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Electromagnetic Field in Lyra Manifold: A First Order Approach

R. Casana, C. A. M. de Melo, and B. M. Pimentel
Instituto de Fsica Térica, Universidade Estadual Paulista,
Rua Pamplona 145, CEP 01405-90@&adSPaulo, SP, Brazil

(Received on 23 October, 2005)

We discuss the coupling of the electromagnetic field with a curved and torsioned Lyra manifold using the
Duffin-Kemmer-Petiau theory. We will show how to obtain the equations of motion and energy-momentum and
spin density tensors by means of the Schwinger Variational Principle.

I. INTRODUCTION whose transformation law is given by
First order Lagrangians are one of the most profitable tools pr = Q_GA E@@ }L)ipazi
in Field Theory. By means of first order approach, Hamil- @ F0X° oxtox’ - @Ox oxHoxXY
tonian dynamics becomes more transparent, constrained sys- 1,0 @
tems can be dealt with a wide range of methods [1], and CPT +56V@ In (6) :
and spin-statistics theorems can be proved by variational state-
ments [2]. One can define the covariant derivative for a vector field a

Otherwise, the coupling between electromagnetism and the 1 ~ 1 B
torsion content of spacetime has been an intringuing puz- OpA” = Z0pA” + T A, OpAy = ~0pA — T Aq .
zle for many years. Minimal coupling of the Einstein-Cartan ® ®
gravity with eletromagnetism breaks local gauge covarianc T v
by the presence of the torsion interaction [3-5]. ?Ne. use th-e hotatione, = 3 ( an M) f?; the

Here, we want to add another piece to the puzzle, showingntisymmetric part of the connection and, =
that the torsion coupling problem is related to scale invariance 9°° (0uOvs +0vdou — 0o9w) for the analogous of the
which we will model together with the gravitational field by Levi-Civita connection.
means of the Lyra geometry. Electromagnetic field will be de- The richness of the Lyra’s geometry is demonstrated by tF
scribed by the first order approach of Duffin-Kemmer-Petiaucurvature[7]

(DKP). .
R%qc = @ [aB (d%c) —0q ((Pr%cﬂ +
Il. THE LYRA GEOMETRY +% cpf%AcpI:ﬁofcpfﬂAcpl:go}

The Lyra manifold [6] is defined giving a tensor metgig, ~ and thetorsion
and a positive definite scalar functigrvhich we call the scale 2 _
function. In Lyra geometry, one can change scale and coordi- T P = ——6‘[116\,] Ing (8]
nate system in an independent way, to compose what is called ¢
areference systetnansformation: leM C RN andU an open
ballinR", (N > n) and letx : U ~ M. The pair(x,U) defines
a coordinate systemNow, we define a reference system by
(X,U, @) whereptransforms like

which has intrinsic link with the scale functions and whose
trace is given by

- . 3. -
T =Tu= 6aum(p. 2

‘5(@ = 5(X(>7) e(x(X)) 5. #0 In the next section we introduce the behavior of massle:
DKP field in the Lyra geometry.

under a reference system transformation.
In the Lyra’s manifold, vectors transform as Ill. THE MASSLESS DKP FIELD IN LYRA MANIFOLD
S 0

0 DKP theory describes in a unified way the sfirand 1
X

fields [8-10]. The massless DKP theory can not be obtaine
) ] o as a zero mass limit of the massive DKP case, so we consic
In this geometry, the affine connection is the Harish-Chandra Lagrangian density for the massless D}

theory in the Minkowski space-tim@&(*, given by [11]
1

o _lep 1 9 9
P _ =rp - P ) _ PO s _ _ _
Mw=lMwty {6“‘” n ((p) 9w g™ 06 1n ((pﬂ Loy — 1 DYB0a — 0T — Ty, 3)
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where the3? matrices satisfy the usual DKP algebra DKP field minimally coupled [3, 12, 13] to the Lyra manifold,
introducing the tetrad field,

anbnc cnbpa abc c,ba
PRRHPPR =P 0 (%) = NP ()€'b(X), G (X) = b2 (X084
andy is asingularmatrix satisfying [16] z
_ d4 Aa (i a —i0, bR2e* T, )
Bay+yl3a Ba , y2 =v. S X(p € (I queuaB DHLIJ IDHLIJB ayllJ quqJ) (7)

wherer is the Lyra covariant derivative of DKP field defined
From the above lagrangian it follows the massless DKPypgye.

wave equation

o _
iB0ap —yp=0. IV. EQUATIONS OF MOTION AND THE DESCRIPTION

. . . . . OF MATTER CONTENT
As it was known, the Minkowskian Lagrangian density (3)

in its massless spin 1 sector reproduces the electromagnetic or
Maxwell theory with its respective (1) local gauge symme-
try.

To construct the covariant derivative of massless DKP fiel
in Lyra geometry, we follow the standard procedure of ana-
lyzing the behavior of the field under local Lorentz transfor-
mations,

In following we use a classical version of the Schwinge
Action Principle such as it was treated in the context o
lassical Mechanics by Sudarshan and Mukunda [14]. Tt
chwinger Action Principle is the most general version o
the usual variational principles. It was proposed originally
at the scope of the Quantum Field Theory [2], but its appli
cation goes beyond this area. Here, we will apply the Actio
W(X) — W (x) =U (X)P(x) (4)  Principle to derive equations of motion of the Dirac field in
an external Lyra background and expression for the energ

whereU is a spin representation of Lorentz group charactermomentum and spin density tensors.

izing the DKP field. Now we define spin connectior§, in a Thus, making the variation of the action integral (7) we ge
such way that the object z i P 50
3S= dxap {4L "o PyBHop + (—pauwB“qu} <5) +
1 Q
Uugp = 6(3“[“ +S (5) .
oe
L
transforms like a DKP field in (4), thus, we set 7 * dX(p © < ) + ®
O — (Cu)’ = U (x) Dy + O o | iBy(3B) O — 10,5 (3B v +
and therefor&transforms like + dxegt { ipyBH (8S,) W +iW(3S,) B“WJ} +
2
1 _
§=U SV (0 - 2@V (6) +  Ox e (VBT — IS8 W) +
z : .
From the covariant derivative of the DKP field (5) and re- +  dxep? {I—q_JyB“(éaqu) L (30uP) B“ylp}
membering thaf)) must be a scalar under the transformation % @ @

(4),. it fpllows that 0,0 = %6@— (S, Using the covariant — dx e (i0,0BY+ Py — iPyBHS,) 5y
derivative of the DKP current Q

1 Choosing different specializations of the variations, on
Ou(WB'Y) = (pau(q?BVqJ)+rvm (qj[_?}q;) - can easily obtain the equations of motion and the energ

B B momentum and spin density tensor.
= (O0uW) B W+ (OuB) W+ WpY (Ouw)

one gets the following expression for the covariant derivative A. Equations of Motion
of BY

1 We choose to make functional variations only in the mas:s

OuB’ = Z0up" + MV n B +SBY — B'S, less DKP field thus we sétp= de", = dwyap = 0 and consid-
@ ering 8,0, = 0, from ( 8) we get
z
5= doyeq’i| Gy (8y) — (8D) By +
z

A particular solution to this equation is given by

— 1 b b_ |pa pb .
Si= E(Jl)uabsa , S = {B B } . +i %dxe{p (81]) ['B“Duw+|TuBuV¢_W} +
With a covariant derivative of the DKP field well-defined — dxed [0, + it DV - Dy | &
we can consider the Lagrangian density (3) of the massless Q o [ uop uve lIJV} v
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Following the action principle we get the generator of the B. Energy-momentum tensor and spin tensor density
variations of the massless DKP field

Now, we only vary the background manifold and we as

Goy = 20 doy e’ i [ PyBH (8Y) — (30) B“WJ] sume thadwy,ap andde!, are independent variations,
z
and its equations of motion in the Lyra’s manifold are 5S— dxep“ i (@Vﬁamuw _ DulI_JBaVLIJ) el +
Q
i (Ou+Ty) Y-y =0 1 . _ 1
{ iDLOBH -+ it PyBH + Py =0 + (558) L+i (lIJvB“SabllJ + llJSabB“VLIJ) Eé%ab] :
The spin 1 projector®¥(= &'aR? ) andRY (= e3e",R) First, holding only the variations in the tetrad fiefty,ap =

[10, 15] are such tha®'yp and Ry transform respectively 0, we found for the variation of the action
as a vector and a second rank tensor under general coordinate z

transformation. Thus, using the projectors we have 3S= dxep’ [ | (QYB2OuY — OuByY) — euaL} oty
Q

— i H it, (RVw) — = _ .
R iy (RW) + i (RYp) — Riyp = 0 Defining the energy-momentum density tensor as

multiplying by (1—y) we get . 138 . _ . o a
(D +50) (RMy) = 0 u :%@:wvﬁ Oud —i0.B°* W — e, L
and which can be written in coordinates as
R il (RMBP) + T, (RVBPYY) — Ry = 0 T’ = Sl = BT~ CWOB Y~ 8

On the mass shell,
. ~ T =igyB¥O,p —i0,0R YW — 5,
RV =1 (T + oY) [0 (RA) — 0P (R'Y)] w = IWETEN DB~ 8 0v
Now, making functional variations only in the component:

from the above equa_tions we get the equation of motion fogs ihe spin connectiorde!, = 0, we found for the action vari-
the massless vector fieRiMp ation

(O +1v)(Op +Tpy) [6” (RY) — g (R'Y)] =0,

We use a specific representation of the DKP algebra in

z
1 p—
55— _dxar' 3 (Bupan) 1 (VB'S®+ SBM) w.

which the singulay matrix is we define the spin tensor density as being
y=diag0,0,0,0,1,1,1,1,1,1) . iab _ (p%éés :iq_J(yB“s"‘b+s‘abB“y)qJ
€ OWyab
Then in this representation the DKP field is now a 10- ) |
component column vector The spin 1 component of DKP energy momentum tensor |
P
P = (0, Wt g2 4R 22 R 2 gl g0,y )T T = 4™ (Outa — Oa) +
wherey? (a = 0,1,2,3) and 2 behave, respectively, as a ! P (D Wi — 0O llJ*) +
- : 2 ¥ B¥u
4-vector and an antisymmetric tensor untlerentztransfor-
mations on the Minkowski tangent space. And we also get -3, (LIJ*GB%B)
T which coincides with the first order energy momentum tensc
yb = (0,0,0,0,y, 3t wt2, @', y?0, y*0) of the electromagnetic field in the real case.
R = (44,0,0,0,0,0,0,0,0,0)"
RV = (¥*,0,0,0,0,0,0,0,0,0)" V. FINAL REMARKS

due toRty = yR! and Ry = (1 - y)R". Then, we get the

- . The coupling between torsion and massless vectorial fie
following relations amongy components

was showed to be related to scale transformations in Ly
i — Oy — O background. Since this scale transformations are governed

W = Uy — Loy ) -~ X
an arbitrary functionp, it seems plausible that the problem of
which leads to the equation of motion for the sfiisector of  breaking the local gauge invariance associated with this co
the massless DKP field in Lyra space-time pling could be removed from the theory if we had chosen a
. Wiy v gauge transformations to be linked to scale invariance in Ly

(Ou+T) (OR" - 0°gH) = 0. manifold. A deeper study of this line is under construction.
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