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Abstract In this paper, the yrast bands of the even **?*Ru
isotopes are studied within the framework of the
interacting boson model-1 (IBM-1), using the MATLAB
computer code (IBM-1.Mat). The theoretical energy levels
are obtained for the **?®Ru isotopes, with neutron num-
bers 52 and 54, up to spin-parity 16" and 12", respective-
ly. The ratio of the excitation energies of the first 4™ to the
first 2" excited states (Rs4), the backbending curves and
the potential energy surfaces are also calculated. The cal-
culated and experimental R4, values show that the
96-9%Ru nuclei have U(5) dynamic symmetry. The calcu-
lated energies of the yrast states are compared with exper-
imental results and they are shown to be in good agree-
ment with the data. The contour plots of the potential
energy surfaces show two interesting nuclei having a
slightly oblate but almost spherical vibrator-like character.
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1 Introduction

The nuclear structure of neutron-rich ruthenium isotopes has
been the focus of many experimental and theoretical works in
recent years. The collective nuclear characters in the medium
mass nuclei have been successfully described by Arima and
Iachello using the interacting boson model-1 (IBM-1) [1].
There is no distinction between proton and neutron degree
of freedom in the IBM-1. The microscopic anharmonic vibra-
tor approach (MAVA) has been used to investigate the low-
lying collective states in ruthenium isotopes [2].

The neutron-rich Ru (Z=44) isotopes are of great interest
because they are near the magic number 50, which is found in
the single closed shell Sn nucleus. The proton configuration of
the ***Ru isotopes, with Z=44, is pg5/62. These nuclei
have six proton holes close to the magic number 50, and they
have two and four neutron particles, respectively. These con-
figurations have been used to calculate the yrast levels. The
yrast level structure and the electromagnetic transition proba-
bilities of even-even Ru isotopes have been investigated by
many scientists [3-7].

Recently, we have studied the evolution of the yrast
states of the even-even '°°"''°Pd isotopes [8]. The
reduced electromagnetic transition probabilities of the even-
even '*"112Cd isotopes were studied by Abdullah et al. [9].
Reduced electromagnetic transition probabilities of ground-
state band of even-even '%*''?Pd isotopes were studied within
the framework of the interacting boson model IBM-1) [10, 11].
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The low-lying states of the '**W and '®*Os nuclei were studied
by Sharrad et al. [12].

These studies motivated the present work. We use the IBM
to predict the yrast energies, the R4, values, the backbending
curves and the potential energy surfaces of ****Ru, with the
aim of understanding the dynamical symmetries of these
isotopes.

2 Theory

The interacting boson model (IBM-1) of Arima and Iachello [1]
has been widely accepted as a tractable theoretical scheme of
correlating, describing, and predicting low-energy collective
properties of complex nuclei. The vibrational model uses geo-
metric approach, the IBM employs a severely truncated model
space, and as such, calculations are possible for nuclei with N
nucleons, providing a quantitative mechanism to compare exper-
imental results and calculated values [13]. In the first approxima-
tion of IBM-1, only pairs with angular momentum L=0 (called s
bosons) and L=2 (called d bosons) are considered.

The Hamiltonian of the interacting bosons in IBM-1 is
given by [14].

N N
H:ZEi+ZVij (1)
i=1

ij

where € is the intrinsic boson energy and V; is the interaction
between bosons i and ;.

The multipole form of the IBM-1 Hamiltonian is given by
[15]

H= Eﬁd + ap (ﬁﬁ) + a; (ZZ) + a; (@Q)

+ as (?3?3) “+ ag (?4?4) (2)

where
= ()P = (ad)-3 (55)
L= \/E[d* x d
0= [a x 545" x 2 -1 vila x a]”
T = [d* x 2}(3),?4: {d* x E}“)

Here, 1, is the number of d boson, P is the pairing operator
for the s and d bosons, L is the angular momentum operator, O

is the quadrupole operator, and 73 and 7, are the octupole and
hexadecapole operators, respectively.

The Hamiltonian as given in Eq. (2) tends to reduce to three
limits, the vibration U(5), y-soft O(6), and the rotational
SU(3) nuclei, starting with the unitary group U(6) and
finishing with group O(2) [16]. In U(5) limit, the effective
parameter is ¢, in the y-soft limit O(6); the effective parameter
is the pairing ap; and in the SU(3) limit, the effective param-
eter is the quadrupole a,.

The Hamiltonian and eigen values for the three limits are
given as follows [17]:U(5):

]A{U(f)) = ey + aiL.L + 1137"3-7"3 + asTs.Ty
E(ng,u, L) = eng+ King(ng+ 4) + Kqu(u+ 3)
+KsL(L +1)
(3)

with

Kl 1/12 a
K4 -1/10 a1+1/7 (13_3/70 ay
K5 -1/14 a3+1/14 ay

0(6):
How) = aoP.P+a\L.L +a;T5.Ts
E(o,v,L) = K3[(N(N + 4))-o(c + 4)] )
+ Kav(v +3) + KsL(L + 1)

with

K3 1/4 do

K4 172 as

K5 -1/10 azta;

SUQB):

I/_}SU(B):aIZ~Z+a2@'@

E(A\ L) = Ko (N + g% + Mu+ 3\ + ) (5)
+KsL(L+1)

with

K2 12 ar

K5 31_3/8 ap

K, K5, K3, K4, and are other forms of strength

K5 parameters.

Then, using specific limit or symmetry (U(5), SU(3), or
0(6)) to examine the structure of the set of nuclei or set of
isotopes is more beneficial than employing the full
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Hamiltonian of IBM-1. This is because this Hamiltonian con-
tains multi-free parameters which make it easy to fit the struc-
ture of any isotope. Using a limited number of parameters or
specific symmetry limit will emphasize the physics of the
system such as the excitation type, the shape of the nucleus,
and how isotopes change their shape and mode of excitation
with the rise of neutron number in the shell which means an
increase in neutron boson number where the nuclei started to
sweep from the vibrational spectra (spherical shape) to rota-
tional spectra (deformed shape).

Referring to the ratio Rp4/p, the values R=2—U(5), R~
2.5—0(6), and R~3.333—SU(3) [18, 19] are typical values
which only exist when the nucleus absolutely and purely be-
longs to these limits, which means that this nucleus is an
example of the related symmetry. Unfortunately, we have very
few nuclei which own this privilege. While the majority of the
isotopes are considered to be transitional nuclei which contain
properties of two or three of these symmetries, here, we refer
to what we call Casten triangle [20] or symmetry triangle,
which means that the R value of nucleus to which these three
typical values is closest will indicate the assignment of the
symmetry of this nucleus.

The relation between the moment of inertia () and gamma
energy E., is given by

2020-1) 412
219/ "= E(I)-E(I-2) E (6)

5

And the relation between £, and hw is given by
E()-E(I-2)
VIT+ /T2 D)
E,

Ve 7

fw =

3 Results and Discussion

In the framework of IBM-1, the %Ru and *®Ru nuclei with
neutron numbers 52 and 54 have proton boson hole number 3
and neutron boson particle numbers 1 and 2, respectively.
Therefore, the total numbers of bosons of **Ru and **Ru nu-
clei are 4 and 5, respectively. IBM-1 calculations have been
performed with no distinction made between the neutron and
proton bosons. The symmetry shape of a nucleus can be pre-
dicted from the energy ratio R=F4{/E2], where E4] is the
energy level at 4| and E2] is the energy level at 2. The R
has a limit value of =2 [18, 19] for the vibration nuclei U(5),
~2.5 for y-unstable nuclei O(6), and =3.33 for rotational

@ Springer
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Fig. 1 E(47)/E(27) values calculated for experimental data [21] of the
isotopes **?®Ru isotopes are compared with those yielded by the U(5),
0O(6), and SU(3) limits

nuclei SU(3). The R values of low-lying energy levels of
%Ru and *®Ru isotopes are 1.8 and 2.1, respectively, and it
is shown in Fig. 1. From this figure, we have identified U(5)
symmetry in even-even *°Ru and **Ru isotopes.

For the analysis of the yrast states in the °***Ru nuclei up to
16" states, we tried to keep the number of free parameters in
the Hamiltonian to a minimum. Overall best fit was archived
for the yrast-state bands of double even isotopes ****Ru. Fur-
thermore, these parameters can be determined from the
Eq. (3). The experimental eigen values (E(n, v, L)) are used
to determine these parameters, where n,, v, and L are quantum
numbers. In addition, the fitted parameters have been change
in the limitation of it in the range of error of the energy levels
to get the best fit.

Each nucleus at the evolving states is determined using
Eq. (3). Table 1 shows the values of the parameters used to
calculate the energy of the yrast states for the isotopes under
study. The energy level fits with IBM-1 are presented in
Table 2. It is clear from the conversion of the set of param-
eters ¢, ky, k4, and ks to ¢, ag, a;, a», a3, and a4 that ay and
a, which are the characteristic parameters of O(6) and
SU(3), respectively, are vanished and are equal to zero. It
can be concluded that the Ru-96 and Ru-98 in their ground-
state bands are good candidates of U(5) symmetry, with
domination not less than 90 % according to the weight of
fitting parameters.

Table1 Boson number and calculated parameters in kilo-electron-volt
(keV) for even **®*Ru isotopes

Isotopes N ¢ (keV) K, keV) Ky (keV) K5 (keV)
%Ru 4 597.69+£278  14.14 10.39 -2.26
%Ru 5 54941+430  19.73 15.99 -2.53
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Table 2 Excitation energies,
moment of inertia, and square of Nucl [ Eexp(D E.u Transition  E, E, 20/ Exp  20/77 Cal  (fw)
rotational frequency for even Exp Cal
969%Ru isotopes [21] keV keV MeV  MeV  MeV'! MeV! MeV?
%Ru 2 832.6 7964 2" —0" 0.833  0.796 7.20 7.54 0.116
4 1518.1 1423.8 452" 0.685 0.627 20.44 2233 0.273
6 2149.8 2182.2 6" —4" 0.632 0.758 34.81 29.02 0.099
8 2950.4 2971.7 8 6" 0.801 0.790 37.45 37.97 0.159
10 3816.7 3792.1 10" —8" 0.866 0.820 43.88 46.34 0.187
12 4417.6 4643.6 12" 10" 0.601 0.852 76.54 53.99 0.090
14 5679.8 5526.1 14" —12" 1.262 0.883 42.79 61.16 0.398
16 6440.5 6439.7 16"—>14" 0.761 0913 81.47 67.90 0.144
%Ru 2 652.4 6968 2"—0" 0.652  0.697 9.20 8.61 0.071
1397.8 1444.8 pa— 0.745 0.748 18.79 18.72 1.36
2222.5 2244.0 6" —4" 0.825 0.799 26.67 27.53 0.169
8 3190.2 3094.3 8 —6" 0.968 0.850 30.99 35.29 0.233
10 4000.8 3995.7 10" —8" 0.811 0.901 46.86 42.18 0.164
12 4914.0 4948.3 12°>10" 0913 0.953 50.38 48.27 0.208

For Ru-96 and Ru-98, the fitting parameters are as shown
in Table 1. However, we may come out with an interesting
point for Ru-96, € which, representative of pure U(5) symme-
try, is the dominating parameter in this calculation with uncer-
tainty less than 0.47 %, since the closest parameter which still
belongs to U(5) is ky, which is only 2.36 % of €. The k4
parameter is only 10.39 keV, 1.74 % of €. The ks parameter
is only —2.26 keV, 0.38 % of . For Ru-98, € which, represen-
tative of pure U(5) symmetry, is the dominating parameter in
this calculation with uncertainty less than 0.78 % since the
closest parameter which still belongs to U(5) is k;, which is

only 3.59 % of . The k4 parameter is only 15.99 keV, 2.91 %
of . The ks parameter is only —2.53 keV, 0.46 % of e.

Nuclei with a small number of bosons near to closed shells
may be practicing a different type of excitation than the rota-
tion, which will be single-particle excitations which may push
the first excited state in Ru-96 up a little, while in Ru-98 where
the boson number is greater than one, collectivity appears to
play a role and the 27 is lower in terms of energy than its
counterpart in Ru-96.

Figures 2 and 3 show the yrast states of °Ru and **Ru
isotopes as a function of angular momentum. The agreement

Fig. 2 Yrast states as a function T T T T T T T T
of angular momentum for %Ry % [ ]
nucleus 6000 | RU -
® Exp ]
e |BM-1
o o
= n
5 4000 |- . _
()
c
(0]
c I [ ] 4
.0
©
S 2000 e ]
X
W ]
L . |
0 ! ! ! ! ! ! ! !
0 2 4 6 8 10 12 14 16 18

Yrast spin
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Fig. 3 Yrast states as a function 6000 T T T T T T
of angular momentum for %Ru
nucleus %Ru
L P _
. ® Exp
> 4000 L@ I1BM- . -
=
)
5] i s ]
c
(O]
c
el ]
@© 2000 -
2
L L]
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between the calculations and the experimental yrast states is
good and reproduced well. The values of the first excited state
E21 and the ratio R=E4,/E2; show that °***Ru isotopes are
vibrational nuclei.

To measure the evolution of nuclear collectivity, Fig. 4
gives the comparisons of the ratios R, =E(L")/E(2}) as a func-
tion of angular momentum (L) in the ground-state band for
%Ru and **Ru isotopes. We present energies of the yrast se-
quences using IBM-1 (normalized to the energy of their re-
spective 2, levels) in both nuclei and have compared them
with previous experimental values [21]. From Fig. 4a, b, we
can see that IBM-1 calculation fit the U(5) predictions gener-
ally. However, the comparison between the calculations and
the experimental R; values are increased toward a higher spin.

The positive parity yrast levels are connected by a sequence
of stretched E2 transition with energies which increase
smoothly except around the backbends. The transition energy
AE; -, should increase linearly with 7 for the constant rotor as
AE; »=1/20 (4I-2) does not increase, but decrease for cer-
tain / values. The moment of inertia 219/ and rotational fre-
quency /w have been calculated from Egs. (6) and (7), respec-
tively. The ground-state bands up to 16 and 12 units of angular
momentum are investigated for a moment of inertia in even °*
%%Ru isotopes. The moments of inertia are plotted versus spin
in Fig. 5. It is shown that 29/ as a function of spin do not
change up to spin 10 theoretically as well as experimentally.
20//4" as a function of the square of rotational energy in even
96-%Ru nuclei are plotted in Fig. 6. In the lowest order accord-
ing to variable moment of inertia (VMI) model, this should
give a straight line in the plot of inertia 299//# as a function of
w”. It is seen that the backbending behavior changes from one
nucleus to another, **Ru and **Ru isotopes show back bend-
ing at /=4" and /=8, respectively. Results are presented on

@ Springer

collective A/=2 ground band level sequence for the variation
of shapes for Ru isotopes with even neutron N=52 and 54.
The backbending phenomena appear clearly in the diagram

84 [ g Exp T T T T T T 3

—e— Cal u .
Va

6.3 |- b) 98Ru ./ |

4.2 |-

Sy _

E(LT)E2’
=
o

e Exp
—e— Cal -
I Py
- 75| a)*Ru I
o /. /
I . / ]
5.0 | /: u i
25 . /l/ _
L . P |
00 1 1 1 1
0 4 8 12 16

Spin
Fig. 4 Yrast ratio R,=FE(L")/E(27) as a function of spin for a **Ru and b
%Ru isotopes. L=2, 4, 6,...., 16
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Fig. 5 Moment of inertia as a function of spin for a **Ru and b **Ru
isotopes

20//# vs (/w)*. The backbending phenomenon can be phe-
nomenological reproduced as an effect due to the crossing of
two bands. Let us assume that two bands have different mo-
ments of inertia and cross each other in a certain region of
angular momentum /. Because of the residual interaction, such
a crossing does not take place, and therefore, the yrast band,
which is defined as a line of states with the lowest energy for
each 7, changes discontinuously at the moment of inertia.
Based on this definition, we may assume that if double or
triple back endings exist in *°Ru, the shape or the symmetry
of this nucleus will change two or three times (in other words,
we have bands with different moments of inertia and crossing
each other many times).

One should, however, keep in mind that this kind of phe-
nomenological description only gives a classification of the
spectra and does not say anything about their physical origin.
One of the theoretical interpretations of the backbending is
that, in the second band, the nucleus has a different deforma-
tion, for instance, a triaxial one. This means that backbending
is caused by a sudden change of deformation—typically the
phase transition from axial symmetry to triaxiality.

The use of potential energy surface (PES) in IBM model is
an attempt to seek microscopic and geometric roots through

" b) N=54
—u—Exp

42 |

—_~ | ./ |
S 14t / -
)
\2, [ ]
o
E 88 ] ] ] ]
c
— [ ]
S o ]
c
)
£ 66L -
<)
: \ _
44 | ] —
7
a— " |
. J
0 | L | L | L |

0.1 0.2 0.3 0.4

Square of rotational energy (MeV)?

Fig. 6 Moment of inertia as a function of square of rotational energy for
a “Ru and b **Ru isotopes

reflecting the three main symmetries as correspondent defor-
mation shapes (spherical, oblate and prolate, and 'y indepen-
dent (y soft)). However, the PES indicates us about the shape
of nuclei, its symmetry, and the depth of the minimum and the
change of the shape if it happens.

PES by the Skyrme mean field method was mapped onto
the PES of the IBM Hamiltonian [22, 23]. The expectation
value of the IBM-1 Hamiltonian with the coherent state |V, 3,
7y is used to create the IBM energy surface [24]. The state is a
product of the boson creation operators b, with
(85)"

'N,ﬂ, ) = 0). (®)

1
VN!

bl =(1+ 52)"2{ST +5 {cm(dg) + \/%siny<d; + diz)] }

©)

The energy surface as a function of 3 and vy, has been given
by [1]
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Fig. 7 Potential energy surfaces
for even “*Ru and **Ru isotopes
96Ru
0.0 [
2
E(N,B,7) = Neas
(1+ ) + NW-1)
‘ (1+ ﬂ2)2(a1/}4 + apFPeossy + a3 + as)
(10)

where the s are related to the Cassimir coefficients Cy, v5,
Vo, s, and ug [20]. 3 is a measure of the total deformation of
nucleus, where =0, the shape is spherical, and is distorted
when#0 and v is the amount of deviation from the focus
symmetry and correlates with the nucleus, if v=0, the shape
is prolate, and if v=60, the shape becomes oblate. Then, we
can rewrite Eq.,2 8 for U(S) limit as[20]:
E(Naﬁa 7) = Elei77 U(5)a

From above, the potential surfaces are approximately inde-
pendent of gamma only. The contour plots in the v-3 plane
resulting from E(N, 57) are shown for **Ru and **Ru isotopes
are shown in Fig. 7. In this figure, the color lines represent the
potential energy surface values in the unit mega-electron-volt
(MeV), and it is shown that the equilibrium shape of the nuclei
is always slightly oblate, but almost spherical G;nm=0. Fur-
thermore, the E(N, 5,7) independent on the . Thus, the mapped
IBM energy surfaces, which are the nuclei, are slightly oblate,
but almost spherical shapes for the considered Ru nuclei.

4 Summary

The yrast states of the even-even *® **Ru isotopes have been
investigated using the interacting boson model-1. Energy
levels up to 16, for *°Ru, and up to 127, for **Ru, were
obtained using the best-fitted values of the parameters in the
IBM-1 Hamiltonian. The analyses of the calculated energies
of the low-lying states with positive parity show a satisfactory
agreement between the IBM-1 and the experimental data for
the ground-state band. The behavior of the moment of inertia
of the even-even Ru isotopes as a function of the square of the
rotational angular velocity indicates the nature of backbending
properties. The potential energy surfaces of the **Ru and **Ru
nuclei where also calculated. Within the framework of the

@ Springer
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60

0.1000
0.3444
0.5889
0.8333
1.078
1.322
1.567
1.811
2.056
2.300

24 8 B 24

interacting boson approximation, the Ru isotopes studied here,
with neutron numbers 52 and 54, can be considered as vibra-
tional nuclei with symmetry close to the U(5) limit.
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