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In this work, we investigate the effects of torsion on electromagnetic fields. As a model spacetime, en-
dowed with both curvature and torsion, we choose a generalization of the cosmic string, the cosmic dislocation.
Maxwell's equations in the spacetime of a cosmic dislocation are then solved, considering both the case of a
static, uniform, charge distribution along the string, and the case of a constant current flowing through the string.
We find that the torsion associated to the defect affects only the magnetic field whereas curvature affects both
electric and magnetic fields. Moreover, the magnetic field is found to spiral up around the defect axis.

I.  INTRODUCTION nonzero component of the torsion tensor in this case is give
by the two-form [6]

The study of electromagnetism in a curved background
has very important astrophysical implications as for exam-
le helping the understanding of the signals received from . . . .
Eeutronpstgrs and maybe alsogfrom bIacI£<J holes. Electromal vy:uesrle 512 :;So:\]/?ar:gﬁi-glmceonrrslloc:]r?érizlt(?f ftlrllr(]ecga?\}atﬁrnealt?n—/(
netic processes near such objects certainly will have gener%’(—)Irm g}e 6] 9 P
relativistic effects. After the generalization of Einstein’s grav-

itational theory to include torsion, done by Hehl and cowork- —a)
a

TZ = 2nB3%(r)dr A dg, 2

ers [1], one might ask what are the effects of torsion on elec- R,= -RP= 2ﬂL52(r)dM do. 3)
tromagnetic fields. In this work we study a simple but illus-
trative case: the electromagnetic field produced by a cyllindri- This study intends to show how the changes introduced
cally symmetric source coincident with a topological line de-the geometrical structure of spacetime by a topological lin
fect that carries both curvature and torsion. defect affect the solutions of Maxwell's equations. We ar
Topological structures like domain walls, strings andinterested in the following two cases involving a cosmic dis
monopoles may have been produced by phase transitions ifecation: (i) the defect carries a density of charge and (ii) i
volving spontaneous symmetry breaking in the early unicarries a current. A similar problem was handled by M.F.A. d
verse [2]. Such defects are associated to curvature sing&ilvaet al. [7, 8], who calculated the magnetostatic field due
larities [3] and are solutions to Einstein’s field equations.to an electric current placed in the gravitational backgroun
Although astronomical observations keep indicating that thef a rotating cosmic string. In their work, torsion comes from
macroscopic geometry of the universe is Riemannian it igotation, thus coupling time to the angular coordinatélere,
possible that torsion may appear near curvature singularitie®rsion comes from the coupling betwegandz, as it is clear
[4]. Line defects containing torsion, like dislocations, appearfrom Eqg. (1). Other cases, with spherical symmetry, hav
within Einstein-Cartan-Sciama-Kibble gravitation theory [1] appeared in the literature. For example,the electrostatic fie

in Riemann-Cartan spacetirhi. and the potential of a point charge in the Schwartzschild me
We consider the cosmic dislocation [5] spacetime whoseic obtained by Linet [9] and the magnetostatic field of a looj
metric is given by current around a black hole obtained by Petterson [10]. R

lated to these problems is the question of the self-force c
ds? = —dt? + dr? + o?r?d¢? + (dz+ Bdo)?, (1)  electric and magnetic sources in the presence of topologic
defects, the object of much attention in recent years [11]-[19
in cylindrical coordinates. The parameters associated with  \We restrict ourselves to the study of the generation of ele
the angular deficit of a cosmic string spacetime. The valuegic and magnetic fields by static sources. To facilitate th
of a are restricted to the interval< a < 1, since the linear calculations, we consider the approximation [10] where th
density of mass of a cosmic string, giveniby- (1-a)/4G,  electromagnetic field is taken as a weak perturbation on tt
must be positive. The paramet@ris related to the torsion spacetime metric. Thus the influence of the metric on th
associated to the defect. For di;slocations in solid state phySi@ectromagnetic field is much stronger than the influence «
B is related to the Burgers vectbby 3 = %. the electromagnetic field on the metric. In this approxima
This topological defect carries both torsion and curvaturetion, the task of solving Einstein-Maxwell equations reduce
both appearing as conical singularities onzfexis. The only  to solving Maxwell equations in covariant form.
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This work is organized as follows. In Section Il, we derive covariant vector components are related. In the same way, t
Maxwell equations in the cosmic dislocation spacetime. Inmagnetic field vector componen(8", B®, B?) are related to a
Section lll we solve them for the electrostatic field generatednagnetic field one-fornB; componentgB;, By, B;). Never-
by a line of charge. We find that there is no effect of torsiontheless, the two-form is related taB; by the Hodgex oper-
on the electric field. On the other hand curvature amplifiesation :
it. In Section IV we calculate the magnetostatic field of a line
current in the spacetime of the cosmic dislocation, finding an *B=Bidt. (13)
interesting effect: the peculiarities of the metric give rise to a  Applying the Hodgex operator on Eg. (9) we obtain
z-component of the field. Finally, in Section V we we present
our concluding remarks. We observe that in this paper we use B (a2r2 +p? B )

. . +*B = 7Fzr+ iFr(p d(p/\ dt
geometrical units. ar ar
+ (iFrqﬂ— EE,) dzAdt+ F—q’zdr Adt.  (14)
II.  MAXWELL EQUATIONS IN THE COSMIC ar ar ar

DISLOCATION SPACETIME Therefore, we identify the components of the magnetic fiel
one-formB;
We start by writting Maxwell equations using differential 1
forms: B = —Fg
ar
dF=0 ) _oafri4p? B
By = “ar Far + ar Fro (15)
and 1
B = —Fot _—Fu
*dxF=J, (5) ar ar
o Now, applying the Hodge operator on Eqg. (10) we obtain
where
1 *(EAdt) = — arFrdoAdz
== H v — 1
F 2Fwdx Adx! =B+EAdt (6) B (a . %FZO dzAdr (16)
is the Faraday two-form andlis the current density one-form a2r2 4 p2 B
[ — | ———Fx— —Fy | dr Ado.
given by < ar 2= or ql) rAdoe
J = —pdt +Jrdr + Jpd@+ J.dz (") Finally, using Egs. (6), (11), (14), (15) and (16), we obtain
In Eq. (6) the magnetic field is represented by the two-f8m duF — 10B, 10By, OE d
and the electric field by the one-forn raxE= {aan “ar 9. e dr
f The Faraday two-form in terms of its components is there- B 0B, B 3B a?r? 1 B2 9B,
ore +{-—=-"—"+——
ar or  ar 0@ ar 0z
F = Fed®A dz+ FydzAdr + Fgdr Ade a’r?+p20B, OE,
+Fdr Adr 4 Fgd@A dt + FxdzA dt. (8) - ar W’W}
) 10B, 10B BoB PoB, 0E
Egs. (6) and (8) imply that + {JW*JT(p*aE’aW’W}dZ
B = Fd@A dz+ FrdzA dr + Frodr Ade 9) (10 o 1 _ B
{ ror (I’Er) + a(p(azrz ¢ o2r2 EZ)
and
;L9 [(0%r? + B?)E, — BEg) }dlt. 17)
E Adt = Fydr Adt + Fed@Adt + FxdzAdt,  (10) a?r2 0z
. Care should be taken in interpreting the contravariant con
which leads to ponents of the fields since the metric (1) is associated to a nc
_ . B orthonormal basig&, &, &y, &), whereg,, = &,-8,. There-
B=Ft Bo=Fe BE=Fn (1) fore we need to relate the components of the electric and me
where netic field one-forms to the respective vectors in a normalize

basis, such that in the no defect limit we recover the field
E = E/dr + Egdo+ Edz. (12) generated by a line source in flat spacetime.The new ba:
(&,&,8;,&) is simply obtained by
We observe that the electric field vector components
(ET,E®,E?) are related to the one-fornE components & — & (18)
(Er,Eq,Ez) by the metric in the usual way contravariant and

VO
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The components of a generic 1-forn= A.dr 4 Aydo+ Ill.  ELECTRIC FIELD OF THE LINE CHARGE
A,dz are related to the components of the equivalent vector

A= Aféf+A£pé%p+Aiéz, expressed in the normalized (but non-  In this section we briefly discuss the case of a uniform lin

orthogornal) basis, by: of charge coincident with the cosmic dislocation. In this cas
A=A (19) the charge density is described by
. _ A o)
Ap= \/a2r2 1+ B2A9 4 BAL (20) P =5 (30)

B A whereA is the linear charge density. The presenca of this
S — X (21) expression is due to the change in the volume element caus
Vocr2 4+ p2 by the string metric.
After some algebraic manipulations we finally obtain Eq. The Symmetries of the problem suggest tHat =
(5) in terms of the components of the electric, magnetic andE’ (r), E® = E®(r) andEZ = E(r). Egs. (27-29) imply readily

current density vectors that
19, ; 1 9E® oE2 E%r)=EXr)=0 (31)
S EN+ e ot =p (22)
ror 22132 0 0z
Vo2r2+ 32 09 and Eq. (22) gives
1 B 0 0\ .5 ¢ Al
— | ————=—/0%r2+p2- | B? Ef'r)=—°=. 2
ar ( a2r2 2 0 +B z) (r) ST T (32)
1/9 o\ _, . OEf This result might be explained by a simple argument base
ar \dg Baz B*=J+ ot (23)  on the electric field lines, as follows. The process of crea
ing the defect involves cutting out a wedge of space, whic
55> ¢ ) leaves less volume for the field lines to spread through. Th
V(a%r2+p%) 108" 0 B2, I increases the density of field lines therefore corresponding
ar 0z or Va2r2 432 an amplification of the electric field amplitude. This shoulc
A 6E be compared to the amplification found in the magnetostat
= J<P+ , (24) field of a current-carrying cosmic string [7]).
1[0 oB' aEZ IV. MAGNETIC FIELD OF THE LINE CURRENT
— | = 2r2 4 g2BY 4 pBZ) — = | = g2+ 25
o ar (oot ) - ] - o

Now we treat the case where a current flows along the d
ct. The important equations now are (23 - 25). Here th
symmetry suggests that the nonvanishing components of t

magnetic field ar8® = B®(r) andB? = B(r). With this, in

Notice that Eq. (22) corresponds to Gauss law and that Eq?.
(23 - 25) correspond to Angme-Maxwell law. e
In a similar way, Eg. (4) leads to

10 gy L 9B? LBZ 0. (26 theregiom >0, Egs. (24) and (25) tuninto
ror o221 g2 0<p iz
d (e P o)
il < Jr\/WB ) =0 (33)

(B 0 Joo 9 )\ge dr
ar ( /02r2 4 p2 0@ ot +p 0z E
1 /0 _,0)\_; 0B d ( 2 . roni )
_ = — B®+BB* ) =0. 34
+tor (a(p BaZ)E + 5 0, 27) ar \/0°r2+ 2B+ (34)

We have thus a coupled set of equations of very simple s

\02r2 42 6E’6(EZ+ B (:0>:| lution:
02 ar a2r2 2
Vv +PB . /a2r2 1 p2

ar

P B(r) = kg (35)

6B _0. (28) 02r2

o
and
170 0Ef] oB? 5 B
272 4 R2E® 2y _ 7= | L2 Bir)=kyp— ——

{ar <,/ar +B2E +BE) a(p]+ 5 0. (29) (N=k T (36)

Now, Eq. (26) describes the absence of magnetic monopolasherek; andk; are integration constants. In order to deter:
and Egs. (27 - 29) correspond to Faraday law. mine these constants we withdraw the defect by settingl
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55 9. . system below:
] ugo °
47 o® r(t) = Br(r,(p,z)
4 oo < .
~ 3—: oo (p(t) = B(P(n (pvz) (41)
B¢ c';' oo ‘ Z(t) = Bz(r7 o Z)a
24 3 ° °
-4 DD °° OO ~
i i = (P = (P Z fg
1] %nn°°°ZZggg . \I;v?eret I; a pi;ametgr. ?]nf ggB dB4,0/gqx,, a:dB
4 =]
] °°°Dnnnun§§§gggggg (see Eq. (18)) and with Egs. (39) and (40) we have
A M R R -
. rt) = 0I .
ot) = —— 42
FIG. 1: ¢-component of the magnetic field in flat spacetimed = 2(t) = _LL7
1 andp = 0), o in the cosmic string spacetimea & 0.5 andp = 0), h lution i 2mar?
< in the cosmic dislocation spacetime £ 0.5 andf3 = 1) whose solution 1s
rt) = ro
andp = 0. Thus, we recover the magnetic field of a line cur- oft) — t+ o 43)
rent in flat spacetime: 2T[0(2r§
B . (=-—— 37) a) = ——P 115
a=1p=0v"""" o’ 2mo2r3 '
5 whererg, @, Zp are integration constants.
BZ 1 5o(1) =0, (38) ® 9

It is clear that the above set of equations describes a heli

wherel is the electric current. Hence, we hake= 2'— and
ko = 0. Substituting this into Egs. (35) and (36), we finally
get V. CONCLUDING REMARKS

ng(r) _ | \/m

2m a?r2 (39)

In this work we investigated the influence of the torsior
and curvature of a topological defect on electromagnetic fielc
generated by a line source coinciding with the defect. Torsic

5 I B affects the magnetic field whereas curvature affects both ele
Bi(r) = T omazr? (40) tric and magnetic fields, but in different ways. Also, torsior

forces the magnetic field lines to spiral up along the defe
The coupling between the angular and theoordinates  axis.

brings about an unexpected component of the magnetic field,
which vanishes properly in the no torsion lirflit— 0. In Fig.
1 it is shown thep-component of the magnetic field in a few
illustrative cases. In what follows we take a closer look at theAcknowledgments
magnetic field lines in this torsioned space.
In order to find the integral curves (magnetic field lines) of We are grateful to CNPqg, FINEP(PRONEX) and CAPES
our vector (magnetic) field we need to solve the parametri¢PROCAD) for partial support of this work.
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