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Effects of Varying Curvature and Width on the Electronic States of GaAs
Quantum Rings
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UNESP - Universidade Estadual Paulista, 17033-360, Bauru, SP, Brazil

Received on 4 April, 2005

Stationary states of an electron in thin GaAs elliptical quantum rings are calculated within the effective-mass
approximation. The width of the ring varies smoothly along the centerline, which is an ellipse. The solutions of
the Schodinger equation with Dirichlet boundary conditions are approximated by a product of longitudinal and
transversal wave functions. The ground-state probability density shows peaks: (i) where the curvature is larger
in a constant-with ring, and (ii) in thicker parts of a circular ring. For rings of typical dimensions, it is shown
that the effects of a varying width may be stronger than those of the varying curvature. Also, a width profile
which compensates the main localization effects of the varying curvature is obtained.

Keywords: Electronic states; GaAs elliptical quantum rings; Effective-mass approximation

I. INTRODUCTION To obtain the wave functiog)(x,y), the curvilinear coor-
dinatess andu are introduced. The coordinageis the arc
The stationary states of electrons confined in two- length measured counterclockwise along the ellipse from tt
dimensional rings have been studied for some special casg0int(x,y) = (a,0). Itis calculated as
Magarill et al. [1] and Bermaret al. [2] have investigated el- Zg 124,
liptic rings of constant and varying width in the presence of a s=  [a®sir?(t) +b*cos(t)] (4
threading magnetic field. However, their theory is specific for 0
the elliptical shape. Other groups [3, 4] have dealt with ringsand the perimetel of the centerline is the value sffor 6 =
of arbitrary shapes and constant width. Circular rings with2rt Then, the ring widthw and the curvaturk may be thought
varying width in the presence of electric and magnetic fieldgas functions o6. The coordinate is the oriented distance of
have also been studied [5, 6]. In this work, it is presented 4he point(x,y) to the centerline. The distance is measure
simple approach to the electron states in thin rings with arin units of the widthw corresponding to the value efat the
bitrary (but smooth) variations of curvature and width. Thenearest point of the ellipse. It is positive (negative) for point
numerical results are given and discussed for elliptical rings.outside (inside) the centerline. The Jacobian determinant
the (u,s) — (x,y) mapping is given byl = w(1+ ua), where
o = wk. It should be positive for-1/2 <u<1/2 and0 <
Il. THEORY AND RESULTS s< L. Otherwise, the inner boundary of the ring would not be
well defined [4]. Henceg < 2 should apply for0 <s< L.
Electronic states in GaAs are described within the effectiveThis condition imposes and upper bound for the ring width
mass approximation. The attention is focused in a free motiogach point of the centerline.
on a ring-shaped planar strip. The motion in the third dimen- In the new variablegu,s), the problem is simplified be-
sion is assumed to be separated. Hence, the two-dimensiorf@use the domain is a rectangular strip. However, the diffe

stationary states satisfy ential equation (1) has to be transformed accordingly. To ce
) 5 ) culatey(x,y) one may: (i) write the Laplace operator in the
_ 4 0 _ Beltrami form [3] for the curvilinear coordinates, s), (ii)
+ 27 Wy =E W(xy), €y : .
2m \0x2  9y? substituted(x,y) = f(u,s)/+/J, (iii) perform the approxima-

wherem?* is the electron effective mass in GaAs. Since thetion f(u,s) = ha(u)g(s), wherehn(u) = ﬁsin(nn(u—s— 1/2))
particle is confined in the ringj(x,y) obeys Dirichlet bound- behaves as theth transversal mode, (iv) apply the varia-
ary conditions. tional method to derive an equation for the longitudinal wav

In the present work, the elliptical ring is the two- functiong(s), and (v) solve the resulting ordinary differen-
dimensional region swept by a line segment whose mldpomft'aI equation with the boundary conditiogglL) = g(0) and
describes an ellipse. This curve is the centerline of the ring (L) = 9'(0).

and may be given by the parametric equations. The longitudinal equation is
x=acog0), y=Dbsin(6), 0<0<2m, 2 h2 d
_ _ ) mr | T ds + z Vg| 9(s) = E 9(s), (5)
wherea and b are the semi-axes. The line segment is al- m S
ways perpendicular to the centerline and its length dependshere
smoothly orB. The curvature of the ellipse is given by 2202
hon
k= ab[a?sin(8) +b2cog(8)] 2. @3) E=E-o -0, (6)
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with w being mean width of the ring, and

Z 1

In(a) = 2hﬁ(u)(l—kolu)*zdu.

—1/

@)

Note in Eq. (6) thatE may be interpreted as the longitudi-
nal energy, withz2n’r@/(2m*Ww?) being the energy of thath
transversal mode. Alsdy(a) in the first term of Eq. (5) leads
to an arc-length-dependent longitudinal mass.

The longitudinal potential is the sum of six terms, where

2
vy = —kzln(a), (8
. o
vo =50~ 2 ), ©
V3 = n°T? <$7W%) (10)
va= (@) +aif(@)] - D@, @)
Vs = m [BIn(0) + 20l (a)] (12)
and
.2 Z
Ve — ”ZVT;WZ 71/22u2hﬁ(u)(1—|—au)*2du. (13)

Here, the dots ovew andk represent derivatives with respect
to the arc-lengtts.

The numerical results presented below correspond to the

ground state of the particle. Hence, the fundamental mod

n = 1is taken for the transversal motion. The electron effec-

tive mass in GaAs is taken a$ = 0.067my, whereny is the
electron mass.

The probability distribution of the ground state in a circular
ring of radiusa = b = 1064 nm and constant widttw = 15
nm is represented in Fig 1(a). Due to the rotational symmetr
of the ring, the probability is independent of the electron
position along the ring.

In contrast, the probability density of the ground state in an

elliptical ring of constant width should have its larger values in
the regions of larger curvature [1, 4]. This is clearly shown in
Fig. 1(b) fora= 150nm,b =50 nm andw = 15nm. In both

of these cases, the perimeter of the centerlihe4s6682 nm
andv; is the dominant term in the longitudinal potential.

The variations in the width of the ring may produce strong
effects on the wave functions [1].
ring centerlines and the mean widih= 15 nm in Fig. 1
are considered. However, the width profile is takerwas
[15—0.1cog4Tts/L)] nm. The ground-state probability distri-
bution in the circular ring is displayed in Fig. 2(a). There, the
probability is higher in the thicker parts of ring. Note that the
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width oscillates with a very small amplitude. As such varia:
tions are not apparent in Fig. 2(a), the width profile is depicte
in Fig. 2(c).

The probability distribution of the ground state in the ellip-
tical ring witha = 150nm, b = 50 nm,w = 15 nm, and sinu-
soidal width oscillations of amplitude 0.1 nm is displayed ir
Fig. 2(b). Interestingly, it does not show larger values wher
the curvature is larger. Indeed, the probability is higher wher
the ring is wider, resembling Fig. 2(a). In these casess the
dominant term in the longitudinal potential. As width varia-
tions larger than 0.1 nm are often present in grown or fat
ricated ring and wave guides, the experimental detection
electron confinements due to curvature variations may be d
ficult.
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FIG. 1. The probability density of the ground state in (a) a circula
ring with radiusa = b = 106.4 nm and (b) an elliptic ring with semi-
axesa = 150nm andb = 50 nm. Both rings have equal perimeters
L = 6682 nm and a constant widtlv = 15 nm. Darker tones repre-

ﬁent larger relative values.

At this point, one may wonder if for a given mean width

w there exists a width profile which compensates the mai

localization effects of the varying curvature. To obtain sucl
a profile, one may retain the ternag andvs in the effective
longitudinal and assume thaf + vz does not depend os
namely,
2 1
(5-3)-

k 1
—Z|n(0)+n2T[2

W2

BTE

W2

(14)

)

To illustrate this, thewheref is a constant. Moreoveq is assumed to be suffi-
ciently small, so thaty(a) = 1 in the kinetic term of Eq. (5)
and in the first term of Eq. (14). Then,

w2k?

4n2e (15)

) ~1/2

W:VV<1+B+
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andp is determined from (10 L '('a)"-
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ring with semi-axesa = 150 nm andb = 50 nm, and mean width

x(nm w = 15 nm. Darker tones represent larger relative values. (b) Th
60 F r —7——— width as a function of the arc-lengthalong the centerline. This
E cesea——— (b) profile has been chosen to compensate the main effects of the vary
_ 30F . curvature.
€ of :
> 30k ] For future numerical comparisons, Table | contains the lor
- . | evm— ] gitudinal energy of the electron states shown in the figure
h — R — above. The transversal energy in all cases is 24.9439 meV.
-160 -80 0 80 160
15.1 Table 1. The longitudinal energy of the electron states show
in Figures 1, 2 and 3.
15.0 —
£ Panel £(meV)
£ I 1(a) -0.0126
%140 1(b) -0.0600
2(a) -0.1747
I 1 2(b) -0.1643
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FIG. 2. The probability density of the ground state in (a) a circular
ring with radiusa = b = 1064 nm and (b) an elliptic ring with semi-
axesa = 150nm andb = 50 nm. Both rings have equal perimeters
L = 6682 nm and mean widthv = 15 nm. Darker tones represent
larger relative values. (c) The width dependence on the arc-length

along the centerline, given by = [15— 0.1 cog4rs/L)] nm. A simple equation has been derived to calculate statiot
ary states of an electron in a thin GaAs ring, where both tt

The Fig. 3(a) shows the probability density for the groundcurvature and the width may vary arbitrarily (but smoothly)
state in a ring with the same centerline as those considerddumerical results were presented for elliptical rings of vary
in Figs. 1(b) and 2(b), and the same mean widtk= 15 ing width. The ground-state probability density was show
nm. There, the probability is essentially independent of theo be larger where the curvature is larger in a constant-widi
position along the ring, resembling Fig. 1(a). The widthring, and in thicker parts of a circular ring. More interest-
profile is depicted in Fig. 3(b) and has been calculated by Egngly, the results for elliptic rings with varying width show
(15), with 3 =~ —0.0015[see Eq. (16)]. Note that, according that (i) the effects of very small variations of the width car
to Eqg. (15), when the compensation occurs the ring is thinnelbbe more important than those of the curvature changes, a
where the centerline curvature is larger. (ii) one may obtain the width profile which compensates th
main localization effects of the curvature variations. Namely

Ill. CONCLUSIONS
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the ring should be appropriately thinner where the curvaturécknowledgments

of the centerline is larger. A simple expression for such a pro-
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