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Abstract In this work we perform a detailed study of
the nucleon-nucleon (NN) interaction based on relativis-
tic mean field theory in which the potential is explicitly
expressed in terms of the masses and the coupling con-
stants of the meson fields. A unified treatment for the
self-couplings of isoscalar-scalar σ meson, isoscalar-vector
ω mesons, and their coupling constants is given and analyt-
ical expressions are provided. The effects of self-interacting
higher order σ and ω fields on nuclear properties are evalu-
ated. An attempt is made to explain the many-body effects
which generally occur in high-density region. Both infinite
and finite nuclear matter properties are discussed to inves-
tigate the behavior and sensitivity of these self interacting
terms.

Keywords Relativistic mean field · Nucleon-nucleon
potential · Energy density · Pressure density · Binding
energy · Excitation energy
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1 Introduction

The nucleon-nucleon (NN) interaction has been investi-
gated for over half a century [1, 2]. Probably this is a long
standing question in the history of nuclear physics. In fact,
describing the nuclear properties in terms of the interactions
between nucleon pairs is the main goal of nuclear physicists.
The nucleon-nucleon (NN) interaction in terms of mediated
mesons was put forwarded by Yukawa [3] in 1935. Although
the meson theory is not fundamental from the QCD point
of view, it has improved our undertanding of the nuclear
forces as well as highlighted some good quantitative results
[4, 5]. The modern theory of NN potential in terms of par-
ticle exchange was made possible by the development of
quantum field theory [5]. However, at low-energy, one can
assume that the interactions are instantaneous and therefore
the concept of interaction potential becomes useful. The
derivation of a potential through particle exchange is impor-
tant to understand the nuclear force as well as the structural
properties of nuclei.

Nowadays, there are many nuclear theory models using
quark and gluon in connection with the NN potential
[6, 7]. These models give the fundamental understanding of
the NN interaction at present. Here, we are not addressing
all these long standing problems about the NN potential.
Our aim is to highlight some basic features of the NN
interaction arising from the relativistic mean field (RMF)
Lagrangian [8–12]. The behavior of this potential gives an
idea about the saturation properties of nuclear force at the
high energy limit.

The paper is organized as follows: In Section 2, we
briefly discuss the theoretical formalism of the NN inter-
action based on relativistic mean field (RMF) theory. The
general forms of the NN potentials are expressed in the
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coordinate space (r-space) in terms of the masses and cou-
pling constants of the force parameters. In Section 3, we
review the effects of the modified term in the Lagrangian
on observables in finite nuclei and in infinite nuclear mat-
ter In Section 4, we make a few comments about the current
form of the NN interaction at saturation/super-saturation
condition of nuclear systems.

2 The Theoretical Frameworks

The linear relativistic mean field Lagrangian density for a
nucleon-meson many-body system is given as [13–16]:

L = ψi{iγ μ∂μ − M}ψi + 1

2
∂μσ∂μσ − 1

2
m2

σ σ 2 − gsψiψiσ

−1

4
�μν�μν + 1

2
m2

wV μVμ − gwψiγ
μψiVμ − 1

4
Bμν.Bμν

+1

2
m2

ρR
μ.Rμ − gρψiγ

μτψi.Rμ − 1

4
FμνFμν

−eψiγ
μ (1 − τ3i )

2
ψiAμ, (1)

where the field for σ meson is denoted by σ , for ω by
Vμ, and for the iso-vector ρ−meson by Rμ. The ψi , τ ,
and τ3 are the Dirac spinors, iso-spin, and the 3rd com-
ponent of the iso-spin of the nucleon, respectively. Here,
gσ , gω, and gρ are the coupling constants for σ , ω, and ρ

mesons and their masses are denoted by mσ , mω, and mρ ,
respectively. The field tensors for V μ is �μν and for Rμ

is denoted by Bμν . If, we neglect the ρ− meson, it corre-
sponds to the original Walecka model [14]. From the above
Lagrangian, we obtain the field equations for the nucleons
and mesons. In the limit of one-meson exchange and mean-
field (the fields are replaced by their expectation values), for
a heavy and static baryonic medium, the solution of single
nucleon-nucleon potential for scalar (σ ) and vector (ω, ρ,
and Coulomb) fields are given by [8, 9],

Vσ (r) = − g2
σ

4π

e−mσ r

r
, (2)

and

Vω(r) = + g2
ω

4π

e−mωr

r
, Vρ(r) = + g2

ρ

4π

e−mρr

r
,

VC(r) = + e2

4πr
. (3)

The total effective NN potential is obtained from the scalar
and vector parts of the meson fields. This can be expressed
as [8],

veff (r) = Vω + Vρ + VC + Vσ = g2
ω

4π

e−mωr

r
+ g2

ρ

4π

e−mρr

r

+ e2

4πr
− g2

σ

4π

e−mσ r

r
. (4)

2.1 Nonlinear Case

The Lagrangian density (1) contains only linear coupling
terms, which is able to give a qualitative description of the
nuclear system [14–16]. The essential nuclear matter prop-
erties like incompressibility and the surface properties of
finite nuclei cannot be reproduced quantitatively within this
linear model. The replacement of mass terms 1

2m2
σ σ 2 of σ

field by U(σ) and 1
2m2

ωV μVμ of ω field by U(ω), acts as a
smoothing mechanism and hence lead in the direction of the
one-body potential and shell structure [17–20]. This can be
expressed as

U(σ) = 1

2
m2

σ σ 2 + 1

3
g2σ

3 + 1

4
g3σ

4, (5)

U(ω) = 1

2
m2

ωVμV μ + 1

4
c3

(
VμV μ

)2
. (6)

The cubic and quartic terms on the right hand side of
(5–6) arise from the self couplings of the σ and ω mesons
[17–20]. Keeping c3 = 0, the values of g2 and g3 due to
σ−fields along with other parameters are obtained by a least
square fitting of various nuclear properties [17]. In general,
most of the successful fits like NL1 [21] and NL3 [22] sets
yield a +ve and a −ve sign for g2 and g3, respectively.
The negative value of g3 is a serious problem in quantum
field theory and responsible for the divergence of a solu-
tion in the lighter mass region of the periodic table [23].
As, we are dealing within the mean field level and with
normal nuclear matter density, the corresponding σ field
is very small and the −ve value of g3 is still allowed for
slightly heavier mass nuclei [23]. Again, allowing c3 =
1
6ζ0 non-zero, one get a different parameter set like TM1
and TM2 [20] with a positive g3. The field equations for
σ− and ω-mesons obtained from the nonlinear Lagrangian
as:

(
− �2 +m2

σ

)
σ(r) = −gσ ρs(r) − g2σ

2(r) − g3σ
3(r),

(
− �2 +m2

ω

)
V (r) = gωρ(r) − c3W

3(r), (7)

with W(r) = gωV0(r). Because of the difficulty in solv-
ing the above nonlinear differential equations, it is essential
to have a variation principle for the estimation of the ener-
gies [24–26]. In the static case, the negative sign of the
third term in the Lagrangian is computed with the correct
source function and an arbitrary trial wave function. The
limit on the energy has a stationary value equal to the proper
energy when the trial wavefunction is in the infinitesimal
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Table 1 The values of mσ , mω, mρ (in MeV), and gσ , gω, gρ for RMF (NL3) force, along with the ad hoc addition of self-interacting ω− field
with coupling constant c3

set mσ mω mρ gσ gω gρ g2(f m−1) g3 c3

NL3 508.194 782.5 763.0 08.31 13.18 6.37 −10.4307 −28.8851 0.0±0.6

neighborhood of the correct one. Now, the solution for the
modified σ and ω fields are given as [9]:

Vσ = − g2
σ

4π

e−mσ r

r
+ g2

2

4π

e−2mσ r

r2
+ g2

3

4π

e−3mσ r

r3
,

Vω = g2
ω

4π

e−mωr

r
− c2

3

4π

e−3mωr

r2
. (8)

and the modified effective nucleon-nucleon interaction is
defined as [8, 9]:

veff (r) = Vω + Vρ + Vσ + VC

= g2
ω

4π

e−mωr

r
+ g2

ρ

4π

e−mρr

r
− g2

σ

4π

e−mσ r

r
+ e2

4πr

+ g2
2

4π

e−2mσ r

r2
+ g2

3

4π

e−3mσ r

r3
− c2

3

4π

e−3mωr

r3
. (9)

Neglecting the contribution for ρ−meson and Coulom-
bic interaction for NN interaction, the above equation
reduces to

veff (r) = Vω + Vσ

= g2
ω

4π

e−mωr

r
− g2

σ

4π

e−mσ r

r

+ g2
2

4π

e−2mσ r

r2
+ g2

3

4π

e−3mσ r

r3
− c2

3

4π

e−3mωr

r3
. (10)

The new NN interaction analogous to M3Y and is able to
improve the incompressibility and deformation of the finite
nuclei results [17, 27]. In addition to this, the nonlinear self
coupling of the σ and ω-mesons help to generate the repul-
sive and attractive part of the NN potential at long as well
as at short distance, respectively, to satisfy the saturation
properties (Coester-band problem) [27, 28]. We are deal-
ing with two type of mesons, one is scalar (σ ) and other
is vector (ω). The range of their interactions are also dif-
ferent due to their different masses. Consider the case of
σ−meson, where the range of interaction is ∼ �

mσ c
fm. In

this range, the attractive part of the potential comes from
the exchange of the σ−meson. The density dependent many
body effect demands a repulsive part in this region [29].
This is given by the self interacting terms like σ 3 and σ 4

[9, 30, 31]. The total NN potential generated from the non-
linear σ − ω Lagrangian for nuclear matter is able to repro-
duce the proper effective interaction satisfying the Coester
band problem. Generally, the exchange of ω−meson gives
the repulsive potential in the short-range part of the hard

core region. However, the self-coupling of ω−meson gives
an attractive component at very short distance (∼ 0.2 fm) of
the nuclear potential. The nonlinear terms also generate the
most discussed 3 − body interaction [30, 31].

3 Results and Discussions

Equation (10) represents the effective NN potential in terms
of the well-known mesonic degrees of freedoms (σ and ω

meson fields) and their coupling strengths. Here, we have
used RMF (NL3) force parameter along with varying c3

for ω-self interaction to determine the nuclear properties.
The values of the parameter set for NL3-force are listed in
Table 1. Although the ω4 term is already there in several
interactions, such as FSU-Gold parameter [32, 33], here we
are interested to see the effects of nonlinear self coupling
for ω−meson. Thus, we have added the self-interaction of
ω with coupling constant c3 on the top of NL3 set and
observed the possible effects.

First of all, we have calculated the NN-potential for linear
and nonlinear cases. The obtained results for each cases are
shown in Fig. 1. From the figure, it is clear that without the
nonlinear coupling for RMF (NL3), one cannot reproduce a
better NN-potential. In other word, the depth of the potential
for linear and nonlinear is ∼ 150 and 50 MeV, respectively.
Thus, the magnitude of the depth for linear case is unreason-
able to fit the NN data. Again, considering the values of c3,
there is no significant change in the total nucleon-nucleon
potential. For example, the NN-potential does not change at
all for c3 � ± 0.6, which can be seen from Fig. 1.
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V
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Fig. 1 The effective NN interaction potentials as a function of dis-
tance r from (7–10) for NL3 parameter set
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Fig. 2 The contribution of σ -potential from linear, non-linear and
total as a function of distance r for NL3 parameter set

Further, we have calculated the individual contribution of
meson fields to the NN potential in particular cases of σ and
ω-mesons. In case of σ -field, we have calculated the linear
and nonlinear contributions separately and combined to get
the total σ -potential as shown in Fig. 2. From the figure, one
can find the nonlinear self-interacting terms in the σ -field
play an important role (contributing a repulsive interaction)
in the attractive part of the σ−meson domain, giving rise to
a repulsive potential complementing the 3-body effect of the
nuclear force in the total NN potential [24, 29]. The linear
and nonlinear contributions of the ω-field at various c3 are
shown in Fig. 3. The important feature in this figure is that
the linear term gives an infinitely large repulsive barrier at
∼ 0.5 fm, in which range, the influence of the nonlinear
term of the ω−meson is zero. However, this nonlinear term
is extremely active at very short distance (∼ 0.2 fm), which
can be seen from the figure.

That means, mostly the (i) linear term of the σ−
meson is responsible for the attractive part of the nuclear
force (nuclear binding energy); (ii) the nonlinear terms are
responsible for the repulsive part of the nuclear force at
long distance, which simulate the 3-body interaction of the

0.2 0.4 0.6 0.8 1
-600

-400

-200

0

200

400

600

V
  (

M
eV

)
ω

c 3 
= 

0.
2

r (fm)

c 3 
= 

0.
6

Fig. 3 The contribution of ω-potential from linear, non-linear and
total as a function of distance r for NL3 parameter set

nuclear force [24, 30, 31], which also help to explain the
Coester band problem; (iii) similarly, the linear term of the
ω− meson is restraint for the repulsive part of the nuclear
force (known as hard core); and (iv) the nonlinear self-
coupling of the ω− meson ( 1

4c3VμV μ) is responsible for the
attractive part in the very shortest (∼ 0.2f m) region of the
NN potential. It is worthy to mention that the exact values
of these constants are different for different forces of RMF
theory. Hence, the NN potential somewhat change a little bit
in magnitude by taking different forces, but the nature of the
potential remains unchange.

3.1 Energy Density and Pressure Density

To our knowledge, for the first time, the self-coupling of
vector meson term is introduced by Bodmer [18] and sub-
sequently by Gumca [19] and Sugahara et al. [20]. In their
calculations, they added the vector meson self-coupling
term and constructed a new parameter set in equal footing
with other coupling constants. Thus, the inclusion of this
term is not new, it is already taken into account for dif-
ferent forces of RMF and effective field theory motivated
relativistic mean field theory (E-RMF). Here, our aim is to
see the effects of c3 on the nuclear system and the contribu-
tion to the attractive part of the hard core of NN potential.
We have solved the mean field equations self-consistently
and estimated the energy and pressure density as a func-
tion of baryon density for symmetric nuclear matter. Thus,
the contributions of Coulomb and ρ−fields are neglected.
The obtained results for different values of c3 are shown
in Figs. 4 and 5. The empirical binding energy per parti-
cle eemp(ρ) for symmetric nuclear matter at saturation is
15.98 MeV [34] and that of NL3 set e(ρ)(NL3) are depicted
in Fig. 4 to have an understanding on the influence of c3. It
can be seen that these two values coincide with each other
at saturation density for c3 = 0 including with a small vari-
ation of c3. That means, the change in e(ρ) with c3 is almost
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Fig. 4 The energy per particle of symmetric nuclear matter as a func-
tion of baryon density for various values of c3. The empirical and
nuclear matter saturation values for NL3 set are also given
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Fig. 5 The pressure density of symmetric nuclear matter as a function
of baryon density for various values of c3

negligible at the saturation point, while this variation is sub-
stantial for higher density region. From the figures, it is
identified that the −ve value of c3 gives a stiff equation of
state (EOS), meanwhile the +ve value shows a soft EOS. It
is to be noted that mass and radius of the neutron star depend
on the softness and stiffness of EOS [35]. In some investi-
gations, it is observed that the softening of the EOS depends
on the nonlinear coupling of the ω− meson [20, 33]. The
recent measurement of neutron star mass by Demorest et al.
[36] constraints a new direction that the NL3 force needed to
produce a softer EOS. However, when we deal with G2 (E-
RMF) model [35], the results of Ref. [37] demand a slightly
stiffer EOS. This implies that the value of c3 should be fixed
according to solve the above discussed problems in equal
footing with other parameters of the set.

3.2 Binding Energy, Excitation Energy,
and Compressibility Modulus

To see the sensitivity of c3 on finite nuclei, we calculate
the binding energy (BE), giant monopole excitation energy
(Ex), and compressibility modulus KA for 40Ca and 208Pb
as representative cases as a function of c3. The excita-
tion energy and compressibility modulus are calculated by
scaling method within the framework of extended Thomas-
Fermi (RETF) approximation [38, 39]. The obtained results
are shown in the upper and lower panel of Figs. 6 and 7.
The experimental or empirical data are also displayed for
comparison.

From the figure, one observes a systematic variation
of binding energy by employing the isoscalar-vector self-
coupling parameter c3. For example, the binding energy
monotonically changes for all values of c3. When c3 = 0,
the NL3 set reproduces the original binding energies for
both 40Ca and 208Pb, which are fitted with the data while
constructing the force parameters. As soon as the self-
coupling constant is non-zero, the calculated BE deviates

300
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Fig. 6 The binding energy of 40Ca and 208Pb in their ground state for
different values of c3. The experimental data for these nuclei are also
given

from the data, because of the influence of c3. Again, analyz-
ing the excitation energy, we find reasonable match of Ex

with the observation (lower panel of Fig. 7). These values
of Ex remain almost constant for a wide range of c3 (∼ −2
to ∼ 1), beyond which Ex increases drastically for positive
value only. Further, we analyze the variation of compress-
ibility modulus with c3 for 40Ca and 208Pb (upper panel of
Fig. 7). We include both positive and negative values of c3

(−2 to +2) to know the effects on the sign of c3. Similar
to the monopole excitation energy, we find that the com-
pressibility modulus does not change with the increase of
c3 up to some optimum value. The empirical (nuclear mat-
ter compressibility modulus K∞) data of K

emp∞ = 210 ± 30
MeV [40] and the nuclear matter compressibility modulus
for NL3 set K∞(NL3) = 271.76 MeV are given in the
figure to have an idea about the bridge between the nuclear
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Fig. 7 Lower panel: The excitation energy Ex as a function of c3 for
40Ca and 208Pb. The experimental data are also given. Upper panel:
The incompressibility of 40Ca and 208Pb as a function of c3. The exper-
imental and incompressibility at saturation for NL3 set K∞(NL3)

values are also given
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matter limit for finite nuclei. In general, these two val-
ues along with the finite nuclei compressibility modulus
gives an overall estimation about a possible link among
them in finite nuclei and nuclear matter limit. It is interest-
ing to notice that although we get a stiff equation of state
with negative value of c3 for infinite nuclear matter sys-
tem, this behavior does not appear in finite nuclei, i.e. the
KA and Ex do not change with sign of c3. May be the
density with which we deal in the finite nucleus is respon-
sible for this discrepancy. However, KA and Ex increase
substantially after certain value of c3, i.e. the finite nucleus
becomes too much softer at about c3 ∼ 1.0 resulting a larger
incompressibility.

4 Summary and Conclusions

In summary, we analyzed the effects of the non-linear self-
coupling of the σ−scalar and ω−vector mesons. At long
range, i.e., at distances larger than 0.5 fm, the self coupling
of the σ−meson gives a repulsive component contrary to the
attractive part of the linear term. This repulsive nature of the
nuclear potential originated from the nonlinear terms of the
σ−meson couplings simulate the 3-body force. This 3-body
force may solve the Coester band problem in RMF formal-
ism. On the other hand, at extremely short distance, the
nonlinear term of the ω−meson coupling gives a strongly
attractive potential for both positive and negative values
of c3 upto ±0.6. This short range distance is about 0.2f m,
beyond (more than 0.2 fm) which the vector−meson inter-
action gives a strong repulsion due to its linear term and
responsible for the saturation of nuclear force. Thus, one
concludes that the effects of the vector self-coupling is
crucial for the attractive nature of the nuclear force at
the extremely short range region and should be taken in
equal footing while constructing the force parameters in
relativistic mean field theory.
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