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The Super-Poincagé Algebra Via Pure Spinors and the Interaction
Principle in 3D Euclidean Space

R. da Rocha
IFGW, Universidade Estadual de Campinas, CP 6165, 13083-970 Campinas, SP, Brazil
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The Poincaé superalgebra is introduced from a generalization of the Cartan’s triality principle based on
the extension of Chevalley product, between semispinor spaces and even subspaces of the extended exterior
algebra over Euclidean spai8. The pure spinor formalism and the framework of Clifford algebras are used,
in order to provide the necessary tools to introduce the Pddrmaperalgebra where all the operators in space
and superspace are constructed via pure spindgs iand the interaction principle, that generalizes the SO(8)
triality principle.

I. INTRODUCTION A totally symmetric trilinear tensor is defined as

The seminal paper of Wess and Zumino [1] treating the 4- 1 (@1, ®,@3) = h(uz,X2v3) +h(us,X3v2) +h(uz,x3v1)
dimensional super-Poindanlgebra, has boosted new investi- + h(uz,x1v3) + h(uz, x2v1) + h(uz, X1v2).
gations on supersymmetry in Lagrangian field theory and in
particle physics. On the other hand, Cartan’s triality principle,lt is possible to endow the vector spaBewith an asso-
based on the group SO(8) and its double covering Spin(8)iative and non-commutative produst E x E — E, called
has been applied in recent physical theories, like supergravitihe Chevalley produgtthat is implicitly defined by [2, 4]
and superstrings. Only in dimension 8, bosons and fermion$ (@1, @2, @) = B(@1 A @,¢3). It is immediate to see that
have the same number of degrees of freedom. This generaf-A U= Xu andx A v =xv [2].
ized supersymmetry comes from the triality principle, which » Proposition 1. The inclusionsV A SF C S, St a
asserts that bosons and fermions are equivalent under the tri@d CV, S~ AV C S' hold. «
ity map [2—4], based on the Chevalley product [4]. This paper Hereonx,u andv are respectively denoted elements of
is presented as follows: in Section 2 the main results involvyY/, ST andS~. The spinor representatigm of the Clifford
ing the structure of the Chevalley product, giving rise to theproduct inSt and the vector (adjoint) representatigrin V
triality principle, are presented [2], and we briefly revisit the naturally induce a irreducible representatiérin E. Given
pure spinor formalism. In Section 3 the Poineauperalgebra se '™, that denotes the Clifford group of elements of uni
is introduced inR3, via orthosymplectic graded Lie algebras norm, such representation is defined Y{g)(x +u + v) =
and via the interaction principle, which generalizes the cyclicx(s)x + p(s)u + p(s)v.
property of the Chevalley product. This work was supported The representatio¥(s) is shown to be orthogonal in rela-
by CAPES. tion to the metric orB [2]. In addition, it can be shown that, if

Xo € V is such thak3 = 1, thenY?(xo) = 1. Now consider a

spinorug € S™ of unitary norm, i.e.h(up,ug) = 1. A homo-
Il.  TRIALITY PRINCIPLE AND PURE SPINORS morphisn : St —V is defined is such away thB(tuo) (X) =

X A Up. The mapt(up) is clearly orthogonal and is uniquely

Consider a vector spacé endowed with metrig. The  €xtendedto an order two automorphisWieS-. If ve S~ is
spinor spacé can be written as the direct sun= St @S-,  Such that =1 (up)x fora uniquex € V, definingt (uo) (v) = x,
whereS* denotes semispinor spaces that carry, each one, 3'd besides, the maguo) is defined inS* as a reflection,
non-equivalent irreducible representation of the even subalgdiven a fixed spinotp € S*, ast(uo)(u) = 2h(u, uo)uo — U.
braC¢+(V,g). Define the spacE =V & S* @S In order In order to define an order-three automorphism, thgt permut
to find a vector spacé such that the semispinor spage of  cyclically the vector spaceS™,S™ andV, we can verify that
V has the same dimensionof V, the conditionn = 8 must ~ 1(U0)Y (X0)T(Uo) =Y (x0)T(Uo)Y (Xo), and then theriality op-
hold. We consider hereon ~ R89 [5]. The space is there- ~ €rator® is defined agd(xo, Uo) = Y(Xo)T(uo), which is an
fore 24-dimensional and its elements are hereon denoted fder three automorphism, sin€(xo, uo) = 1. _
@=X+U+V, wherex €V, u e St andv € S—. The spinor » Proposition 2 The subspaces, S* andS™ of E are cycli-

metrich : St x St — R is defined as cally permuted bYO(xo, Ug), in such way tha®(Xo,Up).V C
SJr, O(Xo,Uo).§ cS, O(Xo,Uo).87 CcV. «
h(u,xv) = h(xu,v) = (xu)Xv (1) Now pure spinor formalism is briefly reviewed. For more

details, see e.g. [2-4, 6-8]. Given the comp¥ vector

where (- )X is a dual operator fron$* to (S*)*. A metric  space and its corresponding Clifford alge@&2n, C) with
B:E x E — R is defined from the spinor metric and the  generators?, a spinom is a vector of th@n-dimensional rep-
metricg: resentation space @(2n,C) = EndS, defined by the Car-
5 tan’s equatioreu = 0. Foru # 0, z€ C?" may only be null.
B(@1,®) = 9(X1,%2) +h(ug,uz2) +h(vy,vy). (2)  Defining the volume elememt Weyl spinorsu.. are defined
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by z(1+x2n+1)us = 0, and are elements of the representation
space of the even subalgelta" (2n,C). Each Weyl spinor
uy spans a&2"!-dimensional spinor space, and the expres- 28, = e, +8&;, 2X,1=e+8&, 28 =ie3+8,

sion z(1 + Xon11)ur = 0 definesd-dimensional totally null A A& i e
planesTy(u.). It may be shown that eveny, € S*, where %e = Q=6 Ku=@-8, Zs=le—a (4)
Ct*(2n,C) = EndS* define such planes. Fdr=n, that is,
for maximal dimension of the totally null plandg(u. ) :=
M (uy ), the corresponding Weyl spinat. is named simple or
pure and, as shown by Cartav(u, ) and+u, are isomor-
phic (modZ,). All Weyl spinors are simple or pure for< 3.

where 29(&i,&31i) = 1 = &i&34i +&34i&, 0<1i <2 [6].
Choosing the subspace of the exterior algebra, the underlyi
vector space of the Clifford algebra, as

A=NR3OR} AL (REGRY), (5)

. POINCAR E SUPERALGEBRA IN R® in particular the following products can be obtained:

In four dimensions the (translational) super-Poigcalge-
bra [1] is given by 38485 A 8184 = 28583, §38485 A {28385 = — 28583,

. 818283 2 818485 = 28183, 18283 A 8384 = 28283,  (6)
{Qﬁqu} = Zo-abpua [Pw PV] = 07

{Qa,Q} = {Qa,Qy} =[Py, Qa] =[P, Q] =0. (3) From the properties{ogs€als, w&38ags} = —(v€384gs5) A
(w&38485), {0&38485,10838485} = {0&384als5, 0838485} =

The operator8,, Q, can be written, in terms of the superspace0, [, @] = 0, whereo, v € At P, = Eag orEad;, and using

coordinates, aBy, = idy, and the results in [6], if we define
; b . iab
Qa = den ~19,0°00, Qa= ~0ps +16°0}0) [T Q] Qf i
. y W= 0[] &1€4&3 +E0&384 | E0828485 +&38485|  &2€4&5+E0&1 A €283
We now .eXtend the results in [6.]’.Where the Poigcanper- P=1{]|&284&5 — €1&385 | —&28384 — §18285 | §180€5 + &3€4 A €1€285
algebra is extended by generalizing Prop.1. Instead of CON-[[1=2[[E;8,85 1 £15584] 38485+ 182| E3t4 A E18584%5 &4
sidering a vector spadé, it is possible to consider any sub-  [[u=3][€084&5 — £38485| 38485+ E08285| &283ks A &5 — Lolais

spaceA of the Clifford algebraC¢(V,g). Denoting 4+ C

Cl*(V,g), whereCr¢~(V,g) denotes the subspace of multivec-
tors ofC¢(V, g) written as the Clifford product of an odd num-
ber of vectors iV, the proposed generalization in [6] allows it can be shown that such operators satisfy egs.(3), where t
two possibilities: a) If dim{) = nis such than/2is odd, we  super-Poincdralgebra is derived from a generalization of the
have:4at ASTCS" STAS CAa", S A4TCS;b) Chevalley product, between even subspaces of a Clifford alg
If dim(V) = n is such thatn/2 is even, it follows that bra, pure spinor formalism. Using the triality principle frame-
A ASTCS STAS CA4, S A4 CS'. Thisis work and the pure spinor formalism the super-Poiaailge-

the so-called interaction principle [6]. Taking a basis ofbra is derived, which is shown to have a deep geometric

(R®*®R3), as beinge;, & }3_,, define the vectorg as structure behind.
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