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An inhomogeneous decoupling surface of hadrons produced in relativistic heavy-ion collisions may occur,
if the expanding hot and dense matter passes through a first order phase transition. We show that due to the
non-linear dependence of the particle densities on the temperature and baryon-chemical potential such inhomo-
geneities should be visible even in the integrated, inclusive abundances. We analyze experimental data from
Pb+Pb collisions at CERN-SPS and Au+Au collisions at BNL-RHIC to determine the amplitude of inhomo-
geneities and the role of local and global strangeness neutrality.
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It is expected that at sufficiently high energies, a transient
state of deconfined matter with broken Z(3) center symme-
try and/or with (approximately) restored chiral symmetry is
produced in collisions of heavy nuclei. Lattice QCD simu-
lations [1] indicate that a second-order critical point exists,
which was also predicted by effective chiral Lagrangians [2];
present estimates locate it at T ≈ 160 MeV, µB ≈ 360 MeV.
This point, where the σ-field is massless, is commonly as-
sumed to be the endpoint of a line of first-order phase tran-
sitions in the (µB,T ) plane. To detect that endpoint, it is
hoped that by varying the beam energy, for example, one can
“switch” between the regimes of first-order phase transition
and cross over, respectively. If the particles decouple shortly
after the expansion trajectory crosses the line of first order
transitions one would expect a rather inhomogeneous (energy-
) density distribution on the freeze-out surface [3, 4] (simi-
lar, say, to the CMB photon decoupling surface observed by
WMAP [5]). On the other hand, if the low-temperature and
high-temperature regimes are smoothly connected, pressure
gradients tend to wash out density inhomogeneities. Similarly,
in the absence of phase-transition induced non-equilibrium ef-
fects, the predicted initial-state density inhomogeneities [6, 7]
should be strongly damped. Thus, we investigate the prop-
erties of an inhomogeneous fireball at (chemical) decoupling.
Note that if the scale of these inhomogeneities is much smaller
than the decoupling volume then they can not be resolved in-
dividually, nor will they give rise to large event-by-event fluc-
tuations. Because of the nonlinear dependence of the hadron
densities on T and µB, they should nevertheless reflect in the
average abundances.

Our basic assumption is that as the fireball expands and
cools, at some stage the abundances of hadrons “freeze”,
keeping memory of the last instant of chemical equilibrium.
This stage is refered to as chemical freeze-out. By definition,
only processes that conserve particle number for each species
individually, or decays of unstable particles may occur later
on.

The simplest model is to treat the gas of hadrons within the
grand canonical ensemble, assuming a homogeneous decou-
pling volume. The abundances are then determined by two pa-
rameters, the temperature T and the baryonic chemical poten-

tial µB; the chemical potential for strangeness is fixed by the
condition for overall strangeness neutrality. Fits of hadronic
ratios were performed extensively [8, 9] within this model,
sometimes also including a strangeness (γs) or light quark (γq)
supression factor [10, 11] or interactions with the chiral con-
densate [12].

In [13] we analyzed the experimental data on relative abun-
dances of hadrons with respect to the presence of inhomo-
geneities on the decoupling surface. To that end we proposed
a very simple and rather schematic extension of the com-
mon grand canonical freeze-out model, i.e. a superposition
of such ensembles with different temperatures and baryon-
chemical potentials. Each ensemble is supposed to describe
the local freeze-out on the scale of the correlation length
∼ 1/T ∼ 1− 2 fm. Even if freeze-out occurs near the crit-
ical point, the correlation length of the chiral condensate is
bound from above by finite size and finite time effects, effec-
tively resulting in similar numbers [14]. On the other hand,
for small chemical potential, far from the region where the
σ-field is critical, the relevant scale might be set by the cor-
relation length for Polyakov loops, which is of comparable
magnitude [15]. The entire decoupling surface contains many
such “domains”, even if a cut on mid-rapidity is performed.
We therefore expect that the distributions of temperature and
chemical potential are approximately Gaussian [16]. Besides
simplicity, another goal of the analysis is to avoid reference
to a particular dynamical model for the formation or for the
distribution of density perturbations. In fact, we presently aim
merely at checking whether any statistically significant sig-
nal for the presence of inhomogeneities is found, and here
especially, what influence local or global strangeness neutral-
ity, respectively, have. More sophisticated dynamical models
could be employed in the future to understand the evolution
of inhomogeneities from their possible formation in a phase
transition until decoupling. For simplicity, and for lack of
an obvious motivation for assuming otherwise, we shall take
P(T,µB) to factorize into a distribution for T , times one for µB.
These distributions could, in principle, be obtained from the
real-time evolution of the phase transition [3, 4]. The densities
of strange particles depend also on the strangeness-chemical
potential µS, which we determined in [13] by imposing lo-
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cal strangeness neutrality. However, the effect of independent
fluctuations of µS should also be looked at, in particular for
collisions at low and intermediate energies (

√
sNN

<∼15 GeV).
This may help to reproduce the Λ to p ratio, which was found
to be larger than one [18] and the K+/π+ enhancement around
ELab/A = 30 GeV [19]. Then the hadron abundances depend
on six parameters: the arithmetic means of the temperatures
and chemical potentials of all domains, T ,µB and µS, and the
widths of their Gaussian distributions, δT,δµB and δµS. They
read:

ρi (T ,µB,µS,δT,δµB,δµS) =
∞∫

0

dT P(T ;T ,δT ) (1)

∞∫

−∞

dµB P(µB;µB,δµB)
∞∫

−∞

dµS P(µS;µS,δµS) ρi(T,µB,µS) ,

with ρi(T,µB,µS) the actual “local” density of species i,
and with P(x;x,δx)∼ exp[−(x− x)2/2δx2] the distribution of
temperatures and chemical potentials within the decoupling
three-volume (the proportionality constants normalize the dis-
tributions over the intervals where they are defined). In ad-
dition, strangeness conservation enters now as a global con-
straint for the mean of the strange chemical potential µS:

fs = ∑
i

ρi (T ,µB,µS,δT,δµB,δµS)(ni
s −ni

s) = 0 (2)

with fs the net strangeness, ni
s,n

i
s the number of strange and

anti-strange quarks of hadron species i, respectively. In the
limit δT , δµB,δµS → 0 the Gaussian distributions are replaced
by δ-functions and the conventional homogeneous freeze-out
scenario is recovered: ρi (T ,µB,µS,0,0,0) = ρi(T ,µB,µS) and
the corresponding strangeness neutrality condition fixing µS.
In other words, in that limit the average densities are uniquely
determined by the first moments of T and µB. For the present
analysis we set the width of the distribution for the strange
chemical potential equal to zero, δµS = 0. Since eq.(2) only
ensures global strangeness neutrality, this still offers the possi-
bility of finite net strangeness values in individual domains, in
contrast to our former analysis, where we fixed µS by vanish-
ing net-strangeness, fs = 0, locally, i.e. in each single domain.
With setting δµS = 0 and the global constraint for µS, the den-
sities again are a function of four parameters: T ,µB,δT and
δµB. Our main goal here is to investigate how the fits on the
experimentally measured particle abundances depend on the
local or global strangeness neutraliy [20]. We compute the
densities ρi(T,µB,µS) in the ideal gas approximation, supple-
mented by an “excluded volume” correction:

ρi(T,µB,µS) =
ρid−gas

i (T,µB),µS

1+ vi ∑ j ρid−gas
j

. (3)

This schematic correction models repulsive interactions
among the hadrons at high densities. vi denotes the volume
occupied by a hadron of species i; we employ v = 4

3 πR0
3 with

R0 = 0.3 fm for all species [17]. For all fits over the full solid
angle, we fixed the isospin chemical potential by equating the

total charge in the initial and final states; for the mid-rapidity
fits at high energies, we fixed µI = 0.

To determine the four parameters of the model we minimize

χ2 = ∑
i

(
rexp

i − rmodel
i

)2
/σ2

i (4)

in the space of T , µB, δT , and δµB. That is, we obtain least-
square estimates for the parameters, assuming that they are
independent. In (4), rexp

i and rmodel
i denote the experimentally

measured and the calculated particle ratios, respectively, and
σ2

i is set by the uncertainty of the measurement. Wherever
available, we sum systematic and statistical errors in quadra-
ture.

The data used in our analysis are the particle multiplici-
ties measured by the NA49 collaboration for central Pb+Pb
collisions at beam energy ELab/A = 20, 30, 40, 80 and
158 GeV [19] , and those measured by STAR for central
Au+Au collisions at BNL-RHIC, ref. [21, 22] (for individ-
ual references see [13] ref [27] and [28]). At RHIC energies,
we analyze the midrapidity data; at SPS energies, we restrict
ourselves to the 4π solid angle data by NA49 in order to avoid
biases arising from differing acceptance windows of various
experiments. Furthermore, our checks showed that the fit re-
sults can depend somewhat on the actual selection of experi-
mental ratios. Hence, where possible, we have opted for the
least bias by choosing rexp

i = Nexp
i /Nexp

π , i.e. the multiplicity
of species i relative to that of pions. The specific data sets we
used at the different energies are given in [13].

Where appropriate, feeding from strong and electromag-
netic decays has been included in rmodel

i by replacing ρi →
ρi + Bi j ρ j. The implicit sum over j �= i runs over all unsta-
ble hadron species, with Bi j the branching ratio for the decay
j → i, which were taken from [23]. From all the resonances
listed by the Particle Data Group [23], mesons up to a mass of
1.5 GeV and baryons up to a mass of 2 GeV were included, re-
spectively. The finite widths of the resonances were not taken
into account, and unknown branching ratios were excluded
from the feeding. These details are irrelevant for the quali-
tative behavior of δT and δµB but do, of course, matter for
quantitative results.

Fig. 1 shows the minimal χ2 per degree of freedom (taken as
the number of data points minus the number of parameters) for
the homogeneous approach and the inhomogeneous approach
with local or global strangeness neutrality, respectively. Note
that the χ2-values for the homogeneous model are in general
agreement with the analysis done in [8] and other data from
the literature [9, 10, 22]. As already shown in [13], for in-
termediate SPS energies, ELab/A � 30−160 GeV, χ2/do f is
considerably smaller for the inhomogeneous freeze-out sur-
face than for the homogeneous case, which is far outside
the 95.4% confidence interval [24]. On the other hand, at
ELab/A = 20 GeV and at RHIC energies, χ2/do f is similar
for the inhomogeneous with local strangeness neutrality and
the homogenous model. However, between 20 and 80 GeV
the χ2/do f values for the inhomogenous approach with local
strangeness neutrality are still rather large (between 2 and 4).
In contrast, the inhomogenoues model with global strangeness
conservation gives χ2/do f ≈ 1 for ELab/A � 20− 160 GeV.
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FIG. 1: χ2/do f versus
√

sNN for the homogeneous (δT = δµ = 0,
squares) and the inhomogeneous fit (δT and δµ free parameters,
circles and triangles). Circles denote the case of local strangeness
neutrality, while triangles represent the global strangeness neutrality
case. The lines are meant to guide the eye. Furthermore, the χ2/do f
corresponding to the 95.4% confidence interval is shown by the dot-
ted line.

It is important to note that this result is not due to introduc-
ing an additional parameter, but just due to allowing for do-
mains of finite strangeness with global strangeness neutrality.
The calculations for RHIC energies are under way, but due to
the corresponding small baryon chemical potentials at these
high energies no considerable effect is expected. Thus, the
inhomogenoues model gives a very satisfactory description
(χ2/do f ≈ 1) of the experimental data for particle abundance
ratios from lowest SPS energies up to highest RHIC energies.

At RHIC the inhomogeneous model does not provide a sta-
tistically significant improvement of the description of the
measured particle ratios compared to a homogeneous ap-
proach. Thus, the assumption of a nearly homogeneous de-
coupling surface can not be rejected there. On the other hand,
the considerable improvement of the description of the data
for ELab/A � 30−160 GeV indicates that at intermediate and
high SPS energies the experimental data favor an inhomoge-
neous freeze-out surface. For the SPS 20 GeV data the situa-
tion is not clear: there is certainly a reduction of the χ2/do f in
the inhomogeneous approach, but the homogeneous model al-
ready gives a reasonable value. Here more experimental data
are certainly necessary.

To illustrate the significance of inhomogeneities differently,
we show contours of χ2/do f in the plane of δT , δµB in figs.2,
3, and 4. Here, T and µB were allowed to vary freely such
as to minimize χ2 at each point. Fig. 2 shows that at RHIC
energy, χ2 is very flat in both directions. With the present
data points, a homogeneous freeze-out model appears to be a
reasonable approximation at high energies. In contrast, fig. 3
shows that χ2 is relatively flat along the δµB direction, while
δT is determined more accurately and is clearly non-zero. In
general we find that in the approach with local strangeness
neutrality there is little correlation between δT and δµB and
that about the minimum, χ2 is rather flat in δµB direction.
Finally, fig. 3 shows the contours at SPS 158 for the case
of global strangeness conservation. Now, the χ2 determines

FIG. 2: χ2/do f contours in the δT , δµB plane for top RHIC energy,
(
√

sNN = 200 GeV). The other two parameters (T , µB) are allowed
to vary freely. The χ2/do f minimum is indicated by the cross.

FIG. 3: Same as fig. 2 for top SPS energy (ELab = 158 GeV) with
local strangeness neutrality.

the δµB more accurately, favoring relatively large finite val-
ues. For δT , again, values different from zero are strongly fa-
vored. The better accuracy in the width of the µB-distribution

FIG. 4: Same as fig. 2 for top SPS energy (ELab = 158 GeV) with
global strangeness neutrality.

is because for local strangeness conservation, the possible in-
creased production of strange particles was restricted by the
demand of vanishing strangeness and thus an accordingly ad-
justed strange chemical potential. This is not the case anymore
if only global strangeness conservation is demanded.

In summary, we have shown that inhomogeneities on the
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freeze-out hypersurface do not average out but reflect in the
4π (or midrapidity), single-inclusive abundances of various
particle species. This is due to the non-linear dependence of
the hadron densities ρi(T,µB) on the local temperature and
baryon-chemical potential. Consequently, even the average
ρi probe higher moments of the T and µB distributions. In
[13] we showed that an inhomogenoues model with local
strangeness conservation strongly improves the description of
the data at medium and top SPS energies compared to ho-
mogeneous approach. Here we showed that inducing global
strangeness neutrality results in a further reduction of the χ2 at
SPS energies - thus yielding χ2/do f ≈ 1 for the whole range
from lowest SPS to highest RHIC energies, without adding
an additional parameter. Furthermore, while for local strange-
ness neutrality we observed a rather flat χ2/do f in δµB direc-
tion, this is determined more accuratrely if strangeness neu-
trality is ensured globally. Rather in this approach a high
statistical significance for a finite width of the distributions

for temperature and baryon chemical potential at medium and
high SPS energies is observed.

Future studies should shed more light on whether these in-
homogeneities can indeed be interpreted as fingerprints of a
first-order phase transition. Eventually, one would want to es-
tablish more quantitative relations between the amplitudes of
the T , µB inhomogeneities and the properties of the phase tran-
sition, e.g. its latent heat and interface tension. Furthermore,
the role of inhomogeneities in the net-strangeness distribution
should be studied. Data from GSI-FAIR, the low energy pro-
gram at RHIC and and CERN-LHC will provide additional
constraints for the evolution of chemical freeze-out with en-
ergy.
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