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Quantum Correlations in Inflationary Spectra and Violation of Bell Inequalities
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In spite of the macroscopic character of the fluctuation amplitudes, we show that the standard inflationary
distribution of primordial density fluctuations still exhibits inherently quantum mechanical correlations (which
cannot be mimicked by any classical stochastic ensemble). To this end, we propose a Gedanken experiment
for which certain Bell inequalities are violated. We also compute the effect of decoherence and show that the
violation persists provided that the decoherence lies below a certain non-vanishing threshold. Moreover, there
exists a higher threshold above which no violation of any Bell inequalities can occur, so that the corresponding
distributions can be interpreted as stochastic ensembles of classical fluctuations.

Inflation implies that the primordial density fluctuations space-time, with line element
arise from the amplification of vacuum fluctuations [1]. As o
a result, the initial vacuum state becomes a product of highly ds? = a?(n) [~dn?+ &;jdxdx] . (1)
sgqueezed two-mode states [2] characterized by the wave vec-
torsk and —k. This follows from the homogeneity of the The spatial sections in the present Hubble volume are fl
state and the linearity of the mode equation. However the linto an excellent precision if inflation has lasted enough t
ear treatment is only approximate. Hence, when no longefave increased the radius of curvature to super-horizon scal
neglecting the weak non-linearities of inflationary models [3], The scale factor, as a function of the conformal times
and when restricting attention to a given two-mode sector, degiven by a(n) = —1/Hn in the inflationary period we ap-
coherence will unavoidably develop. Since the interactiongroximate by a de Sitter space. At the reheating we
preserve the homogeneity and are weak (SO as to justify thEaSte this law to a radiation dominated phase characteriz
use of a Hartree approximation) inflationary distributions be-by a(n) = (n —2n,)/(Hn?). We can then follow the time
long to the class of Gaussian homogeneous distributions otslependence of modes from the onset of inflation till horizo
tained by slightly decohering the standard distribution ob-e-entry in the radiation dominated era.
tained by neglecting non-linearities [4—8]. After expanding the action of matter and metric fluctua
Given the macroscopic character of the fluctuation ampli{ions up to quadratic order around the background solutio
tudes at the end of inflation, one might ask whether soméhe Hamiltonian for each complex Fourier magleis
quantum properties have been preserved by these distribu- )
tions, and if so, how to distinguish those which have kept some H 1 0|2+ [ K2 — arj o2 @)
from those which have lost them. To show that the standard k=2 n a W
distribution has kept quantum properties and to sort out these
two classes of distributions, we shall analyze the possibility of The state ofp, at the onset of inflation follows from the
violating Bell inequalities [7]. kinematics of the background [9]: if some inhomogeneitie
are present at an early stage of inflation, they are diluted |
the quasi-exponential expansion over proper lengths bigg
I THE INFLATIONARY SPECTRA than our causal patch, i.e., to us, they are indistinguishak
from the background. One is thus left with the vacuum. On
can also reach this conclusion by considering the evolutic
of perturbations backward in time. Then, non-vacuum contr
butions (classical inhomogeneities as well as quantum exc
In inflationary models based on one inflaton field, one cartations of the field) to the energy-momentum tensor blow-u
express the dynamics of the linear perturbations around thghereby violating the consistency condition of no-large back
background solution of Einstein equations in terms of a masseaction. In conclusion, all the modes observable today we
less scalar field minimally coupled to gravity, This field is  in their ground state abo(t0 e-folds before the end of in-
the gauge-invariant linear combination of the gravitational poflation (the minimal duration of inflation to include today’s
tential and the inflaton fluctuations which satisfies canonicahorizon inside a causal patch).
commutation relations [8]. We briefly outline how one obtains  This ground state is unambiguously defined for the rele
the two-mode squeezed states and the time-coherence of thent modes because, at that time, their wavelength was mu
modes [2, 5]. shorter than the Hubble radius (i.k2 > dZa/a in Eq. (2)).
The background geometry is a Friedman-Robertson-Walke®ne therefore works with the vacuum defined in the asymy

A. The 'standard’ distribution
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totic past by positive frequency modes

Jlim_[idy — K @ (n) =0, ®)
whereq(n) are solution of the mode equation:
. 02a\ .
050+ (kz”a> @ =0,
() = &0l (n) + &% d (). @)

The time-dependent terﬂﬁa/a mixes the positivek and
negative frequency-k modes. Therefore the vacuum unitar-
ily evolves into an entangled state: a two-mode squeezed sta

Confusion about the origin of this entanglement seems to pef

sist: entanglement isot a consequence of the reality (self-
adjointness) ofp(n,x). Pair production of charged particles

(in an electric field) also leads to entangled states. Two-modE
entanglement is due to the mixing of positive and negative fre

qguencies and to the homogeneity of the background.

At the end of inflationﬁﬁavanishes and the amplification
stops. During the radiation dominated era, in the absence
iso-curvature modes, the fluctuations of physical fields (thos
of the gravitational potential and of cold dark matter and radi
ation density fluctuations) are all linearity related to the value
of pandd,@evaluated at the end of inflation. This is true both

classically and quantum mechanically because of the linearit

of the transfer matrix.

Instead of working with these physical fields, it is sim-
pler to keep working withy,, since its time evolution is sim-
ply governed byet 1. We shall use this behavior to fur-
ther simplify the writings by introducing creation and destruc-
tion operators%?lk,él defined in the adiabatic era b =
(&e k" 1+ h.c.)/v2k. In terms of these operators, the ‘in'
vacuum (i.e. the state annihilated by @@ of Eq. (4)) reads
(2]

om) = [1(2- 2?)™”

x exp(zala’,) 10.K)©[0,—k).  (5)

sdistributions always factorize into products of uncorrelate

1075

gets the rough estimatiamn, ~ 10'%C. The phase of, deter-
mines the temporal phase of the modes as they re-enter |
Hubble radius [6]. Namely, the power spectrumgpfat con-
formal timen is given by a product of two modes proportional
to €1 +ze K. In inflationary modelsg is very close to-1,
giving rise tosin(kn) functions, i.e. to 'growing modes’.

B. Partially decohered Gaussian distributions

The two-mode entanglement of squeezed states follov
from the homogeneity of the vacuum and the linearity of the
mode equation. However, as discussed in the introductio

[té]e linear treatment is only approximate. When no longer n¢

lecting the weak non-linearities of gravitation [3], and wher
restricting attention to a given two-mode sector, some dec
herence develops. This is very similar to the description of a
xperiment of diffraction of a slightly anharmonic cristal. The
calculation of the reduced density matrix of the two mode
under scrutiny is very difficult. But the weakness of the inter
actions guarantees that the modifications of the power spe

Jkum are extremely small. It also guarantees that the reduc

ensity matrix can still be accurately described by a Gaussi
distribution. Moreover, since homogeneity is preserved, the:

two-mode sectors. In conclusion, inflationary distribution:
f primordial fluctuations belong to the class of Gaussian hc
ogeneous distributions obtained by (slightly) decohering tf
standard distributiopin = |0, in){0, in| [4, 6].

These are described by products of two-mode density m
trices p, which are characterized by the expectation value
(6), whereny and |c| are nowindependenparameters. We
shall work at fixedny (fixed power spectrum), and fixed
arg(ck) (changing this phase does not change the entropy [6
and let the normjcy| vary. A convenient parametrization is
provided bydy:

@)

Squeezed states (5) are maximally coherent and correspc
to & = 0. The least coherent distribution, a product of twc
random density matrices, correspond$gce= nx. Hence, the

parametedy controls the level of decoherence of the distrib-

cl? = N+ 1) (N —3y) -

The tilde tensorial product takes into account only half theution, or equivalently the strength of the correlations betwee
modes. It must be introduced because the (squeezing) opem&iek and the—k sectors. It also fixes the r.m.s. amplitude of
a4 ) acts on the pairs of modes. The complexthe decayingmode, as seen by decomposing the field mode

tor exp(zkak aﬁk) : ; i
numberz characterizes the two-mode states of wavenumbefk N terms of the growing and the decaying modes:
sin(ki ~ cogk
Sintkn) g costkn)

k= |k|. Itis related to the following expectation values

®(n) =4 ®)
@ a) =S k—K), (Ece) = aBk+K).  (©) vk vk
Whend <« n,

The mean occupation number rig = |z/?/(|z|*> — 1) and L 5
the cross correlation term & = z/(|z/? — 1). They obey (@) = n+Z—Rec)=2n (1+O(7)> ,
lc|® = ni(nk +1). This is the highest value ¢fy| for a given i n5
ng. It is obtained for the states which minimize Heisenber Tty 4 _ Al/4 o
uncertainty relations [6]. ’ (G = n+ 2 +Rec)=n <1+ o(n)) ’

Asking that the spectrum describes fluctuations with r.m.s. g 5 12 ot
amplitude10-5 for wavelength observable in the CMB, one {dedy) = Im(c) = 5 +O(n") < (GGy) - 9)
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We have dropped the indexkssince each two-mode can be the events of the measurements on subsystems | and 11 (st
analyzed separately (unless one is considering localized waymsing we have tha priori knowledge that the system is in
packets). the entangled statg), as we do in inflationary cosmology,
We emphasize that the increase of entropy from the initiakee eq. (6)).
pure vacuum state to a statistical mixture follows, as usual, In order to explain these correlations one might be tempte
from the neglect of correlations, see footnotel@8in [10].  to consider that they result from unknown common propel
In other words, ignoring the correlations between several twoties shared by the two subsystems, and whose values were
modes is the coarse graining we adopt. We also notice thaigned while | and Il were still interacting. These properties
this Gaussian ansatz is a first order (Hartree) approximationo which we do not have access by the experiments, are call
With the future experiments, deviations from Gaussianity willHidden Variables. The Hidden Variable Programm consists i
hopefully be measurable and will become a powerful tool toestablishing the conditions which have to be met. In partict
raise the degeneracy between various models for the primolar, Bell's theorem and its generalizations [12—14] show the
dial universe [11]. Quantum Mechanics cannot be embedded limeal Hidden
Variable Theory. In this paper, we will consider a particula
type of inequalities called the Clauser-Horne (CH) inequali
Il. CLAUSER-HORNE INEQUALITIES FOR ties [12, 15].
INFLATIONARY SPECTRA

A. Local Hidden Variable completions of Quantum Mechanics 1.

- C Local Hidden Variable Theory
and the Clauser-Horne inequality

Bell inequalities and their generalizations form a set of con-tioﬁ Ic;focal Hidden Variable Theory (LHVT) is the specifica-

strains on the statistics of outcomes of measurements wh " o i .
one demands that these outcomes are compatible with tﬁ the condltlo?iﬁﬁ)robabn&)ﬂq,[(p: A (r;sp.pm[w,)\l})that the
classical concept of locality [12]. measuremen (resp. W") gives the eigenvalue (resp.

Consider a system made of two subsystems | and Il and Iei\I )égl\:gga%ﬁﬁlluﬁegstl?re h;\dgin variables,
the two parts interact. In general they will become correlated. P "y @ ) :
The requirement of locality forces that

Suppose that after 'turning off’ the interactions, the system is . s o
in zfgure state of the formg 4 1) the conditional probabilitiepe (resp. pw) is independent

of ¢! (resp.d"),
e . B . . . o~ I
X) = zAn|(P>ln® NJ)LI 7 (10) gléhq(j”probabmty distributiorp(A) is independent of bottp
n l
3) given a value\ of the hidden variables, the outcome of the
where there is more than one term in the sum, wW@and measurements @' andW! are statistically independent, i.e.

|qJ)'n' are two sets of orthonormal states in the Hilbert spaces

#' and#"" of | and Il respectively, and wher, = |A|? < 1 Pow(Q.W; A) = Po (@ A] x pw[W; A]. (11)
are the probabilities for the-th outcome to be realized such

that5,P, = 1. The states (10) are a special case of entan- A given quantumstatge #' @ 7{"' admits a LHVT if, and
gled states, see Section I11.C for the definition of entanglemen@nly if, for any pair of observables with spectral decomposi
for statistical mixtures. (Notice that each two-mode squeezetions ®' = ¥, @1 andW!"" = 5, YaM1Y, the statistical pre-
state in Eq. (5) is an entangled state.) Being orthonormaplictions of the model reproduce those of Quantum Mechanic
the |g)!, and|P)!! can be seen as eigenstates of observableke: the joint probability is

@ ®1'" and1' ® ¢! acting non-trivially on#' and #"' re- z

spectively. Pow(@W) =  dAp(A) pow(@.W; A)

After having let the two subsystems interact, we separate
them to two distant places where two measurement separated
by a space-like interval will be performed. We suppose that
we have a ensemble of copies of the same system all prepared
in state|x) in order to perform different measurements and
to accumulate statistical data. The space-like character of the
interval guarantees that the state of one subsystem cannot be
affected by any measurement performed on the other subsys-The Clauser-Horne inequality is a condition verified by the
tem. Once the apparatus | has measured the obser@éble joint probabilitiesPyw (@ ) if Quantum Mechanics can be
on system |, we can predict with probabilify(as checked embeded in a LHVT. They follow from the algebraic inequal-
by reproducing the experiment in the same conditions a largy satisfied by any set of four real numbepsX',y,y), all
number of times and bringing the data together) the outcomlying in the interval[0, 1], see [15] for a proof:
of the measurement df @ W!', irrespectively of the values
of the probabilitied?, and despite the space-like separation of xy+xy +xXy—xy —x—y<0. (13)

Tr (@ﬁ‘fﬁ#) . (12)

2. Clauser-Horne inequalities
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Identifying x = pw[W;A]l, X' = py[W;A],y = pw[W;A,Y =  We have written this probability in an asymmetric form to
pw[W';A], and averaging over one gets make explicit the power spectrum=(n+ 1), and the much
, smaller width & 1+ ) governing the dispersion of the val-
[Pow(®,W) +Pow(9.4') +Pow(¢, ) ues ofw aroundw(v) = v*c/(n+1). Hence, as long &< n,
— Pow(¢, )] x [Po(@) +Pu(p)] 1 <1, (14)  the amplitude of the modek conditional to the detection of

the modek in the coherent state@) is fixed by thatv. We see
explicitly that it isd, the decoherence level, which governs the
strength of the correlations between thand the—k sectors.
Thirdly, given a realization, one can calculate conditiona
correlations. The latter have specific spatial properties be
. o . o revealed by wave-packets. Although their Fourier content ar
' In searching for a violation of Bell mequahtles'ln infla- their localization depends on the chosen wave-packet, the
tionary spectra, one encounters an unexpected difficulty bespace-time structure is uniquely determined by the frequen:
cause we are dealing with Gaussian states. Indeed, obserm-,xing_ More precisely, given the ensemble of realization

ables which are polynomes of the field amplitude and its congg|ected byl p. the projector on some wave packet, the con
jugate momentum cannot violate Bell inequalities. The reasogjtional field amplitude is (see [5] for more details)

is that the Wigner representation of Gaussian density matrices

wherePy, Py are the marginal probabilities.

B. A set of observables for Gaussian states

is positive. Hence, it can be used as a probability distribution . <ﬁ p. @(N,X) M )y - -
function to build an LHV description of the expectation values (@n,x)) = P (Fluep) 2Bl —grt L, (7)
[13]. wp-

We must therefore consider observables which do not hav@ghere
a direct classical counterpart. Nonetheless the operators we

; ) , 7 =
;hall con3|der. have aplear and simple meaning. They are pro- — (Mx) = d3k (v eikX(p‘K’“‘( )+c‘c.)
jectors on a given pair of coherent stape&) and|w, —k) (N, ‘(21.[)3/2 k n ’
(v, w) = [V, k) (v, k| @ [w, —K) (w, K] . (15) _ Z  $3k .
X) = —— (Wi(V) e U (n) +c.c.) .
The coherent states obey, by definitidpjv,k) = v|v,k) and a(n.x) (2m)3/2 (W) @ )

ak|w, —k) =wlw, —k).

We want to make a pose and advertise the pertinenPn€ Sees that the centers of these wave-packets propagat
role of coherent states in inflationary cosmology.  Firstly,CPPOsite directions on the future light cone from the event ¢
for quadratic Hamiltonians, they are minimal uncertaintyCreation atthe reheating. Hence, onagiventime slice, e.g. t
Gaussian states which are stable in time. They are thus tHe2St Scattering Surface (in the matter dominated era), they &
quantum counterparts of classical points in phase space. MogéParated by more that twice the Hubble radius at that time.
generally, one expects that they are still stable as long as the The important conclusion for Bell inequalities is that the
secular effects of non-linearities (changes in the width of colneasurement (15) (more precisely, its generalization whic
herent states, formation of small scale structures -whirls angontains a product ovér so as to describe a localized wave
tendrils- of the classical trajectories [17]) remain small. SuctP@cket) can be performed on subsystems which are causz
is the case in cosmology as long as the the linear regime (arfiSconnected. Violations of Bell inequalities with such ob.
therefore the Gaussian approximation) are good approximairvables were first considered byokiewiczet al in the
tions. context of Quantum Optics [16].

Secondly, for quadratic systems weakly interacting with a
reservoir of modes (here the coupling is through the non-linear
gravitational terms), there exists a finite time after which the
system reaches a state which is a statistical mixture of coher-
ent states (more generally, of minimal uncertainty Gaussian A two-mode state is called separable, or classically corrt
states) [18, 197 ]. lated, if and only if it can be written as a convex sum of tensc

Coherent states can therefore be thought as providing Broducts of one-mode density matrices [20]. Otherwise, tt
particular realization of the Gaussian ensemble describingtate is called entangled. Restricting to the class of hom
the primordial fluctuations. The probability that the semi-geneous Gaussian states (6), separable states are of the f

C. Separable states

classical values andw of thek-th mode be realized is [21]
5 (5[ z
Q(V, w;8) = Tr[pZ(é) (v, W)] ~sep d?v d?w ~
0)= ——P(v,w;d)M(v,w), 18
v whereP is a Gaussian function. For homogeneous distribt
SR Ry tions, it is given by [6]
w—w(v)? o _ 1 e w—(ev/n)?
X 115 exp[ 115 (16) P(v,w;8) = € X exp N/n ,
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whered = n? — \c\z must be positive. This implieg| < n, irrespectivelyof the value ofn whenn > 1. Even though
ord > n/(n+1). In other words, all the states such that each probability in (19) decreases likgn, the range ob is
|c] < 4/n(n+1) are entangled. asymptotically constant in the regime relevant for inflationar

The physical meaning of separable states is revealed bgosmology. One also verifies that, as expected, the maxin
the fact that they can be prepared by a classical protocol: golation is obtained fod = 0, i.e. for pure states. In Fig. 1
random generator produces the four real numbers encoded Ve have plotC(v) for three values ob.

(v,w) with probability P. The result of each drawn is send
by classical communication channels to two distant observers
performing separate measurements on the subsy$teans

—k respectively so as to prepare them into the two-mode co-
herent statév,k)|w, —k). By construction, the statistical prop-
erties of separable states can be interpreted classically. In
particular, separable states cannot violate Bell inequalities as
demonstrated in [20]. We will use them to derive the CH in-
equalities.

When applied to separable Gaussian states (18), the proba-
bility (16) is

[N

=
=]
L@l

[N

Z o 42 o
dadB,

QP (v w;0) = (@,B;8) p(via) p(wiB),

wherep(vla) = |(v]a)|? = e V- af’ < 1. This has the struc-
ture of Egs. (11) and (12), whefe, ) play the role of the
"hidden variable”\, andP(a, 3;0) the role of the probability ‘ o
densityp(A). Then Eq. (14) gives

o 1@ @ Ay

FIG. 1: The loss of violation as decoherence increa3éw function
C(vw;8) = [Q(0,0;8) +Q(v,0;0) (19) is normalized to its maximal classical valug:= 1. The variable
n+1 X= \v\z gives the square amplitude of the field configurations. The
+ Q(0,w;8) — Q(v,w; 8)] x <1l occupation number is = 100, and the three values &fare0 (red,
upper), the pure stat®,05 (blue, middle), and.1 (brown, lower),
the border regime. The functiofi(v, —v,d) is asymptotically inde-

ll. VIOLATION AS A FUNCTION OF THE LEVEL OF pendent oh in the largen limit.
COHERENCE

We now have all the elements to search for combinations
of v andw which maximizeC of Eq. (19). The maximum
is reached foarg(c*vw) = tand|v| = |w|. To make contact
with [16], we choose the arbitrary pha®argv) = arg(c) to

getw = —v. The maximum of this function is reached for IV.  FINAL REMARKS
\Vm(5)\2 In [1+ RT?} N First, there might be operators which violate Bell inequal
115 — ities for 0.1 < & < 1. However it is not guaranteed that these
1424/ 07 will have a simple interpretation in cosmological terms.
_ In2 {1+ o (@)] (20) Second, an observational verification of the violation woulc
3 ’ require several steps. First, one should be able to distinguist
. . from —k configurations, i.e. to have access to the primordic
and its value is velocity field, see [5]. Second, one should isolate rare realiz:
1 3 1+8 tions, far from the r.m.s. values, and specified with a precisio
Gu(d) = 21+9) [1+ 273 +0 <T>] (21)  given by the spread of the coherent states) which is also
much smaller tham. Given thatn ~ 10%0, an observational

There is a violation even for macroscopic occupation numyerification seems therefore excluded.

berg._Thls fact _d_emonstrates tinae- 1 IS a necessary bm_tot_ It is nevertheless conceptually important to realize that i

s;ufﬂuent condition to have a classical (stochastic) d'St”bu'non-linearities, and hence decoherence, are weak enough

tion. The Iatt_er are onl_y the sgparable_z ones for wiich1. thatd < 1, the distribution of primordial density fluctuations
More precisely, the inequality (19) is violated for would have kept its quantum properties in spite of the macrc

scopic character of the amplitudes and even though we canr

_ 4/3
—1+43/2%° ~ 0.095, (22)  observationally verify it.

o< 5
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