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Renormalization Group (RG) is a powerful method for investigating quantum effects of matter fields on
curved background. The formalism of RG in curved space is well known since 1984, but its applications to
cosmology and black hole physics require more knowledge and opens a new interesting field of study. We review
recent results about the derivation of renormalization group in a mass-dependent scheme and also consider
ambiguities of conformal anomaly using dimensional and covariant Pauli-Villars regularizations.

review and introduction). The weak side of fS-based RG
b- is the problem of interpretation qf and related difficulties

The Effective Action of vacuum (EA) is a most useful o ) . !
leth applying RG, e.g. in cosmology.

ject to parametrize the quantum effects within quantum fiel An alt i is © histicat
theory in curved space-time [1, 2]. Sometimes this approach /\N @ltermativeé way 1s 1o use some more sophisticate

is refereed to as semiclassical approximation, in order to ems_cheme of renormalization, which would not be universal on

phasize that the metric is not quantized. The EA is a metric®S theMs-based RG is, but which should be designed esp

dependent functional, at one-loop level it consists of the clas(-:ially for the given application. Unfortunately, there is no co-

sical action of vacuum and the contributions of closed Ioopé’arlant renormalization scheme except M8 one. Further-

of free matter fields. At higher loops the fields interactions belnore, the known renormalization schemes (e.g. the mome

come relevant. However, the practical derivations of the EA:[um s_ubtraction SCheme) of renqrm_alization are not rea_lly a
are mainly restricted by the one-loop order and here we shafirorriate for the use in the gravitational framework. Still the
also work in the framework of this approximation. dn— 4 momentum subtraction scheme enables one to extract so
even the contributions of free matter fields are very compli/€lévant mformaftl(r)]n, part Ofl it will be re\ﬂewetil).below. The
cated to calculate, and this task has been successful only f§12in Purpose of the original papers on the subject was to |
some particular cases. The word “particular” corresponds ty€Stigate the phenomenon of decoupling of massive fields
the choice of both the model for the quantum field and thd®W Energies for the free fields of different spin [7], the the-
one for the background classical metric. The most remarkabl8"Y with Spontaneous Symmetry Breaking [8], for one par

example is the case of massless conformal invariant fields orﬁcular example of interacting theory [9] and also to clarify

the cosmological (homogeneous and isotropic) metric backz°Meé long-standing problem concerning the conformal anor

; - ly [10].
ground, where the EA can be derived exactly [3, 4]. This red .
sult has been obtained through integration of conformal anom- T_he main goal of the works [7._9] was to f_ormulate the ef
aly [5, 6], showing the importance of anomaly and the relate ective approach for quantum field theory in curved space

renormalization group for the analysis of the EA. time. The notion of decoupling is an important aspect of ef

) o ) ] o fective approach. At classical level decoupling means that
The investigation of EA in more complicated situations, heavy field doesn't propagate at low energies. This can |

in particular for massive fields, requires a choice of the apeasily seen observing the propagator of a massive particle
proximation and of the calculational scheme. In this respecfow energy

the seminal role belongs to the Renormalization Group (RG), )
which enables one to reduce the information about compli- 1 ~ i (L) K2 < M2. o)
cated non-local quantum contributions to the relatively simple k2+M2 — M? M4 )

dependence on a single paramgterThe most simple and  The gecoupling theorem explains how the suppression of
most formal version of RG, based on the Minimal Subtractiongffects of heavy particles occurs at quantum level. Let us stz

MS renormaliz_ation scheme, has been successfully applied t9om the pedagogical example and consider QED in flat spac
the quantum field theory in curved space (see, e.g. [2] for thgne 1-j00p vacuum polarization is

z 2
@O "1 in Mo P
0

212 4mu2
*On leave from Bogolyubov Institute for Theoretical Physics, 03143 Kiev, . .
Ukraine 9o Y where8,y = (pupv — P?gw) andpis the parameter of dimen-

TAlso at Tomsk State Pedagogical University, Russia sional regularization. In th#1S renormalization scheme the

; &)
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B-function BMS results from acting$ p& on the form factor where we used notations
of By 2 a
2+a

2 407

1
A=1+4= -
tan T

- a
Ms _ limz. ©)
Obviously, constant formfactors mean z@dunctions for/A
This B-function can not tell us about the decoupling. In orderandG. The situation for the higher derivative terms is quite
to define physicaB-function, let us apply the mass-dependentdifferent. For the Weyl term th-function is
renormalization scheme. Subtracting the divergencg?at 1 1 1 2 4
M? and taking denvanv%MdiM we arrive at BL=— ( & A) @)

(4m2 \ 182 180 6at
SR M2x(1—X) .
Be = 22 o dxx(1-x) MM —X)" In the UV and IR limits we have
- 1 1 m?
The UV limit (M >> mg) gives  Be = BMS and in the IR limit Py = _W@+ o (?) ;
(M <« mg) we meet a quadratic decoupling compared to the 1 02 ot
UV B-function (Appelquist & Carazzone theorem [11]) IR_ _ Ll LA
and Bl =~ 1egqanz me T O\ e ®
e M? M4
Be= 5 5 +O0(— |- (4)  The last formula is nothing but the Appelquist & Carazzon:
602 m2 m

theorem for gravity. Herg is the momentum of the linearized

In order to derive decoupling theorem for gravity we havegravitational fieldh,, on flat background.
considered massive fields on the classical metric background For the R? term the situation is very similar. The bulky
[7]. As we have already mentioned above, there is ngxpressions for thB-function can be found in [7], the com-
completely covariant technique compatible with the massparison of the UV and IR limits manifests standard quadrati
dependent renormalization schemes. We have performed calecoupling
culations within the linearized gravity on the flat background

Ow = Nw + hw. The corrections to the graviton propagator BY — _ 1 §2+ O(ﬁ)

come from the standard Feynman diagrams [7] or may be de- 2 2(4m)? p2/’

rived using the covariant heat-kernel solution in the second 2 /nP e z 1 4

order in curvature approximation [12, 13]. Ro= = 1I32(i1n)2 [Ez— % @} + O(%). 9)
The polarization operator must be compared to the tensor

structure of the vacuum Lagrangian Similar results for the decoupling take place for the massiv

1 fermion and massive scalar cases [7]. The difference with tt

L=— 160G (R+2N) + a1C2 +apE +a3lJR+ a4R2. contributions of massive scalar consists in the coefficients «

the samea-dependent terms. One important consequence |
this difference can be observed in the theory with broken si
Persymmetry. If we assume that all particles of the MSM ar
very light compared to the-particles, we arrive at the plot of
e Bo-function for the local R2-term (see Fig. 1). At this
E;ot the valuea = 2 corresponds to the UV limit and the value
a= 0corresponds to the IR limit. One can see that the sign «

HereC2 = Cﬁwﬁ is the square of the Weyl tensor afdis
the integrand of the Gauss-Bonnet topological invariant (Eule
characteristicE = RG o, — 4R4, +R%.

In the case of massive scalar we meet, after performing a
the integrations, the following EA:

Z this B-function is changing on the way from UV to IR. This
Fio dxi\/g {”‘4 ) (} 4 §> +EmzR<} + 1) change of sign leads to the transition from stable to unstab
2(4m2 | 2 \e 2 3 regimes [14] in the model of anomaly-induced inflation [15].
1 1 vap g2 In the theory with Spontaneous Symmetry Breaking (SSE
+5Cwap [7+kw} ct +R[* +kR} . (5 the situation is essentially more complicated. In this casi

2 60 2¢ AR
even at the tree level one has an infinite number of non-loc

p . terms in both vacuum and induced actions of gravity, and &
where = 51 +1n (%) , &=%&—3. Theformfactors those non-local terms in the vacuum action get renormalize

for the higher derivative terms are at the quantum level. However, the standard decoupling la
for the higher derivative terms holds in this case too [8].

v — kw(a) = 8A n 2 n i7 An expansion gy = Nw + hy works well for higher

15a%  45a2 150 derivative terms, but not foA and G. Why did we ob-
= 1-3A 2A\: tain Ba = B1/c = 0 in the momentum-subtraction scheme

_ _ A%2

kR = k(@) =A% +< 18 +@)E Let us remind that the sam@-functions are non-zero in

A A A 1 7 the MSrenormalization scheme [2]. In fact, the running in

oa% 1822 + m+ 10822~ 2160’ (6)  the momentum-subtraction scheme means the presence
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the result (10) provides a perfect fit with théR term in the
local (means with respect to local conformal symmetry) cor

1 formal anomaly obtained by the point-splitting method [18]
0.8 (-regularization [19] and other methods (see [1] for the re
0.6 view)

0.4 1 )
<Th>=_— - [3C°—E+20R|, (12)
0 2\ 4= gooam | ]
G i e 5 whereC? = C?(4) = RS s — 2R%, + (1/3)R? is the square of
20,2 the Weyl tensor ah = 4 andE = RﬁwB —4R%, + R is the
0.4 integrand of the Gauss-Bonnet invariant. We added these t

terms for consistency, despite our main attention will be pai
to thedOR term. Let us notice that the above result has bee
obtained via the massless conformal limit in the massive ar
FIG. 1: The plotf,(a) demonstrating the change of sign between non-conforr’q@l (generally # 1/6) theory. Indeed, for any
UV and IR. £ £1/6, the R?term is subject of infinite renormalization
procedure and therefore the above limit is ambiguous. Ir
deed, this situation may look quite trivial, because the term ¢
our interest is local. However, a redevant detail is that, in th
conformal theory, the counterterm oRR? type is not needed,

f(0) = In(0/u?)-like formfactor. In QED, in the UV limit
we meet the term

e et O hence one can thing that the ambiguity is nothing but a cons
——FyFM+——SFyIn({—— | F¥V. u " choi izati
4 M 3(4m2 W 12 quence of a “wrong” choice of regularization scheme.
The anomaly can be seen as a consequence of an infin
Similarly in gravity it is possible to insert regularization of the higher derivative terms in the vacuun
of action. The simplest way to derive the conformal anomaly i
Cwag f(O)CH™ or  RF(O)R using the dimensional regularization [6], however this calculz

tion meets certain problem. The usual scheme of calculatic
[6] is as follows. The renormalized 1-loop EA is a sum of
three parts

in the higher derivative sector. However, no insertion is possi

ble for A and1/G, sincelJA = 0 andR is a total derivative.
Does it mean thafs and By, really equal zero? From

our point of view the answer is negative, for otherwise we @ =1

meet a divergence between the mass-dependent renormaliza- ren = Siac+T" +ASiac,

tion scheme andSscheme in the UV where they are sup- whereS,,. is the classical vacuum action. Indeed, this actiol

posed to be the same. Perhaps calculations on a flat backan be chosen to be conformal invariant for the case of confc

ground are not appropriate for deriving the renormalizationmal matter [20]. Furthermord, @ is the non-renormalized

group equations fof\ and1/G. This hypothesis is quite nat- quantum correction, which is divergent, conformal invarian

ural, especially because flat space is not a classical solution {as far as the matter field was formulated conformal invariar
the presence of the cosmological constant. Let us notice that n £ 4 and non-local. Finally,

the practical derivation of the decoupling law fhrand1/G 1

may have very interesting cosmological and astrophysical ap- _ 2

plications [16]. ASvac = (4m2(n—4) (3¢ ~E+20R)

One of the applications of our expression for the effective. L . N
action of massive fields (5) is the new way of analyzing the'S the Iocallcounterterm which is not conformal invariant is
conformal anomaly — a typical phenomenon for the quantizeélqI # 4. Obviously, the anomaly comes from the unique non
massless fields on classical curved background [17]. conformal component, that &55ac

As an example, consider scalar field
) . T=<Tl>= —igwégj’ac.
L:E{(D¢)2+n12¢2+<é+é> R¢2}. W

VA
Inthem= 0, £ = 1/6 limit of (5) we obtain, in theR R2 sector, unambiguously, to the expression (12). Let us now consid

For theC? andE terms the application of this formula leads us.
the remaining term and see that in this case the situation

Z .
B 1 4, .1/2 more complicated. Indeed
12-1804m2 XgIERE. (10) 5 2
—_ n p—
Due to the identity 3G Vg (ER) = 0.
z . . . . . .. R
_ 2 I d4x\/ng2 — 120R. (11) This shows that, in the dimensional regularization, ttieR-

/=g G 30y type counterterm does not contribute to AR term in the
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anomaly. Of course, this is not a natural output, especially23, 24]. The Pauli-Villars regularization implies introducing
because the anomaly for the global conformal symmetry doesiassive auxiliary fields with distinct Grassmann parity whicl
depend on all counterterms. Furthermore, other regularizatiooancel all (quartic, quadratic, log.) divergences in a covarial
schemes also link the two coefficients in a direct way, so heravay

we meet a divergence between the results obtained in distinct

regularizations. N 2 4 2 2
Accordjng to [6], the CR term in the anomaly is coming Sreg = Z) d%/g{(06)° + (&R+¥)of } .
from the = C?-type counterterm via the identity =
z 5 The physical scalar fiel§l = ¢ is conformak = 1/6, my =0
5 ¢4 = (C*— EDR). (13) and bosonico = 1.

20v=—— d"™%/g
" dgw Vo4 ned 3 On the other hand, the Pauli-Villars regulatods (i =

_ . 1,...,N) are massivem = M # 0 and can have either
Hence T - _(.2/3)9\"’9“' DR+ ... For the scalar and spinor bosonics = 1 or fermionic statistics = —2. Since they are
fields this relation gives the same result as other regulanzaﬂoHOt observed, there is no violation of the spin-statistics thex
schemes. However, for the vector field and also for the highelrem here ’
derivative scalar [3] and fermion [22] the coefficients are dif- !

- . o After UV limit M — o« we arrive at the vacuum EA. The
ferent. Hence it is reasonable to look again at the def'n't'o%alculation is based on our result (5), as we already me
(13). :

R . - :
Why we have to chooshS, o — \@CZ(4)?. In fact, if we tioned. We assume that the Pauli-Villars regulators might hay

) . ) __non-conformal coupling& # . The regularized effective ac-
choose the square of the Weyl tensor in an arbitrary dimensio, on is pling& 7 5 9
d,

N
— 4 2 Fgé) = I F(l> ) i7/\ )
=R~ g 3R G pag e W g = lim 3 sh (m.&.A)

whered = 4+ O(n— 4), the corresponding counterterm will whereA is an auxiliary momentum cut-off. All divergences
be perfectly consistent with its destination, for it is local andcancel out due to the Pauli-Villars conditions, which have, i
cancels the divergence in the one-loop EA. However the resutiur case, the following form:

for the (OR) term in the anomaly essentially depends on the
choice of d. E.g. forC?(n) there is nodR term at all and

for thed = n+vy- [n— 4] the OR term is proportional to an
arbitrary parametey. We can conclude that the dimensional
regularization does not predict the coefficient of fhie term

in the anomaly. Let us notice that the change of parameter N o, X 1 )
y in the counterterm which we adg 8% by handsis com- ‘ZSM = .Ziﬁ (Ei - 6) =0; (quadratic)
pletely equivalent to addingfinite  R2 term to the classical = =

action. Adding this term is absolutely safe procedure, because

it is not a subject of infinite regularization. From the point of N N 1\ 2

view of renormalizability this term is not necessary but it is Z\Si p,-4 = Zs <Ei - —> =0; (log.)
not forbidden either. Hence the arbitrariness we have found in i= i= 6

the dimensional regularization is nothing else but the conseg simple solution of these equations is
quence of the identity (11). This arbitrariness takes place also
for other fields and finally the coefficient in the general ex- S12345=(1,4,-2,2,-2),
pression for the anomaly

s =-1, (quartic divs.)
5

T#>= [wC?+bE+d'CR 15
<T'>= [wC+bE+a'0R] (15) o545 =(4.3134), &=+1/6.

can not be defined within the dimensional regularization. We ) ) )
remark that this arbitrariness is exactly the same we alreaueb?“e,mat'vew we can choose &| = 1/6, so there is an arbi-
met when taking the massless conformal limit in the effectivelfariness here.

action of a massive scalar theory with an arbitrdty The conformal anomaly in the covariant Pauli-Villars regu:
In order to complete the story we can answer the follow-1rization is given by
ing question: is it possible to observe an arbitrarinesg’in
in some other regularization? In order to address thisissue _ 1 | 1 iczJr 195— * \ORr
. . . . - 2 Pl
we need another example of covariant regularization which (4m)2 | 180 120 180

should admit certain freedom in choosing regularization para-
meters. And our result for the effective action (5) enables usvhere
to build the regularization of this sort.
Consider covariant version of the Pauli-Villars regular- 5

N 2
—vs(&-2) g
ization, known from Yang-Mills and Chern-Simons theories i;a (E' 6) W
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Again, we meet an ambiguity. It is easy to see that, exactly asonstants. The derivation of EA on a more complicated bacl
in the dimensional regularizatign case, the ambiguity is relatedrounds in necessary for obtaining th¢sséunctions, which
to the freedom to add the finite \/ng-term to the classical can help us in order to prove or disprove the possibility of
vacuum action. time-dependent cosmological constant [16]. The same c:

The only way to fix the ambiguity jo’ is through a spe- culation is vital for further theoretical development of the
cial renormalization condition for the \/ng-term. In the anomaly-induced inflation model [15]. An important appli-
free scalar theory this looks as an additional complication, beeation of our calculation [7] of the effective action for mas-
cause this term is not renormalized. But ag we know fromsive scalar field is better understanding of the ambiguity i
the literature [21], in the interacting theory the\/QRz-type the conformal anomaly im = 4, the issue which produced a
counterterm emerges anyway at higher loops and, thereforgng-standing doubts [17]. We have seen that the dimensior
this extra condition does not lead to an essential modificatiomegularization does not enable one to predict a coeffia@ént
of the theory structure. At that point ope has to remembeand that a similar ambiguity takes place in other calculation:
that the dynamical effect gopmes from the\/ng-term, and schemes, including taking a conformal limit in a massive the
not from the total derivative ,/gUIR. Looking from this per-  ory and in the powerful Pauli-Villarsyregularization. At the
ghective, we can see that the renormalization condition for theame time the ambiguity concerns only/gURin the anom-

\@Rz-term is fixing the initial point of the renormalization aly and the induced dynamics coming from the vacuum effe
group trajectory for the corresponding coupling, and not theive actign can be made completely unambiguous by introdu
shape of the trajectory. In other words, the curve shown at thing the \/ng-term into classical action and imposing the
Figure 1 remajins valid if we impose the renormalization con-corresponding renormalization condition at quantum level.
dition for the \/ng-term in a proper way. As a result the
m/odel c_)f qno_maly-lnduced inflation is not jeopardized by theAcknowIedgments
o’ ambiguity in the conformal anomaly.
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