/R = L4 7;1,117 (26) . . . I . .
2 c whereS, is the action integral describing the interaction of

the charged particle with the electromagnetic field. Now, in
' teleparallel gravity, the action integral describing the inte-
raction of a particle of mass,, with gravitation, according
e L
to Eq. (16), is given by

which is not equivalent to any teleparallel field equation
would in this case depend on the relatia /m; of the test
particle, which renders the theory inconsistent in the sens
that test particles with different relatioms, /m; would re-

quire connections with different curvatures to keep all equa- Q

tions of motion given by geodesics. Of course, as a true fi- Sy = / mgc B uq d'. (30)
eld, the gravitational field cannot depend on any test particle P

properties. Therefore, the corresponding gravitational nonintegrable

phase factor turns out to be

4 Global Formulation of Gravitation

: Q

®,(P|Q) = exp [W;ﬂc/ B, uq dgc“} . (31
’ 1

The basic conclusion of the previous section is that the fun- )

damental field describing gravitation is neither the tetrad Similarly to the electromagnetic phase factor, it represent

nor the metric, but the translational gauge poteniél,. thequantummechanical law that replaces tblassicalgra-

Using this fact, and the similarity of teleparallel gravity with vitational Lorentz force equation (17).

Maxwell’s theory, we are going to introduce now a telepa-

rallel nor_nntegrable_phgse fa_mtor, in terms of which a global 4.2 The COW Experiment

formulation for gravitation will be developed.

As a first application of the gravitational nonintegrable

4.1 Nonintegrable Phase Factor phase factor (31), we consider the COW experiment [7].
It consists in using a neutron interferometer to observe th

As is well known, in addition to the usudifferentialforma- guantum mechanical phase shift of neutrons caused by the

lism, electromagnetism presents alggi@balformulation in interaction with Earth’s gravitational field, which is usually

terms of a nonintegrable phase factor [6]. According to this assumed to be Newtonian. Furthermore, as the experienc
approach, electromagnetism can be considered as the gauge performed with thermal neutrons, it is possible to use the
invariant effect of a nonintegrable (path-dependent) phasesmall velocity approximation. In this case, the gravitational
factor. For a particle with electric chargeraveling from an phase factor (31) becomes

initial point P to a final pointQ, the phase factor is given by

; (32)

: 2 rQ
®,(P|Q) = exp |:ng6 / By dt
P

ie [Q .
2.(PIQ) =exp | /P A, di? (27)

where we have used thaf = v ~ 1 for the thermal

whereA,, is the electromagnetic gauge potential. In the clas- N€Utrons. In the Newtonian approximation, we can se
sical (non-quantum) limit, the action of this nonintegrable ¢ Boo = ¢ = gz, with ¢ the (homogeneous) Earth New-
phase factor on a particle wave-function yields the same re-tonian potential [8]. In this expressionis the gravitational

sults as those obtained from the Lorentz force equation ~ @cceleration, assumed not to change significantly in the re
gion of the experience, ands the distance from Earth taken

from some reference point. Consequently, the phase factc
can be rewritten in the form

o, Q
du e 0 b

=——F pbU . (28)

ds m;c2

: . : -Q
In this sense, the phase-factor approach can be conside- & (p|Q) = e ngg/ () dt| = expi 33
red as thequantumgeneralization of thelassicalLorentz o(PIQ) = exp h Jp ®) =epie. (39)
force equation. It is actually more general, as it can be
used both on simply-connected and on multiply-connected
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4.3 Gravitational Aharonov-Bohm Effect

R / / . As a second application we use the phase factor (31) to
: C

E the gravitational analog of the Aharonov-Bohm effect |
2 The usual (electromagnetic) Aharonov-Bohm effect con:
r in a shift, by a constant amount, of the electron interfero
try wave pattern, in a region where there is no magnetic fi
but there is a nontrivial gauge potentid). Analogously, the
‘B % . gravitational Aharonov-Bohm effect will consist in a sin
: lar shift of the same wave pattern, but produced by the
sence of a gravitational gauge potenfil,. Phenomenolo
gically, this kind of effect might be present near a mas:
rapidly rotating source, like a neutron star, for example.
course, differently from an ideal apparatus, in a real si
tion the gravitational field cannot be completely eliminat
and consequently the gravitational Aharonov-Bohm ef
should be added to the other effects also causing a
change.

Figure 1. Schematic illustration of the COW neutron interferome-
ter.

Let us now compute the phagethrough the two trajec-
tories of Fig. 1. As the phase contribution along the seg- M
mentsDE and BC are equal, they cancel out and do not X
contribute to the phase. Assuming that the segrBénis at E}
z = 0, we obtain for the trajectorDE:

E
m
PBDE = ng / 2(t) dt. (34)
JD

For the trajectonBCE, we have

C . E Gravitational Solenoid
et = "9 / 2(t) dt + 9" / dt.  (35) I
h Je h C L
L

Therefore, we get
Figure 2. Schematic illustration of the gravitational Aharon
mggr /E it (36) Bohm electron interferometer.
d

Ay = PBCE — YBDE =
Let us consider first the case in which there is no exte
Since the neutron velocity is constant along the segi@&nt field at all. If the electrons are emitted with a characteri

we have momentunp, then its wavefunction has the de Broglie v
E s smiA velengthA = h/p. Denoting byL the distance between s
/ dt = - = , (37) and screen (see Fig. 2), and #yhe distance between tt
JC v h two holes, when the conditios > A\, L > z andL > d
wheres is the length of the segme®E, and\ = h/(m;v) are satisfied, the phase difference at a distanf®m the

is the de Broglie wavelength associated with the neutron. central point of the screen is given by
The gravitationally induced phase difference predicted for

the COW experience is then found to be [8] 8% (z) = zg\d. (40)
Ao —s 2mgram? (mg (38) This expression defines the wave pattern on the screen
b= h? m; )’ We consider now the ideal case in which a kind of

finite “gravitational solenoid” produces a purely static g
When the gravitational and inertial masses are assumed twitomagnetic field flux concentrated in its interior. In t

coincide, the phase shift becomes ideal situation, the gravitational field outside the soler
vanishes completely, but there is a nontrivial gauge po
2mgrim? tial By;. When we let the electrons to move outside the

Ap=s——— (39)

lenoid, phase factors corresponding to paths lying on
side of the solenoid will interfere with phase factors corr
which is exactly the result obtained for the COW experiment ponding to paths lying on the other side, which will prodt
[7]. an additional phase shift at the screen. Let us then calc

h2
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this additional phase shift. The gravitational phase factor is the reason why there is no geometric description, in the
(31) for the physical situation described above is sense of general relativity, for electromagnetism.
On the other hand, the teleparallel equivalent of genera

B imgc Q 08 o relativity does not geometrize the interaction, but shows gra

04 (P|Q) = exp | — S u'Bo -dr|, (41) vitation as a gauge force quite analogous to the Lorentz forc

of electrodynamics. It is able to describe the gravitational

where B, is the vector with component8, — — By;. interaction in the absence of universality just as Maxwell’s

gauge theory is able to describe the non-universal electrc
magnetic interaction. In spite of the equivalence with gene:
ral relativity [16], it can be considered as a more fundamen
tal theory as it dispenses with one assumption. Notice in thi:
e [ B e 42 connection that thg (_aquivalence principle is frequently saic
0-ar. (42) to preclude the definition of a local energy-momentum den-

sity for the gravitational field [17]. Although this is a true
Since the integral assertion in the context of general relativity, it has already
been shown that a tensorial expression for the gravitatione
7{]_?0 . dP = ?{(ﬁ % éo) .dd = 7{]} deé=Q  (43) energy-momentum density is possible in the context of te:
leparallel gravity [11], which shows the consistency of the

. L results.

represents the flu? of the gravitomagnetic fieldd = Now, at the quantum level, deep conceptual change
V x DBy inside the solenoid, the phase shift can be written in gccur with respect to classical gravity, the most important

Sinceu® = v = [1 — (v2/c?)]~'/?, and considering that
the electron velocity is constant, the phase difference at
the screen will be

dp =2 —p1 =

the form being the fact that gravitation seems to be no more uni
EQ (m . .

S =— 9, (44) versal [18]. In fact, at this level, the phase of the particle

he \m; wavefunction acquires a fundamental status, and turns ot

where€ = ym;c? is the electron kinetic energy. When the to depend on the particle mass (in the COW effect, obtai

gravitational and inertial masses are assumed to coincideNed in the non-relativistic limit), or on the relativistic ki-
the phase shift becomes netic energy (in the gravitational Aharonov-Bohm effect).

Although in the specific case of the COW experiment the
5 &n phase shift can be made independent of the mass by intr
Y= e ducing a kind of quantum equivalence principle [19], the

. . . basic difficulty remains that different versions of this quan-

Expression (45) gives the phase difference produced byym nrinciple would be necessary for different phenomena
Lhoie'?]igfcvt\'/ﬁir::ﬁf;\"isp"’r‘gglfos tlﬂgegtlr(;\?i?:tgcg)za\(lwxlhzr%ig?/e Since teleparallel gravity is able to describe gravitation inde-
Bohm effect. As this phase difference depends on thependently of the validity or not of the equivalence principle

8 . . .- [5], it will not require a quantum version of this principle to
energy, it applles equally to massive and massless .part'de.sdeal with gravitationally induced quantum effects, and can
There is a difference, however: whereas for a massive parti-

L ; X be considered as providing a much more appropriate an
cleitis a genuine quantum effect, for massless particles, due

to the their intrinsic wave character, it can be considered asconsistent approach to study such effects.
. ! Relying on the above arguments, we can say that the fun
a classical effect. In fact, f& = 7w, Eq. (45) becomes yingd g y

damental field describing gravitation is neither the tetrad nol
w0 the metric, but the translational gauge poteniél,. Me-

dp=—o, (46) tric is no more a fundamental, but a derived quantity. This

¢ point can have important consequences for both classic:

and we see that, in this case, the phase difference does nand quantum gravity. Gravitational waves should be seel

depend on the Planck’s constant. It is important to remark as B waves and not as metric waves. Quantization of the
that, like the electromagnetic case, the phase difference isgravitational field should be carried out dif,, and not on

independent of the positianon the screen, and consequen- the metric. Another consequence refers to a fundament:

tly the whole wave pattern defined by (40) will be shifted by problem of quantum gravity, namely, the conceptual diffi-
a constant amount. culty of reconcilinglocal general relativity withnon-local

quantum mechanics, or of reconciling the local character o

. the equivalence principle with the non-local character of the

5 Final Remarks uncertainty principle [20]. As teleparallel gravity can be

formulated independently of the equivalence principle, the

In Einstein’s general relativity, a theory fundamentally ba- quantization of the gravitational field may possibly appear

sed on the universality of free fall (or on the weak equiva- more consistent if considered in the teleparallel picture.
lence principle), geometry replaces the concept of gravita-

tional force. This theory has been confirmed by all experi-
mental tests at the classical level [15], but any violation of The authors thank J. M. Nester for useful discussi-
the principle would lead to its ruin. We notice in passing ons. They also thank FAPESP-Brazil, CAPES-Brazil, and
that the non-universality of the electromagnetic interaction CNPg-Brazil for partial financial support.

_&Q (45)
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