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A natural and very important development of constrained system theory is a detail study of the relation
between the constraint structure in the Hamiltonian formulation with specific features of the theory in the La-
grangian formulation, especially the relation between the constraint structure with the symmetries of the La-
grangian action. An important preliminary step in this direction is a strict demonstration, and this is the aim of
the present article, that the symmetry structures of the Hamiltonian action and of the Lagrangian action are the
same. This proved, it is sufficient to consider the symmetry structure of the Hamiltonian action. The latter prob-
lem is, in some sense, simpler because the Hamiltonian action is a first-order action. At the same time, the study
of the symmetry of the Hamiltonian action naturally involves Hamiltonian constraints as basic objects. One can
see that the Lagrangian and Hamiltonian actions are dynamically equivalent. This is why, in the present article,
we consider from the very beginning a more general problem: how the symmetry structures of dynamically
equivalent actions are related. First, we present some necessary notions and relations concerning infinitesimal
symmetries in general, as well as a strict definition of dynamically equivalent actions. Finally, we demonstrate
that there exists an isomorphism between classes of equivalent symmetries of dynamically equivalent actions.

Keywords: Constrained systems; Symmetries; Lagrangian actions

I. INTRODUCTION dynamically equivalent actions is given in sec. 3. Finally, ir
sec. 4, we demonstrate that there exists an isomorphism |

] ] ] tween classes of equivalent symmetries of dynamically equi
The most of contemporary particle-physics theories are foryjent actions.

mulated as gauge theories. It is well known that within the
Hamiltonian formulation gauge theories are theories with con-
straints. This is the main reason for a long and intensive . SYMMETRIES
study of the formal theory of constrained systems, see [1].
It still attracts considerable attention of researchers. From
the very beginning, it became clear that the presence of first-
class constraints among the complete set of constraints in the ) o ) )
Hamiltonian formulation is a direct indication that the the- We consider finite-dimensional systems which are de
ory is a gauge one, i.e., its Lagrangian action is invarianécribed by the generalized coordinates= {g* a =
under gauge transformations. A next natural, and very im1.2....,n}. The space of the variableg!,

portant, step would be a detail study of the relation between

the constraint structure and constraint dynamics in the Hamil- galll — (g)' q®, | =0,1,...,Na, (qa[O] = qa) L= 27 (1)
tonian formulation with specific features of the theory in the dt
Lagrangian formulation, especially the relation between th

constraint structure with the gauge transformation structure o onsidered as independent variables, with fihlie, or with
. . gaug ome infiniteN,, is called the jet space. The majority of phys-
the Lagrangian action. An important problem to be solve

-“Iical quantities are described by so-called local functions (LF

in this direction would be a strict demonstration, and this 'Svahich are defined on the jet space. The LF dependafﬂrup

the aim Qf th? present article, that the symmetry Structures qfy oo 1 finite orders < Ny > 0. The following notation is
the Hamiltonian action and of the Lagrangian action are th%ften used[6]; ==
N :

same. This proved, it is sufficient to consider the symmetr

structure of the Hamiltonian action. The latter problem is, in E (qa[o] ol g2 ) _E (qﬂ)
some sense, simpler because the Hamiltonian action is a first- ’ ’ ren

order action. At the same time, the study of the symmetry of )
the Hamiltonian action naturally involves Hamiltonian con- for the LF. In what follows, we also deal with so-called lo-
straints as basic objects, see [2, 3]. It follows from the result§al operators (LO). LQJa, are matrix operators which act on
of the article [4] that the Lagrangian and Hamiltonian actionscolumns of LFf2 producing columng* of LF, FA = Upaf®.
are dynamically equivalent. This is why in the present article-O have the form

we consider from the very beginning a more general problem: K <oo

how the symmetry structures of dyna_lm|cally equivalent ac- Upa = z Uka(dt)k ; (3)
tions are related. The article is organized as follows: In sec. o

2, we present some necessary notions and relations concern-

ing infinitesimal symmetries in general. A strict definition of Whereu',’:\a are LF. We call the operator

A. Basic notation and relations

@)
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0. Via O(F) we denote any LF that vanishes on the equation
i K< Fa (qﬂ) = 0. More exactly, we defin® (F) = V°FR,, where
(0 an= kzo (—ch) (4)  VUbisan LO. Besides, we denote W= O(F) any LO that
- i vanish on the equatiors, (q“) = 0. That means that the LF
the transposed operator with respecthq. The following | that enter into (3) vanish on these equatians; O(F), or

relation holds true for any LF* and f,: equivalentiyJ f = O(F) for any LF f.
FAUALf2 — [(OT)aAFA] o440, ©) We consider Lagrangian theories given by an ac8fmj,
z t
whereQ is an LF. The LOU,p, is symmetric ¢-) or antisym- Slal = t Ldt, L=L (qﬂ> : (7)
1

metric () respectively if(UT) ,, = +Uqp. Thus, for any an-
tisymmetl’ic LOUab relation (5) is reduced to the f0||0WingZ where a Lagrange functioh is defined as an LF on the Jet

faUas f* = dQ/dt, whereQis a LF. _ space[7]. The Euler-Lagrange equations are
Suppose the total time derivative of an LF vanishes. Then
this LF is a constant. Namely, 3S | oL
2= (-t) ——==0. (8
oq & acpl]
@) -
dt =0=F (q ) = const ©) Any LF of the formO (3S/3q) is called an extremal.

. [ i
Indeed, let us suppose thég are the orders of the coordinates Forany LFF (q ) the operation

¢?inthe LF, i.e.F (q[']) =F (mqa[’\'a]). Then according to

(6) the following relation holds true deF S/ d I oF g
Na—1 dp & <_a> dcpl! ©
oF gfNatl = _ atF+Z z oF gl |
agalNe] e & 0K is called the Euler—Lagrange derivative with respect to the ct

. ' . ordinateg?. One can see that the functional derivative of the
The right hand side of the above relation does not depend oactionS coincides with the Euler—Lagrange derivative of the

o@Nat+l. Thus, oF /ag?Mal = 0, and thereforeF (q“]) must  Lagrange function,
not depend org?™e!. In the same manner we can see that 5S  dgL
F (q“]> must not depend ogN - and so on. I (q“]) does 3¢ def (10)

(1] My =
not depend on angl™ , thend;~ (q ) = 0as well, and we The Euler—Lagrange derivative has the following property

getF (q[']> = const

dg. d
We recall thafa (q”) = 0andxq (qﬂ) = 0 are equivalent dpdi 0. (11)
sets of equations whenever they have the same sets of solu-
tions. In what follows, we denote this factBs=0<= x =  To prove this, one may use the relation

0 d 0 iy 9 ) )
6qa[k] a = rqa[k] <at + I;q aqu - (1 - 6k0) aqa[k,]_]

0 0 d o d
bll+1] _d L0
i (at +I;q 6qb[']> oK dt agplk +(1-%0) acelk—1

Thus, one gets
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dee d
ddt - 2

0

d
dt

0o d

aeM dt kZO

(&)

B. Noether symmetries

Consider an infinitesimal inner[8] trajectory variatiog?

<_
23 (3) e w i (w) e
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d\k 1 5 d\k 5
pms i T2 5 ) st
dt gk &\ dt) ocpk-tl
0 _dde ddey _
okl dtdep dtdep

Any linear combination of symmetry transformations is ¢
symmetry.
Indeed, letdig be some symmetry transformations, anc

(inner variations vanish together with all their time derivativesdq = &g, wherec' are some constants. Then, taking intc

att; andty). Namely,

g (t) = q?(t) = o (t) + 8. (12)
We suppose thai? = 32 (q“) is an LF. The correspond-
ing first variation of the action can be written as follows:
z t
8S=

<]

“8Ldt, (13)

where the operatcfi, which will be called the transformation
operator, acts on the corresponding LF as[9]

5= z ek aqa = d5q (14)
Two simple but useful relations follow from (14):
562 = 30%, Bugq = Cdsq- (15)

The variation (12) is a symmetry transformation of the ac-
‘}?ne ought to remark that the sum (19) that presBritsrun-
i

tion S, or simply a symmetry of the actid® whenever the cor-

responding first variation of the Lagrange function is reduce

to the total time derivative of a LF. NameByg is a symmetry

if

_dF
dt”’

whereF is an LF. In this case the first variation (13) of the

action depends on the complete set of the variaiplest = t;
andt =t only,

3L = (16)

Zy, . .
8= dLdt=F2

ty

account (15), we obtain:

Séiquz—T:Séqu%T7 F=CF. (17)

Transformation operators that correspond to symmeti
transformations are called symmetry operators.

The above-described symmetry transformations are calle
Noether symmetries.

Below, we list some properties of the transformation opel
ators and of the symmetry transformations:

a) Any first variation of the Lagrange function can be pre
sented as

dELL dP S dP
a-eL—- a
oL = oqt— qa =0 76qa + a0 (18)
whereP is an LF of the form
N N s—m
a a d oL
p— 1 mg, a[m—l]’ m__ <77) . (19
Ya Zl Pa'5d Pa S; a) ogs 19

ing only over those for which N, > 0. However, it can be
extended over ali’s since the momentgl]' that correspond to
the degenerate coordinates are zero. Thus, the prime over
sum above can be omitted.
b) Any transformation operator commutes with the tota
time derivative:
-~ d
{5 dJ 0.

The latter property is justified by the following relations:

(20)

02
alk-+1] alk b[l+1] 5~alk
6 Z; {&q 6qa o+ dq ""“‘ } Z et et oqAKagPl]”
54 _ 5 [sp0+u] 9 Wpiry 0% ds
6& IZO [6q } aqPll +80,+ Z 8q™q aqPllagel — at™
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¢) The commutator of any two transformation operators is €) The commutator of two symmetry operators is a symme

a transformation operator as well. try operator as well.
Namely, letd,q = 8y, andd,q = 6g,. Then Indeed, led .0 =001, andd ,d = 002 be symmetry transfor-
o L . . mations, i.e.fL = dF/dt, andd,L = dR,/dt. Then, taking
[61, 62} =&z, 039=01002 — 02001 . (21) into account (20) and (21), we obtain
Indeed, one can write: {81782} L =35l = %Fs, Fa = 81F — 8oF; . (26)
23 2 d aks pi] @ 0
010 = 19 qu[” — + oy 80, = Thus, the set of symmetry operators of the acgdarms a
' é( 1 ) ogP Z 2 9Pl agelk Lie subalgebra of the Lie algebra of all transformation operz
d 5 6q 3 9 tors.
2, 30) + 57 5qtl! (22) f) Symmetry transformations transform extremals into ex
Z) dtt  oqPll Z l ? aqb Pl ” tremals.
. s sl aky 0 0 The validity of this assertion follows from the relations
0201 =) (5825(11 ) P + g o5 3K aghll proven below.
k=0 k=0 Suppose is a symmetry operator; then the following rela-
dk (852501?) 3 o9 tion takes place:
=Y — et Y e o
& dtc ol k,Z:O L2 ogbll ggel 595 _ “g§. 27)
(23) 3 daP
Then subtracting Eq. (23) from Eq. (22), we obtain the rela.nd€€d, by virtue of (10), (11), and (24), we can write
tion (21). de (3L
In other words, the set of all transformation operators form 8§ SdELL EL ( ) _ ApYeLl
a Lie algebra. o dep dep adop
d) The commutator of the Euler-Lagrange derivative and a dg, dF 4, 3S ~p 8S
transformation operator is proport|onal to the Euler-Lagrange ﬁ at Qaxp 5P = —Qaw .

derivative. Namely, |6q dqP, then
A generalization of (27) based on the relation (24) reads:

do gl oy (<2) 0 s (e
dep’ ddp’ ™2 k; dt) oge - sdk &S _ 8S
To prove this property, one may consider a sequence of q oq°”
equalities, g) Symmetry transformations transform genuine trajectc
N ries into genuine trajectories.
Z, deL (6F> Zgy, . Indeed, suppose thét be a genuine trajectory, that is
— =2 0%t= = & OFdt
t1 dqa t
0S
— | =0, 29
Z t Z 6qa q ( )

2 an .
= O&Fdt4 & 5 Fdt
4 R anddq? be a symmetry transformation. Then the transforme

trajectory @@ = ¢ + d¢? is also a genuine one. Indeed, by

_ z to Za _E ksaidt +Z to 8 5 deLF it virtue of (27) and (29), we get:
TS \a) Tttt g LR L K
O | g—g 6qa a 6qb .

e (385 +30) = e, (Bt =27,

51 C. Trivial symmetries

where( (1) is an arbitrary inner variation, aridis an LF.
It is useful to keep in mind the following generalization of
relation (24):

Below, we are going to describe so-called trivial symme
tries transformations, which exist for any action.
A symmetry transformation is called a trivial symmetry

d\“dg = ~p deL transformation whenever the corresponding trajectory vari
(a) dep’ = ( ) QadCP (25)  tion has the form

ab5S
which follows immediately from (20) and (24).

5P (30)

5° =
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whereU is an antisymmetric LO, that i —gab | then

Thus, trivial symmetry transformations do not affect genuine

trajectories. (One can prove, see below, that any symme-

try transformation that vanishes on the equations of motion, [31 32} L= 8L, 80P = e = U > 3S (31)
80 = O(8S/8q), is trivial, namely it has the form (30)). With ’ oo’

the help of relations (5) and (18), we can easily verify that (30)

is actually a symmetry transformation. Indeed,

T)ab

whereVaP andU2° are some antisymmetric LO.
der L~ e L dP dF dP d(F+P)

df = dof at + ar - dt To verify (31), we remark that, according to (2B is a
symmetry operator, witdsq = 18,9 — 8519, wheredq=

whereF andP are some LF. 3102. The termd; 3, can be calculated with the help of (14),
Since trivial symmetry transformations are proportional to

the equations of motion, they do not change genuine trajecto-

ries, as was already mentioned above. 3 (5207 , 8S
The commutator of a symmetry operator and a trivial- zo o [dtk < ﬂ)}

symmetry operator is a trivial-symmetry operator. Namely, q q

if

3L =

diL = dFy/dt, &L = dRp/dt, 57 = 5,0 = V208S/3qP, and the ternd,8,q can be calculated with the help of (27),

oS

aduct = (50°) 5qb+vab625qb (89%) 55 0S _ jabge S

Thus, we obtainds@ = 3 = U8S/30P, whereU@? is an antisymmetric LO of the form

. 3(5P) [ d\ ep d\ ko (30"
ab _ -~ cb ac _ ¥
v k%{ oW \at) VTV Td) gl

— 0V ab

We call two symmetry transformatiodsq andd,q equiv-  which contains two groups of coordinatgsandy! such that
alent ©19 ~ 8,q) whenever they differ by a trivial symmetry the Euler—Lagrange allow one to expressyaitia ql. It is
transformation: convenient to calk:[q,y] the extended action. One can try to
eliminate the variablegfrom the extended action to get some
reduced action, which depends now only ggnand ask the

310 ~ 8o == &1 — Sp = U _— 53 (32) question: What is the relation between the extended and t

aaP reduced actions? There exist a case when this question ha

arvab . definite answer [2, 5]. Namely, let us suppose that the Eule
Here(UT)™ = -0, Lagrangede [q,Y] /8y = O allow one to express uniquely the

Let G (S) be the Lie algebra of all symmetries of the action variablesy as LF of the variableg,
S. The trivial symmetries form the ide@y (S) in the Lie
algebraG (S). Then the classes of equivalent symmetries form
a Lie algebraGpn(S) isomorphic to the quotient algebra: 5%(ay 4. y— Y(q“) (34)
oy ’
Gn(9) =G (9 /Gu (9).

Then we define the reduced actis[q]

lIl. DYNAMICALLY EQUIVALENT ACTIONS z z
Sl =Sela.y = Le(dl.y)dt= L(d)dt. (35)
Very often we encounter an action
Let us compare the Euler—Lagrange that correspond to bc
z actions. First consider the variation of the reduced actio
S[ay = Le (q”,y“) dt, (33) &S under arbitrary inner variatioris,
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3q dt. (36)

In virtue of (34), the Euler—Lagrange of the reduced actionBesides, the action (38) can be presented in the form
read z

5slq]  5Sc[ay] Slg =Sl +AS[q] , AS[q] = ALdt,
—— = =0. (37)
oq 5 lyy
~ On the other hand, the Euler-Lagrange of the extended ac- —Le (q“,z“ +yﬂ) e (q[]’ ]) . (40)
tion S [q,y] are
3% q, 5% [q, _ The variableg are auxiliary ones for the actid#d], and, in
5[3 /. 0, 5[;] a1 O—=y=y (CI”) : particular,z= 0 on the Euler—-Lagrange. Indeed,
They are reduced to (37) in thesector. We can see that 054 O&(a,y] Al B

the extended action and the reduced action lead to the same &z =0 oy —Oﬁy—y<q ) —2=0. (41)
Euler—Lagrange fog. This is why the variableg are called o
the auxiliary variables. The auxiliary variablgsan be elim- The latter implies:
inated from the action with the help of the Euler-Lagrange. 58 5AS
Further, we call the actiorS: [g,y] andS[g] the dynamically —_—_ OGBZB =0. (42)

equivalent actions. oz o

One ought to stress that the above equivalence is a consgince equation (41) has the unique solutios 0, one can
quence of the assumption that the variabjeare expressed easily verify thatU is an invertible LO. The equation (42)
via q by means of the equatio®S/dy = 0 only. If, for this implies
purpose, some of the equatiodS/dq = 0 are used as well,
then the above equivalence can be absent. Of course, the so-
lutions of the Euler—Lagrange for the reduced action, together
with the definitiony = y, contain all solutions of the Euler— . ) ) )
Lagrange for the extended action (as it is easily seen from EqvhereK is a symmetric LO, ané is an LF. Besides, one can
(36)). However, the reduced action can imply additional soluWrite
tions. &

. - . . - O0AS A oS

Actions containing auxiliary variables and the correspond- F= (Ufl)c’B e ( *1)“B 55
ing reduced actions have similar properties, in particular, there 2 5
exists a direct relation between their Symmetry transforma- On the other hand’ due to the property (11), one can Write
tions.

As was mentioned above, we are going to relate the sym- O0AS  dg AL de AR B
metry properties of the extended and reduced actions. To this o dep  dop { ap } ’
end, it is convenient to make an invertible coordinate replace- o o
ment, (6f,y%) — & = (&, 2), y — z+)7(q“]) _in the ex- Then, taking into account (43, 44), and the definition of th

] ) i _ Euler-Lagrange derivative, we get the following useful rela
tended action. In fact, we are going to consider a modifiedjgp:

extended actio§d], which is obtained from the extended ac-
tion S[q,y] as follows: OAS

~ ~ d ! aK\,B ~ 1\ Ba
_ A a__ v Y 1
Lz z 5 e 7/\3";( dt)zaqall] (U7, (49)
8= C(d)dt=selaz+9= Le(alA+5)dt,

(38) whereAd isan LO.
The extended actiofe[qg,y] and the modified extended ac-
tion §q] are completely equivalent. They lead to completely
equivalent Euler-Lagrange. Thus, it is sufficient to study the V. SYMMETRIES OF THE EXTENDED AND THE

, d
AL:z“KGBzBJraF, (43)

(44)

relation between the symmetry properties of the modified ex- REDUCED ACTIONS
tended actiorg[§] and the reduced actid®|q] .
Note that There exists a one-to-one correspondence (isomorphisi

between the symmetry classes of the extended a§@mnd
~ 0 © (A the reduced actioB[q] . Below, we prove a set of assertions,
0. L (q ) =L (q )‘ (39)  which justify, in fact, this correspondence.



138 Brazilian Journal of Physics, vol. 36, no. 1B, March, 2006

i) If the transformation Thus,5q is a symmetry of the extended actin
iii) Any symmetry of the form
3 / a . 0
ot~ (39 ). (46) 21— o) (53)

of the extended actio8is trivial.

is a symmetry of the extended actinthen the transforma- h = o .
Sinced{ is a symmetry of the actio§ one can write

tion
a / S —5. dF
is a symmetry of the reduced actiGn whereF is an LF. Taking into account (18), we may rewrite
Indeed, let (46) be a symmetry of the acti@riThen Eq. (54) as
S l
Soil = :tﬁ, (48) 52"567? = O:TFt, (55)

whereF’ is an LF. The left-hand side of equation (55) can b

whereF is an LF. Considering (48) at= 0z =0, we get transformed, with the help of (42) and (5), to the form

“ d = S
Osql = ;F» 84" =8q|, o, F=F|, 52“§=5ZGUGBZB (07 éza]ZBerFt

whereL is given by (39). Thus, any symmetry of the action ywhereF” is an LF. Thus, the equation (55) may be reduced t
Simplies a symmetry of the actioB The symmetndq ob-

tained in such a way can be called the symmetry reduction of

the extended action. Pl = di), fp = (UT)BG o2, (56)
i) If the transformationdq is a symmetry of the reduced dt
action$ then the transformation wheref (Ql) and® (QU) are some LF. Let us present the
5P o LF ® as
ot = (35 ). a2 = (Ansa, (o)

® (Qn> — ® <qn> o (Qn) 7
where the LOA defined by Eq. (45) is a symmetry of the N
extended actio®. Po=Plg, Prl,0= ) Pa (QH) 2M N<o. (57)
_ To prove this assertion, let us consider the first variation k=0
65qI: of the Lagrange functioh . Sinceéq is a symmetry of It follows from equation (56) thaldy/dt = 0. According to
the reduced actioS, the relationds,L = dF/dt , whereF is  (6). the latter impliesbo = const From (56), we get the equa-
an LF, holds true. Thus, with the help of the property (15),tion

one may write the var|at|oﬁ5qL in the form N+1 K
ZJ%(k)ZG[ I=0, (58)
. . . -\~ d . . K=
Bul = (Bsq+80) L= F+ (8w +8) AL, (50)
Now, we present the variatioﬁg(lAL andds,AL with the help da(0) = fa — Pa(0), Panit) = —Parn) »
of relation (18). Besides, taking into account the expression Pay = — [Pagk_1) _|_c'pa(k>} ,k=1,...,N. (59)

(49) for the variatiordz, we get . )
The general solution of Eq. (58) is

~ -~ d OAS A O0AS
Osil = ot (F+Pg+P) +00° c— — [(/\T)Z 6qa] —

o2 o’ N+1 <
Where Py and P, are some LF. Using (45) and (5), V\Sglr)nay %(k) - |; TaIpe) ? » Maipe! = ~Tpeatg - (69
wte s _— S dG where My k(s (QH) are some LF. Then the L®q and
S = af\gﬁ _ [(/"\T) 5 } =t (52) facanbe foun'o\llfionlEq. (59):
+

whereG is an LF. Thus, the variatiodsl is reduced to the al) =" 2 |Z> ( > [ k*”‘*lm(')zﬁ“q :
total derivative of an LF, N

Sl = L (F 4Py +P 4 G). o= m.,Z—o( E) e 2] =g 61

dt
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wherery,g is an antisymmetric LO. Thus, we get from (56)

50 — MGB%SB’ VOB — [(OT)—l} avmya (0,1)68 . (62)

139

symmetry has a special form (68). It was proven in item ¢
that any symmetry of such a form is trivial. Therefore, the
symmetryAq is trivial as well.

V) Let a transformatioq be a trivial symmetry of the ex-
tended actiors. Then its reductioq is a trivial symmetry of

whereM°? is an antisymmetric LO. Therefore, the symmetry the reduced actio8.

(53) is trivial.

iv) Suppose both transformatiolg andd, to be sym-
metries of the extended acti@such that their reductions co-
incide, that is

6/q1|2:0 = 6lq2|2:0 = 6q (63)
Then these symmetries are equivalent,
&G ~ 802, (64)

which means thak§; anddd, differ by a trivial symmetry.
Thus, we have to prove that the transformation

Ad =8 — 8

AG = 801002 = < Az= 87— 82,

> 3 Aq/|220 = 07

is a trivial symmetry of the extended actiénIn virtue of Eq.
(63), the LFAQ may be presented as

£ = G2,

wherern is an LO. With the help of (44), we get fdxq the
following expression:

(65)

ap 0S

Ag? =M
q 6ZB7

(66)

whereM = iJ~1is an LO.
Let us present the transformatidx in the form A§ =
A1G+ Ao, where

~ oag 0S 0 VES
Alq: MABaﬁB s AB — ( _ (MT)ab 0 ) ) (67)
and
~ 0
AZq = ( Aa” ) . (68)

The transformationA; § is a trivial symmetry since the LO
MB is antisymmetric, that igMT)"® = —NI*B. Thus,Aq
is a symmetry of the extended acti& Besides, the latter

According to this assumption, we may write

ot = ( ) . (69)

where the local operatofgl?® and M®? are antisymmetric.
Then the reductiodq = &'q|,_, of the transformation (69)
reads

/@ _ \jab 85 | pjaB 58S
P =M W:MN I
_ 7 a S 70pB 8S

I’ﬁab _ Mab

b 05

a s
o? = i 5P

(70)

The LORE? is antisymmetric. Thus, (70) is a trivial sym-
metry of the reduced actio®

vi) Let a symmetrydq of a reduced actioBbe trivial. Then
any extension of this symmetry to the symmeiyof the ex-
tended actiorsis trivial as well.

Sincedq is a trivial symmetry, one can write

0S
a__ ~ab Y2
o = i 5P

whereri?? is an antisymmetric LO. Consider the following
extension of the symmet§g?:

/ b 0S
51 = < o ) B = P (71)
which is a trivial symmetry of the extended acti& Any
other extension odq differs from &6z by a trivial symmetry,
according to item (iv). Therefore, any extension of the trivia
symmetry is a trivial symmetry as well.

Concluding, we can see that there exists an isomorphis
between classes of equivalent symmetries of dynamical
equivalent actions. Since the Lagrangian and Hamiltonian a
tions are dynamically equivalent, one can study the symm
try structure of any singular theory considering the first-orde
Hamiltonian action.
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