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The preservation of Onsager symmetry for the effective dielectric tensor is discussed for a homogeneous plasma
immersed in a inhomogeneous magnetic field, using the unperturbed orbits correct up fasgndbich is the
scalelength of the field inhomogeneity. General features of the calculation of the components of the tensor
are discussed and detailed calculations are developed forztloemponent, which is shown to satisfy the
conditions for Onsager symmetry, in agreement with previous results obtained using less precise expressions
for the unperturbed orbits.

1 Introduction neities in the magnetic field and in the plasma parameter
can of course be treated with the formalism of the effective
The effective dielectric tensor has been proposed as the cordi€lectric tensor. However, since our objective is to discus:
rect form to be used for the description of waves in inho- specific features related to f_|eId inhomogeneity, and improve
mogeneous plasmas in the context of a local approximationthe accuracy of the calculations as compared to previous a
[1]. Its basic property is that it is aimed to satisfy energy proaches, we neglect inhomogeneities in the plasma par:
conservation, even in the presence of inhomogeneities. ThigNEters.
property of energy conservation is closely connected with In previous investigations of the effective dielectric ten-
the property of Onsager symmetry, since if Onsager sym-sor for the case of inhomogeneous magnetic field, we hav
metry is satisfied the anti-Hermitian parts of the dielectric considered high frequency oscillations propagating in arbi:
tensor only feature resonant parts, properly describing wave-rary directions in a plasma, and we have obtained expli
particle energy exchange. On the other hand, if Onsagercit expressions for the components of the effective dielectric
symmetry is not satisfied, non-resonant terms appear in thetensor, which satisfy Onsager symmetry [4, 10]. We now
anti-Hermitian parts of the dielectric tensor, which describe return to the subject, aiming to improve the accuracy of the
the variation of the wave amplitude due to the modification calculations, in the sense that the unperturbed orbits will b
of the group velocity in an inhomogeneous medium, not true described more precisely than in previous work. We consi
absorption or amplification [2, 3]. This point has been il- der a homogeneous plasma immersed in a inhomogeneo
lustrated with examples in Ref. [4], where results obtained magnetic field along the direction,B, = By(z)e,, where
from the dispersion relation with use of the effective dielec- By(z) = By(0)(1+ kpx). We also assume waves propaga-
tric tensor are compared with results obtained using otherting in an arbitrary direction relative to the ambient magne-
approaches found in the literature [2,5-8]. The Onsagertic field and to the field inhomogeneity. Using the proposeo
symmetry of the effective dielectric tensor for electromag- geometry we solve the equations of movement and obtai
netic waves has also been discussed in Ref. [9], for the caséhe unperturbed orbits, correct up to ordey. In references
of homogeneous magnetic field and inhomogeneous plasm44, 10], where a dielectric tensor featuring Onsager symme
parameters. try was obtained, we had used the unperturbed orbits, bt
Fur the purpose of the present investigation, it is impor- Neglecting some corrections of ordeg, while keeping the
tant to remark that, although the general conception of thecorrection to the cyclotron frequen¢y,o, which is neces-
effective dielectric tensor is aimed to satisfy energy conser-Sary in order to avoid secular terms, and the term proporti
vation, the proper symmetry of the tensor may be lost due toonal tor in they’ coordinate, which describes the drift of
approximations introduced in the process of actual calcula-the guiding center due to the inhomogeneity. For the preser
tion of specific expressions of its components. It is therefore investigation, we keep all the other terms of orélgrin the
important to investigate limiting cases which allow detailed €Xpressions for the unperturbed orbits, re-derive the dielec
calculation. Here we investigate the case of inhomogeneoudic tensor, and discuss the ensuing properties of symmetry
magnetic field, neglecting the density inhomogeneity which This work presents one example of the calculation whick
occurs in order to satisfy equilibrium conditions. More re- we are developing in order to obtain an effective dielectric
alistic situations which contain simultaneously inhomoge- tensor exactly correct to ordéts, to be used in the inves-
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tigation of waves propagating in inhomogeneous plasmas.where
We develop in detail the procedure which conducts to the

zz component of the effective dielectric tensor, in order to kg
point out the problems which must be treated. We also ob-

1 dBy

= B do le=0, Bo(x) = Bo(1+kpx),

serve that for each component the initial approach must be a
little different, but the guiding line is that some expansions

are forbidden, in the sense that they can give rise to secu- Vo Vo
lar contributions; if secular contributions are introduced, the

Onsager symmetry disappears.

2 The Unperturbed Orbits
The complete set of unperturbed orbits, given in [4] is

Pl (1) = pu cos(p — waT)

Qg Q. i
oy = o0 _ Qo (HkBHka) _
mMaq

These orbit equations satisfy all the necessary cc
tions. They satisfy the initial conditions, they are se
consistent and, up to ordéfz, they satisfy the constan
of motion.

3 The zz Component of the Effective
Dielectric Tensor

kpp? To obtain the effective dielectric tensor itis necessary to ¢
+ "L [2cos psin(p — waT) —sin2(p — wat)], (1) . ) o . :
2m o Qe with the calculation of the tensef, which is obtained usin
b2 the usual expressions obtained with plane wave approx
Pl (1) = posin(p — waT) + BPL tion, but incorporating effects due to the inhomogeneity:
v 2maQa
O Arg P
kpp? 07 _ o [ By 2
_2me6 [2cos ¢ cos(p — waT) — cos2(p —waT)], (2) e=1 Zg WMy, /d p Yo Aa s (7)
« (e
/
PAT) =D 3 0 et
( ) Il Aa :/ dr Oa ez[k(r —r)—wT] 7 (8)
2(r)—z= q [sin —sin(¢ — wa )], o
Madiao k- ! a o k- ) [
\ Oa:<1— p) Joo (k- Vo)Jao s ()
kepi YaMaw ) OP YaMaW
+55 02 [2cospcos(p — waT) . ) )
2mg 2 As mentioned in the Introduction, for the present ap
1 1 cation we calculate only thez component of the tensor. |
—5 cos 2(p — waT) — 5 co8 20 —1] , 4) order to simplify the analysis we consider propagation in
x — z plane. Therk = ke, + kje,. In this case we ca
pL kpp? write as follows the:z component of the effective tensor
y'(r)—y = [cos(p—waT) —cos ]+ o—— o,
maQa() QVamaQa 1 +o0 , “+o00
kw)=— dk d
+2m2 e [2cos psin(p — waT)
« [e3 . ’
) . xe9 (x+ g, K\ Ky, w)et R —hom (10)
——=sin2(p —weT) — =sin2¢| , 5 " L .
o S (p —wa7) g BHEP ©) We note that some quantities appearing in the integ
P of €2, zz component of the tensor obtained with the pl:
1) —z= - , (6) wave approximation, can be written as follows:
YaMa
]
b of Q
Oz = 20 B baL e -
az apu + VoW (f 0) COS(QD waT)
Qg . .
+77wbaL(fao)77a [2 COoS @SIH(QO - WozT) - SIHQ(SD - waT)] ) (11)
where
9 9
pLOpL  Op
b = kipy _1kppy
o = y T =3 ’
Mmoo 2 maey
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ei[k.(r/_r)—un'] _ Fl(%T)F2(@) exp [z <7

where
il = oo
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Gl —w) 7':| , (22)

F)/Ut m()(

Qo .
—ibg—— sin(p — wuT)

QaO

1
+ibaNa {2 cos p cos(p — waT) — 5 cos 2(p — waT)] } 7

Qa
Fy(¢) = exp {ib o

a0
Pa() 1 OOO dr exp{ (

which can be cast in the form

121
’Y(!m(l

AQZ

where
kypy

VoMW

We observe tha,o depends orp and, because at some
moment it will be necessary to perform the integration in this

dmxp“
2

1
sin ¢ + b, [ cos2p + 1]}

afao
Ip|

~L(fa0) 0

w or

(13)

=)

)Fl(% ),

kipy
Me

_w> }pl(% - L(Z:w), (14)

kipr 8

x I; (Zibana)e_i”“’ei(l+”)w“7

variable, we must explicitly show this dependence. To this and

end we approximate

[
QaO

where we define

1
1+ kpx + 21 sing

~§, —2nysing,
0F=1+kpe.
Then, we can write

Fi(p,7) = exp [—ibad; sin(p — waT)

f%bana €08 2(¢p — waT) + 2ibaNa Cos(war)} (15)

Fy(p) = exp [ibacs; sinp + %bana cos2p — Qibana} .
(16

Using one of the definitions of the Generalized Bessel
Functions introduced in references [11, 12, 13]

eiixsin¢iiycos2¢ _ Z eiznqu :U y;ii)
n=-—o0
and
o0
eiixcosa _ Z Il(i’tif) Lla
l=—00
we can write

400 1
Z Jn(ba(s;v §ba77a§ _i)

l,n=—o00

p
Aaz = F( ” fch

w

1
Z J b 51_7§ba7704§7i)

lin=—o00

)

o0
) ) L
X1} (2ibana)e” "7 / drePatmaT _ (fao)
Jo w

where the resonance term is defined by

Q

k
i n—2(8F + 2n, sin ) .
w

=
WMy,

Dpa =

In order to obtaire?, the last step is to perform the
integration in the momentum integration:

27
0

which gives
iD T 721b - 1 ;

T, = 2mePesmeTe 0 ] (bo8y — apnT, Sbanias ) |
where

k Qo

Dna Er}/a_ﬂ_ni(éjv
WM, w
Qo
Qp =200 — .
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Finally we obtain

0 . 471'q62¥ =3
€, =1—1 E 3 g
wem
« @ lin=—o00

2
p 00 )
X / Bp—LL(fao)H(2ibeane) / dretPatnyat
pL 0

]

e.z(z, k,w

lL,n

where

_1_2
SOk R LT
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1

2
4

-3 P [ ). G8)

whereH,(z) = e *I;(2).
In order to perform the BGI correction in this compont
of the tensor, we write equation (10) as

1
XJn(ba(S; — 040 T, §ba77a§ Z)Jn(ba6;7 bana; _i)

4dmg? . P
q /dd “L fa())

7D(z+n)a(90)TIBGI , (19)

+oo +oo
Ipcr = / di, / dn ' —ha = (ks et /2e0n9y, (23] ., )

—00 —00

_ 1 _
(bfx(sdpr,,/g A4nT, ib;n(ﬁ ) (b:l6L+,]/27 2banm - ) .

Now we use in this expression the integral representation

of the Generalized Bessel Functions, given by
1 27
Jn(l. ys :|:Z) — 7/ d¢ eiixsin ¢Eiy cos 2¢Fing )
b ) 27'[' 0

We obtain

27 2 “+o0
Ipar = L/ d¢1/ d¢2/ dk'y Hi(2ib}, 1)
(2m)2 Jo 0 —x

X exp [i(b;é; — QinT)Sing + %b;na cos 201 — imbl}

X exp { b8 sin g — ana cos 2¢9 + mqﬁg}

400
X/ dne {[1—na(sin ¢1—sin ¢2)]k’ —k 1 — (I+n)kpQat/2w}in

— 00

Performing the; integration

. B 1 /277d¢ /27Td¢ 1
P om o TNy TP T na(sin gy — singy)

“+oo
“ / dv., Hi (206, m)

— 00

X exp [i(bgé; — 0ynT)sing; + %b;na cos 2¢1 — in¢1}

X exp { ibl,8 sin ¢ — ana cos 2¢o + m@}

X(S <b;— ba+al+n7—/2 ) .

1 — ne(sin g1 — sin ¢2)

Performing the, integration

7 B 1 /277 d¢ /277 d¢ 1
BGI = o 0 ! 0 11— N (sin ¢y — sin ¢o)

. ba +C¥l+n7/2
2
xHa ( Z1 — Ne(sin gy — singz&g)77

. b + O{l+n7—/2 _ .
0y nT | 8
X exp {z <1 (i1 —sim ) " — Q4T | sin gy
E’ b(,y + O{l+n7—/2
21— na(sing; —sings)

Ta COS 2¢1 — in¢1}

< ex b + al+n7'/2
P 1 —ng(sin gy — sin ¢2)

_f ba + Oél+n’7'/2
21 — g (sin @y — sin o)

We now expand the different factors of this express
maintaining all terms up to ordéts; then

> 0 sin ¢o

Na €OS 202 + ingi)g] .

1 27 2
Tooi =5 [ dér [ doal1+ nafsings — sing)
T Jo 0

XH[(QibanQ)

X exp {z (6;(Hn) + ba7(sin @1 — sin ¢2)> sin ¢
+5 bl 005 261 - mqsl}

X exp [—i (B:(Hn) + baNe(sin ¢ — sin d)g)) sin ¢o
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_§ba77a cos 205 + inds| We also use, keeping only terms linearkip

Hz(Qiba%) = (1 - ibana)(;l,o + ibanaém,l )
where

B, =baby +a,T/2. which, after some trigonometric manipulations gives

]

1
Ipar ~ ﬂ[(l — ibaTa)01,0 + ibanad)1]

27 27
X / dor / dpo [1 + e (Sin 1 — sin o) — 2ibe N SiN @1 Sin Po — by Ny, COS 2¢2}
0 0

X exp {iﬂ;(un) sin ¢ — inqﬁl} exp {fz' ;F(Hn) sin ¢o + z'n(bg} .

Using the following integral representations of the usual Bessel functions and its derivatives

27
2 () = / 6 iz oFing
0

27
:F?MrJ,'z(z) = / d¢ sin ¢ pEizsin ¢Fing
0

2 1 ! 27 o )
o [2 (% _ 7) J ( ) _ 2Jn( ):| _ / d¢ C082¢ eizzsm¢:an¢ ,
z 2 z 0

we obtain, maintaining in the coefficients of the Bessel functions and its derivative terms up t& grder

Ipgr =~ 2mdi0 {Jn(ﬁo_z(l+n))‘]"(ﬁ:(l+n)) — Ma [Jv/z(ﬁg(z+n))‘]n(ﬁ;r(z+n)) - Jn(ﬂo_z(l-kn))‘];l(ﬁi(l-&-n))}}

2

n —
biz In (ﬁa(lJrn) )Jn (ﬁ;:(lJr")) }

+27Tib(’770‘5|”¢1Jn(ﬁ;(Hn))J”(ﬁI(lJrn)) .

72775170 {QZbanaJé(ﬁa(Hn))J (ﬁa(lan)) + 2iba7]a

Using

Z > In(Bagn) I (Bl m)e
n=—oo[=+1

+oo )

= Z [an(ﬁ;n)Jnfl(ﬁ;rn) + J'n+l(ﬂojn)Jn+1(ﬁ;n)] e!Pnet ’
we can obtain .
1 oo
Z IBGIGZD“HL)CJ = Z {J (ﬂan) (ﬂan)
l n=— n=—oo

0l T4 (Bn)In(Bd) = TG T (B P

which gives for thezz component of the effective dielectric tensor

4
e.x(z, k,w) flfz 4o /d3 pHLfao)

v 47Tqa Z/ /dd ” £ fa anaT

x{an;n)Jn(ﬁ;n)fz‘naw;w;n) W(B4) = Ja(Be) T (5]} (20)
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4 The Onsager Symmetry

For thezz component of the dielectric tensor the symmetry
condition to be verified is

Ezz(ka ws BOa {faO(pQLapll)})

= e..(—k,w; =By, { fao (01, —p))}) - (21)

What we must do in the expressions here obtained, in
order to construct the right-hand side of the symmetry con-

dition, is to make the substitutions
Qa - _Qa 9
kp — kg,
bo — ba
Nae = —Na
oF —oF,
a(l+n) - a(lJrn) )
ﬁc:xtn - ﬁi:n )

L— L,

_ k k
L— L= (1 + O > 76 1PL 7(9 ,
YoaMaw ) Op1  Yamaw Ip)
5 kypy Qo
D — D = Yo + ——— + (1 =5k
(I+n)a (I+n)a Y + WMy + ( + n) W

We also need to change the dummy variables- —p),
n — —n andl — —I[, which produces

fao (@1, =) = fao(Pl,—p))

Q(l+n) =7 —CQ(+n)
an = B
L——L,
L— L,
D(t4nya = Datnya -
It is trivial to see that thezz component of the effec-

tive dielectric tensor satisfies the required Onsager's sym- 9]

metry. Thezz component of the dielectric tensor without
the BGI correction doesn't feature this symmetry, since af-
ter the substitutions described above it transforms into

IS

0 . « l
e, > 1—1 5 (-1)
«a WiMa lin=—o0

2

p - o [3 T
. / @ 7L o5 1) M2 / dr P
0

1 1
X In(bady + QpnT, =bata; —1)In(bad, Qbana; 1)

2
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4rq?

which is not the same as the expression given by equi
(18).

These calculations show that the component of the
effective dielectric tensor in the case of magnetic field v
inhomogeneity perpendicular to the direction of the field
tisfies Onsager symmetry, when all terms of the order of
inhomogeneity parameter are kept in the expressions fc
unperturbed orbits of the particles. As we have seen, the
rivation of the dielectric tensor in this case requires a I
amount of mathematical manipulations, considerably n
than in the case of more approximated orbits. They certe
require much heavier load of algebraic manipulations t
the homogeneous case. Similar calculations must be
developed for the other components of the effective die
tric tensor, in order to verify if Onsager symmetry is inde
satisfied by the tensor, as demonstrated in the case of sii
expressions for the unperturbed orbits [4, 10], as well &
the case of homogeneous field and inhomogeneous pl
parameters [14].

/d3p %L(fao(pivp\\))

w?my,
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