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Abstract We analyze the near continuum flow created by
a rotating disk facing a stagnant gas. The flow-field prop-
erties change from the traditional continuum solutions, due
to the introductions of new velocity-slip and temperature-
jump boundary conditions. To compute the velocity profiles,
a self-similar transformation simplifies the Navier-Stokes
equations into a system of ordinary differential equations.
The introduction of new boundary conditions generates new
parameters which can be adjusted at different degrees of
rarefaction. Shooting methods are adopted to solve the dif-
ferential equations with the new boundary conditions. Based
on the solved velocity profiles, exact solutions for the tem-
perature distribution are obtained. The gas temperature at
the disk surface shifts towards the free stream temperature,
while the heat flux between the gas and surface is reduced.
Stream function solutions for the flow at the disk surface
are presented to demonstrate the effects of the slip bound-
ary conditions. The torque generated by the disk is obtained
with different disk rotating speed, and the gas at the disk
surface has different slip velocities.
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1 Introduction

Flows over a rotating disk are highly useful for industrial
applications, for example, centrifugal pumps and microp-
umps [1], turbine blades, viscometry, etc. They are not
only limited to the one in the traditional continuum regime,
which was already well studied. For example, they are
related to material synthetisation [2] and other applications
[3-5]. In processes such as chemical vapor deposition [2], a
thin film can be synthesized with the use of a rotating disk
reactor. The rotating disk contains the substrate that later
will be impinged by a chemical mixing. The low pressures
often used in this kind of processes increase the mixture
mean free path (MFP) [6]. As a consequence, rarefaction
effects must be taken into account during the solution of the
velocity profiles. Other studies in cooling Micro-Electro-
Mechanical-Systems were performed during the past (e.g.,
Bachok et al. [7]). Moreover, the rotating disk configuration
can be used in the study of rotating disk electrodes and in
the study of chemical reactions [8].

The solutions to continuum swirling flow over a rotating
disk are the most representative exact ones for the Navier-
Stokes Equations (NSEs) in three dimensions. The problem
was well studied and the solutions involve a symmetrical
flow in cylindrical coordinates. A coordinate transforma-
tion was introduced by Karman [9] and was also clearly
described by White [10], with which the NSEs change from
partial differential equations to a system of three Ordinary
Differential Equations (ODEs). These new equations can be
easily solved with a shooting method, and their solutions
include the velocity components. Uncoupled equations for
the pressure and temperature can be further solved based on
the velocity solutions. A comparison of the viscous effects
in flows over a rotating disk was performed in the past
by Hannah [11], where the changes in the flow viscosity
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were analyzed. Sahoo [12] discussed some new progress
on solving the Bodewadt flow, which is a twin problem
to the rotating disk flow. Also, the entropy change due
to velocity-slip and temperature-jump boundary conditions
(B.C.s) and the permeability with those B.C.s were also con-
sidered in the literature [13]. Metha’s [13] work performed
some investigations without considerations of the temper-
ature jump conditions, and he adopted a finite difference
method to solve for velocity components. Extensions to the
case of the two rotating disks were reviewed by Zandberen
and Dijkstra [14].

Other than Karman’s work, some others worked with
different approaches on the rotating disk flows [15-18].
Cochran [15] obtained more accurate results by matching a
Talylor series expansion near the disk with a series of solu-
tions, involving exponentially decaying functions far from
the disk at the suitable mid point. Benton [16] applied the
same approach for unsteady rotating disk flows. Millsaps
and Polhausen [17] concentrated on small Prandtl number
heat transfer, while Sparrow and Greeg [18] concentrated
on high Prandtl number rotating disk flows. Some related
discussions including criticism on slip flows over a rotating
disk were available in the literature [19-21]. Miklavicic’s
[19] work emphasized a simplified model for velocity slip
flows over a rotating plate by concentrating on mathe-
matic proof, neglecting the temperature effect. Arikoglu
[20] used the differential transform method (DTM) intro-
duced by Zhou [22] and obtained different ODEs from
Karman [9]. Only the velocity slip along the radial direction
was included, without temperature jumps. Pantokratoras
[21] pointed out that many works in the literature on solving
these ODEs were incorrect due to insufficient of computa-
tion length. For example, Osalusi [23] and his coworkers
considered many complex rotating disk flow with velocity-
slip B.C.s and many other factors including electricity,
unfortunately their solution profiles were problematic.

In some applications, such as micropumps [1], rarefac-
tion effects should be considered. The rarefaction effect can
be described with the Knudsen number (Kn):

Kn = Z, (1)
where A is the molecule MFP and L is the characteristic
length. Rarefied flows can be classified into four regimes:
continuum with Kn <0.001, near continuum with 0.001 <
Kn < 0.01, transitional 0.01 < Kn < 10, and free molec-
ular with Kn > 10. The NSEs are applicable in continuum
and near continuum regime. The former adopts non-slip and
no-jump B.C.s, and the latter shall adopt the velocity-slip
and temperature-jump B.C.s [24-26].

This paper aims to further discuss the rarefaction
influence on the flowfield solutions. NSEs for incom-
pressible viscous flows will be used, but setting up the
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B.C.s at the plate surface shall include velocity-slip and
temperature-jump.

2 Velocity Distribution of Flows Near a Rotating
Disk

As illustrated by Fig. 1, the problem consists of a flat disk
rotating at a certain angular velocity w. Friction is gener-
ated by the disk and the outwards flow due to the centrifugal
force. The mass flow is sustained by the movement of the
flow downwards in the axial direction. Therefore, this prob-
lem is a three dimensional flow with rotational symmetry.
The suggested solution for the flow near a rotating disk may
be obtained from the NSEs:

ou ou

2 2 2
v — _109p u 4 3 (u u
ua_r_7+w8_z_ p8r+v(ar2+8r(r)+322)
v uv v __ 9%y Jd (v 9%y
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where u, v, w are considered as the radial, tangential, and
axial velocity components. Moreover, the energy conser-
vation is required to describe the fluid heat convection:
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Fig. 1 Illustrations for the problem of flow near a rotating disk
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The term of viscous dissipation is neglected; it can be
assumed that the gradients of velocity, temperature, and
pressure in the axial direction have a larger order of mag-
nitude than those in the radial direction. Besides, flow is
considered to be axisymmetric, and the derivatives in the
radial and tangential directions are neglected in the case
of a disk with a constant surface temperature. With these
assumptions, (3) degenerates, as presented by Kendoush
[27]:

aT 3T
w—=uo|—]. “)

9z < 972 )

In Fig. 1, it is appreciable how the fluid at rest on the top

is pulled downwards due to the movement of flow over the
disk.

2.1 None Slip and Constant Temperature Surface
Conditions (Kn <0.001)

The non-slip B.C.s at the disk surface are:

u(r,0,0) =0; v, 0,0) =row; w,0,0) =0;

p(r,0,0) =0;u(r,0,00) = 0; v(r, 0, 00) = 0; &)

T(0) = Ty; T (00) = T,
where r is along the radial direction, w is the tangential
velocity component, and 7, is the temperature at the disk
surface. As proposed by Karman [9], the problem can be
reduced to a system of ODEs with the use of a dimension-
less parameter, ¢, which is only a function of z. Meanwhile,

introductions of F, G, H, and P are required to transform the
system of (2):

¢ = z\@; U =roF);v=roGQ):
w = Jvo; H(); p = pwvP(§),

where v is the kinetic viscosity. In addition, one variable is
introduced for the temperature [27]:

0= (T - Tw)/(Too - w)v (7)

finally, the system of three differential (2) transforms as
follows:

2F+H =0, F>+ F'H-G>-F"=0;

2FG+HG' —G" =0. ®)

(6)

The equations for pressure and temperature are,

P —HH +H'"=0, )

®" = PrH®, (10)

where Pr is the Prandtl number. It is noticeable that for
this simplified case where the disk surface temperature
remains constant, the temperature distribution occurs only
as a function of ¢.
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Fig. 2 F(¢), G(¢), and H(¢) with non-slip B.C.s
The rotating disk B.C.s can be transformed to:
F(0)=0;G(0) =1; H©0) =0; P(0) = 0; an
F(o0) =0; G(o0) =0; ®(0) =0; ®(c0) = 1.

It shall be mentioned that the simulation adopted a long
integration domain over ¢, but only a shorter interval is dis-
played, to better illustrate the details. Observations on the
farfield and surface solutions confirming the above B.C.s
are satisfied; hence, this work does not have issues pointed
out by Pantokratoras [21].

The solutions to (8) can be obtained with a numerical
shooting method. The solutions are plotted in Figs. 2 and 3.
With solved exact solution for H, the temperature solution
can be written as:

@) = /{ eprjg' H(s)dsdg“/ /OO ePr/;f H(s)dsdé_. (12)
0 0

038

0.6

o)

04

0.2

LU L N B L BB B

e
0 1 2 3 4 5 [¢)

g

P()
LN N

-0.6

Fig. 3 Similarity solutions for pressure and temperature
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2.2 Solutions with the Velocity-Slip B.C.s
(0.001< Kn <0.01)

Flows with a small scale or a large MFP present weak rar-
efaction effect. The solutions for the velocity components
in this regime are achievable with adoptions of velocity-slip
which can be expressed as:

l/ls(l", (9, 0) =Ug — Uy = 2;;M)\.g—;:|w;
Vs(r,0,0) = vy — vy = ro+ ZBA|,; (13)
wS(rves()) = 0’

where ug and v are the disk surface slip velocity compo-
nents, the subscript “,” denotes the the bulk gas velocity
at the surface. The velocity components at the plate are
denoted by subscript “,,”, A is the MFP, o7 is the momen-
tum accommodation coefficient and can be determined with
experiments. Finally the velocity gradients normal to the
disk surface are du/dn and dv/dn. It shall be pointed out
that for the Maxwellian type of B.C.s, there shall be an extra
term which contains a7 /s, for uy and vs. However, usually
their magnitudes are several orders smaller than the velocity
gradients. The system of equations remains the same as (8).
The transformed B.C.s at the disk surface are:

FO) = (% 1) /2 F 0
GO) =1+ (% - 1) @22 G1(0); (14)
HO) = 0.

Nguyen [3] reviewed many factors which may affect the sur-
face velocity-slip B.C.s. His work concentrated on micro-
pumps; there is no need to consider temperature-jump,
nor the velocity slip along the radial direction. Blanchard
[28] investigated many factors which can affect the surface
accommodation coefficients as well.

Equation (14) includes a constant wA? /v and implies that
the slip B.C.s are independent of the surface position, but
rather depending on the disk angular velocity. By compar-
ison, the radial and tangential velocity component profiles,
which are described in (6), depend on the radial position.

In a similar manner, the temperature-jump B.C. is:
T(h0,0) =T, — T, = 20T 2 201, 5

or y+1Pron
Equations (7) and (15) lead to:

or Pr(y+1) v

O'(0) = cO(0),c = —, 16
0 =cOO),c= 5= == (16)
and there is an exact solution for the temperature:
oo
O@) =1-co) [ I ntac, a”
¢

where c is positive. From the same equation we can con-
clude that 0 < 6(0) < 1 because ©’(0) is in general
positive. Due to this fact, the temperature-jump leads to the
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gas temperature at the surface to approach the the farfield
temperature, T. Using the first order approximation, with
the slip and jump B.C:s, the value of ® (c0)—® (0) is smaller
than the corresponding value obtained with the non-slip and
no-jump B.C.s. As such, it can be projected a weaker heat
flux may happen at the object surface. The rotation speed
effect on the temperature is included via H(¢).

In the literature, higher order of velocity-slip and
temperature-jump B.C.s for flows over a rotating disk were
also be considered [29, 30].

2.3 Stream Function

As a basic concept in fluid mechanics, the two-dimensional
stream function in a cylindrical coordinate is:

dyr = —vdr +rudf =0, (18)

with (5), it leads to the following relation:

s [exp (%9)] . (19)

In other words, (19) might be used to describe the behav-
ior of the flow once the similarity solution is achieved. The
stream line solution can be obtained analytically and used to
describe the influence of the velocity-slip at the disk surface.

2.4 Torque Coefficient

The viscous drag generated by the disk is the only mean
that the disk transfers momentum to the fluid that otherwise
stays at rest. The circumferential shear stress on the disk is
defined as [9]:

=0 = prGyvvawd. (20)

v
Tz0 = Ma_z

Once the value for G6 is obtained, (20) can be solved analyt-
ically for a range of values of r. This equation is further used
to define a dimensionless torque coefficient as following,

- for" Tor 2mrdr) (nG’O)zv
Cm - 2 5 - 2 k]
pw=ry /2 ry

2y

Equation (21) is an extension of the determination of the
total torque to turn a disk of radius rg. This dimension-
less parameter is an indicator for the viscous effects in the
circumferential direction [31].

3 Discussions

Equation (8) can be solved numerically with (14) and differ-
ent values of v/@A2/v. The value of A is considered constant
since the density is relatively constant for most of the near-
continuum cases. The pressure and temperature solutions
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governed by (9) and (10) can be obtained directly with
attained H (¢).

An exact numerical solution for the stream functions is
obtained, after the velocity profiles are available. In the case
of nonslip flow where a particle describes circular trajecto-
ries at the disk surface, appreciable movement is reflected
in the B.C.s from (5). On the other hand, the velocity-slip in
slightly rarefied flows creates a spiral movement expelling
the particles at the disk surface off the disk center.

In the literature, there are further variable changes (e.g.,
by Benton [16]) for relatively complex problems; however,
recent computation improvement allows the solution more
straightforward solutions. The swirling flow is assumed to
be air, for this case Pr = 0.7145 and y = 1.4. For the
results presented here, o7 and ot are set to 0.8. It is impor-
tant that some viscosity and conductive effects are assumed
trivial for the temperature.

For this case is mandatory to find the initial values F’(0)
and G’(0). The assumptions F(0c0) = G(oc0) = 0 [10]
are required to solve this problem. Although there are mod-
ified simple shooting methods [34], this problem can be
addressed with a simple shooting method [32]. As explained
by Faragé [35], the method of halving the interval is one
of the simplest shooting methods, where two guesses, i.e.,
s1 and sy, provide a fix value of F'(0) = s where s =
0.5(s1 + s2). The guesses are improved iteratively, modify-
ing in each step either 51 or s», until the obtained boundary
values are similar to the actual boundary values [36]. This
process is repeated for each value of /w2 /v.

Figure 4 compares the non-slip velocity profiles against
the velocity-slip ones at /wAZ/v = 0.1. The asymp-
tote for H(oco) decays. In addition, it is expected that the
effects of the disk movement disappear as the velocity-slip
increases. The similitude with the previous analysis [33]
is satisfactory; however, the velocity-slip B.C.s differ from
those presented in the previous studies. If the mass flow
rate towards the disk is assumed constant in the far-field,
and a cylindrical control volume is settled around the disk
with a specific radius, R, then the mass flow rate enter-
ing in the far-field is proportional to H(co). This mass
entering the volume must equal to that exiting the control
volume because the asymptote for farfield velocity compo-
nent H (oco) are the same as those from non-slip B.C.s. To
maintain a constant mass flow rate at higher angular veloc-
ities, the value for the radial velocity H(¢) at large ¢ must
decrease to compensate for that near the disk surface. This
leads to the conclusion that the velocity peak in the radial
direction must shift towards the disk surface; hence, a veloc-
ity cross-over with the other profile with non-slip B.C.s
must happen. This fact is clearly illustrated by Fig. 4.

While the influence of the disk in the radical velocity
component F(0) increases as the rarefaction becomes more
significant, the tangential velocity component at the disk
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Fig. 4 Comparison of the velocity profiles between the nonslip flow

v.s. slip flow with y/wAZ/v = 0.1

G (0) decreases. Figures 5 and 6 illustrate the differences
generated in the disk surface { = 0. It is appreciable that
the effects of F(¢) and G (¢) become smaller when ¢ ~ oo.
The maximum value of F(¢) is presented closer to the disk
surface as the influence of the slip increases.

Figure 7 illustrates H (¢) profiles for different values of
VwA?/v. The asymptote for H(co) decreases as the flow
rarefaction increases. It is appreciable that the influence of
the disk effects to the flow becomes insignificant at higher
values of ¢ in the velocity-slip solutions.
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Fig. 5 Tangential velocity profiles with various slip B.C.s
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Fig. 6 Radial velocity profiles with various slip B.C.s

Figure 8 shows the changes of the temperature and pres-
sure with different degree of rarefaction. While previous
studies [29] relied on the change of the Kn number, this
work displays the changes in the temperature-jump with
different /wA2/v. At the disk surface, the gas tempera-
ture approaches to the free stream value with reduced heat
flux. The temperature profiles display an asymptote of unity,
whether the B.C.s are slip/jump or not. The pressure pro-
files in Fig. 8 are affected by the velocity-slip B.C.s. The
asymptotes for each of the cases decrease in a considerable
higher proportion compared with those for the velocities.
The proposed solutions reflect that the influence of the
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Fig. 7 Axial velocity profiles with various slip B.C.s
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Fig. 8 Pressure and temperature effects on velocity components

disk movement is dwarfed under velocity-slip B.C.s. Con-
sequently, the pressure of the flow upstream decreases as
the effects of the velocity-slip become more significant. Far
from the rotating disk with negligible viscous effect, and
for an incompressible flow, along a single streamline, the
total pressure shall remain constant, following the Bernoulli
equation:

1
p+ E,OV2 = Constant, (22)
then, the pressure is restricted to the changes in velocity
components. An overall increment in the angular velocity
creates an increment in both p and V. However, as stated

Increanstiing
(env)**=0.001, 0.01, 0.05, 0.1

-

Fig. 9 Streamlines for particles at the disk surface
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0.04

Increasing

the velocity-slip at the disk surface. Rarefaction effects are
proven to be a factor in the decrement of the influence of the
disk.

The results can find many applications where near con-
tinuum flows exist.
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in (6), the terms for P(¢) and G (¢) shall decrease in order
to maintain the behavior of the previous equations. These
effects are reflected in Figs. 5 and 8.

The stream function, introduced in (19), is solved with
different degrees of rarefaction. Figure 9 presents the solu-
tions for the stream lines at the disk surface. The curves are
from (19), where k; = 1 for a particle movement starting at
r(0 = 0) = 1. The stream functions vary with different slip
conditions. The curves tend to open their trajectories into a
spiral form. Different from the circular trajectories expected
in the nonslip flow, these effects of (14) are more noticeable
at higher values of \/wA?/v.

Finally, Fig. 10 presents the solution to (21). The
torque coefficient and viscous drag decrease as rarefac-
tion increases [19]. In consequence, the transmission of
movement to the flow is less effective.

4 Summary

In this paper, an analysis of rarefied flows over a rotating
disk is presented. The velocity, temperature, and pressure
profiles are computed with several ODEs and velocity-slip
and temperature-jump B.C.s with the shooting method, not
some finite difference methods in the literature. Compared
with non-slip viscous flows, velocities at the disk surface
increase and the peak values in the radial velocity profile
shift towards the disk. As a consequence, many velocity
profile cross-overs happen. Due to the temperature jump
at the disk surface, the gas temperature approaches to the
free stream value with a reduced heat flux. Streamlines at
the disk surface are shown, and they present the effects of
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