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Electron tunneling through a double quantum dot molecule side attached to a quantum wire, in the Kondo
regime, is studied. The mean-field finite-U slave-boson formalism is used to obtain the solution of the problem.
We investigate the many body molecular Kondo state and its interplay with the inter-dot antiferromagnetic
correlation as a function of the parameters of the system.
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I. INTRODUCTION

The Kondo effect in quantum dots (QDs) has been ex-
tensively studied in the last years [1]. The QDs allow
to study systematically the quantum-coherence many-body
Kondo state, due to the possibility of continuous tuning the
relevant parameters governing the properties of this state, in
equilibrium and non-equilibrium situations. Recently Kondo
effect has been studied in double quantum dot molecule in se-
ries [2, 3]. This system allows the study of the many body
molecular Kondo states in equilibrium and non-equilibrium
situation. The type of coupling between the QDs determines
the character of the electronic states and the transport prop-
erties of the artificial molecule. In the tunneling regime, the
electronics states are extended across the entire system and
form a coherent state based on the bonding or anti-bonding
levels of the QDs.

An alternative configuration consists of a side-coupled QDs
attached to a perfect quantum wire (QW). This structure is
reminiscent of T-shaped quantum wave guides known as elec-
tron stub tuners [4]. In this case, the QDs act as scattering
centers in close analogy with the traditional Kondo effect [5].

Recent electron transport experiments showed that Kondo
and Fano resonances occurs simultaneously [6]. Multiple
scattering of traveling electronic waves on a localized mag-
netic state are crucial for a formation of both resonances. The
condition for the Fano resonance [7] is the existence of two
scattering channels: a discrete level and a broad continuum
band [8, 9].

In this work we study the transport properties of a dou-
ble quantum dot molecule side attached to a quantum wire
in the Kondo regimen. We use the finite-U slave boson mean-
field approach which was initially developed by Kotliar and
Ruckenstein [10] and used later by Bing Dong and X. L. Lei
to study the transport through coupled double quantum dots
connected to leads [11], which enforces the correspondence
between the impurity fermions and the auxiliary fermions to
a mean-field level to release the U = ∞ restriction. In double
quantum dot molecules this approach allows one to treat both
dot-lead coupling and the interdot tunneling nonperturbatively
at an arbitrary strengths of the Coulomb correlation U , and
thus an antiferromagnetic exchange coupling parameter ap-

pears naturally [11]. We investigate the many body molecular
Kondo ground state and the competing singlet ground state
that results from the anti-ferromagnetic correlation between
the dots, as a function of the parameters of the system. In the
Kondo regime, each dot results to have its own Kondo tem-
perature as a consequence of their different connections to the
conduction electrons.
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FIG. 1: Scheme of double quantum dot (DQD) attached to a lead
(perfect quantum wire (QW)). The QW is coupled to the left (L) and
right (R).

II. MODEL

Let us consider a double quantum dot (DQD) side coupled
to a perfect quantum wire (QW) (see Fig. 1). We adopt the
two-fold Anderson Hamiltonian. Each dot has a single level
εdi (with i = 1,2), intra-dot Coulomb repulsion U , is coupled
to each other with inter-dot tunneling coupling tc. The side
attached double quantum-dot is coupled to the QW with cou-
pling t0. The QW has a site energy εi,σ and a hopping para-
meter t.

In analogy with the infinite-U slave boson approach [12]
the Hilbert space is enlarged at each site, to contain in addition
to the original fermions a set of four bosons [10] represented
by the creation (annihilation) operators e†

i (ei), p†
i,σ (pi,σ), and

d†
i (di) for the i-th dot, which act, respectively, as projectors

onto empty, single occupied (with spin up and down) and dou-
bly occupied electron states. The Hamiltonian is written as,
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H =−t ∑
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)
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c†

0,σ f1,σ +H.c.
)

+
2
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∑
σ
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+
2
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{
Ud2
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i

(
p2

i,↑+ p2
i,↓+ e2

i +d2
i −1

)−∑
σ
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i,σ

(
p2

i,σ +d2
i
)
}

, (2)

where c†
i,σ (ci,σ) is the creation (annihilation) operator of an

electron with spin σ in the i-th site on quantum wire; f †
i,σ ( fi,σ)

is the creation (annihilation) operator of an electron with spin
σ in the i-th QD, ε̃di,σ = εdi + λ2

i,σ, t̃0,σ = t0〈Z̃1,σ〉, and t̃c,σ =

tc〈Z̃1,σZ̃2,σ〉, and we set εi,σ = 0 in the QW. The operator Z̃i,σ
is chosen to reproduce the correct U → 0 limit in the mean
field approximation,

Z̃i,σ =
(

1−d†
i di− p†

i,σ pi,σ

)−1/2 (
e†

i pi,σ + p†
i,−σdi

)(
1− e†

i ei− p†
i,−σ pi,−σ

)−1/2
. (3)

The constraint, i.e., the completeness relation ∑σ p†
i,σ pi,σ +

b†
i bi + d†

i di = 1 and the condition for the correspondence be-
tween fermions and bosons f †

i,σ fi,σ = p†
i,σ pi,σ + d†

i di, have

been incorporated with Lagrange multipliers λ(1)
i and λ(2)

i,σ into
the Hamiltonian. We use the mean-field approximation in
which all the boson operators are replaced by their expecta-
tion value. As we work at zero temperature these expectation
values and the Lagrange multipliers are then determined by
minimization of the energy with respect to these variables.

We resolve the problem using the method developed in
Ref[3]. Resolving the equations of motion, we find the trans-
mission amplitude,

τ =
(ω− ε̃−)(ω− ε̃+)

(ω− ε̃−)(ω− ε̃+)+ i(ω− ε̃d2)Γ̃
, (4)

where the renormalized bonding and anti-bonding

energies (ε̃±) are defined by ε̃± = (ε̃d1 + ε̃d2)/2 ±√
(ε̃d1 + ε̃d2)/2)2 + t̃2

c and Γ̃ = πt̃2
0 ρ0(ω) is the renor-

malized coupling between the double quantum-dot and the
leads of density of states ρ0(ω). The transmission amplitude
can be written in the polar form as,τ = |τ|eiφ, where φ is the
transmission phase and it is given by,

φ = tan−1
(

ℑτ
ℜτ

)
= tan−1

[ −(ω− ε̃d2)Γ̃
(ω− ε̃−)(ω− ε̃+)

]
. (5)

The transmission probability is T = |τ|2,

T (ω) =
[(ω− ε̃−)(ω− ε̃+)]2

[(ω− ε̃−)(ω− ε̃+)]2 +[(ω− ε̃d2)Γ̃]2
. (6)

Moreover we can obtain the density of states of the quantum
dots system,

ρ(ω) =
1
π

Γ̃(ω− ε̃d2)2

[(ω− ε̃−)(ω− ε̃+)]2 +[(ω− ε̃d2)Γ̃]2
+

1
π

Γ̃t̃2
c

[(ω− ε̃−)(ω− ε̃+)]2 +[(ω− ε̃d2)Γ̃]2
. (7)

III. RESULTS

We take typical values for the parameters that define the
system, µ = 0,t = 25Γ, t0 = 7.07Γ, where Γ = πt2

0 ρ0(0).

We consider first the situation where the two dots local state

energies are varied simultaneously by a gate voltage Vg, i.e.
εd1 = εd2 = Vg.

The transmission probability T is displayed in Figure 2 for
various values of U and two values of tc. The transmission
probability always reaches zero at ω = ε̃− and ε̃+ and a uni-
tary value at ω = ε̃d2. The figure allows to study the interplay
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FIG. 2: Transmission spectrum for V1g =V2g =Vg =−3Γ, tc = 0.5Γ
(solid line) and tc = Γ (dashed line), for various values of the on site
energy U , a) U = 2Γ, b) U = 4Γ, c) U = 8Γ and d) U = 16Γ.

between the Kondo effect and the inter-dot anti-ferromagnetic
correlation. Increasing U , a sharp feature develops close to the
Fermi energy (ω = 0), indicating the appearance of a Kondo
resonance. We can see that this process is more rapidly de-
fined for the case where tc = 0.5Γ than for tc = Γ. This behav-
ior is due to the anti-ferromagnetic interaction between the
spins of the dots, proportional to tc2/U [11], that destroys the
Kondo effect when it is greater than the Kondo temperature
creating a singlet ground state for the dot molecule.

For U sufficiently large the transmission can be written
approximately as the superposition of two Fano-Kondo line
shapes, one of them has zero q factor,

T (ω)≈ (ε′+q′)2

(ε′)2 +1
+

(ε′′+q′′)2

(ε′′)2 +1
, (8)

where ε′ = (ω− ε̃d2)/∆̃, q′ = (ε̃d2− ε̃−)/∆̃, ε′′ = (ω− ε̃+)/Γ
and q′′ = 0, with ∆̃ = t̃2

c /Γ̃.
The DOS of the quantum-dot molecule give us a better un-

derstanding of the transport properties of the system. The
DOS is shown in Fig. 3 for various values of U , for the case
tc = 0.5, where the Kondo spin correlation is dominant over
the anti-ferromagnetic one. We can observe the superposition
of a narrow and a broad Kondo peak with widths ∆̃ and Γ̃
respectively. In fact, the DOS can be written as the superposi-
tion of two Lorentzian,

ρ(ω)≈ 1
π

Γ̃
(ω− ε̃+)2 + Γ̃2

+
1
π

∆̃
(ω− ˜εd2)2 + ∆̃2

. (9)

As it can be seen from the figure there is no Kondo peak
for U = 2Γ, as it should because in this case the QDs are with
two electrons each.

In order to confirm the destructive effect of anti-
ferromagnetism on the Kondo regime, we display in the inset
of the figure the DOS of the DQD for the same parameters as
before but with tc = Γ. The DOS shows two peaks at the bond-
ing and anti-bonding energies with no Kondo peak, showing
that for this value of tc anti-ferromagnetism is dominant.

FIG. 3: DOS for tc = 0.5Γ, V1g = V2g = −3Γ, for various values
of the on site energy, U = 16Γ (solid line), U = 8Γ (dashed line),
U = 4Γ (doted line) and U = 2Γ (dash-dot line).

On the other hand, we can evaluate the transmission phase
at the Fermi energy,

φ(0) = tan−1
[

ε̃d2Γ̃
ε̃−ε̃+

]
. (10)

Figure 4 displays the behavior of the transmission phase
evaluated at the Fermi energy as a function of the gate voltage,
for the on-site energy U = 8Γ. For large negative Vg the en-
ergies ε̃−,ε̃+ and ε̃d2 are negative and φ is negative and tends
to zero. When ε̃+ goes to zero, φ tends to −π/2. However,
when ε̃+ becomes positive, φ jumps to +π/2. For Vg = U/2,
ε̃d2 crosses the Fermi energy and the phase vanishes. At this
gate voltage the transmission amplitude evaluated at the Fermi
energy is a real number. Increasing Vg when ε̃− approaches to
the Fermi energy, φ tends to −π/2. At this gate voltage the
phase suffers an abrupt change and jumps to +π/2. For large
positive values of Vg, the renormalized energies ε̃−,ε̃+ and ε̃d2
are all positive and φ is positive and tends to zero.

IV. CONCLUSIONS

We have studied the transport through a side-coupled dou-
ble quantum-dot molecule using the finite-U slave boson
mean field approach. We have found that the transmission
spectrum shows a structure with two Fano anti-resonances lo-
calized at the bonding and anti-bonding renormalized ener-
gies of the quantum-dot molecule, and one resonance at the
renormalized site energy of the outside quantum-dot. The
DOS shows that when the Kondo correlations are dominant
both dots are at the Kondo regime each one with its own
Kondo temperature. Increasing the inter-dot interaction, the
anti-ferromagnetic correlation becomes dominant destroying
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4

FIG. 4: Transmission phase φ vs Vg for tc = 0.5Γ (solid line) and
tc = Γ, for on site energy, U = 8Γ.

the Kondo effect and the physics associated with it. These
phenomena have been analyzed as a function of the relevant
parameters of the system.
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