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Abstract The Grad-Shafranov equation is a Poisson’s
equation, i.e., a partial differential equation of elliptic type.
The problem is depending on the initial condition and can
be treated as a Cauchy problem. Although it is ill-posed
or ill-conditioned, it can be integrated numerically. In the
integration of the GS equation, singularities with large
values of the potential arise after a certain number of inte-
gration steps away from the original data line, and a filter
should be used. The Grad-Shafranov reconstruction (GSR)
technique was developed from 1996 to 2000 for recover-
ing two-dimensional structures in the magnetopause in an
ideal MHD formulation. Other works have used the GSR
techniques to study magnetic flux ropes in the solar wind
and in the magnetotail from a single spacecraft dataset;
posteriorly, it was extended to treat measurements from
multiple satellites. From Vlasov equation, it is possible to
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arrive at the GS-equation in function of the normalized vec-
tor potential. A general solution is obtained using complex
variable theory. A specific solution was chosen as bench-
mark case to solve numerically the GS equation. We propose
some changes in the resolution scheme of the GS equa-
tion to improve the solution. The result of each method is
compared with the solution proposed by Hau and Sonnerup
(J. Geophys. Res. 104(A4), 6899-6917 (1999)). The main
improvement found in the GS resolution was the need to
filter B, values at each y value.

Keywords Grad-Shafranov equation - Magnetic
flux-ropes - Cauchy problem - Space plasmas -
Kinetic theory

1 Introduction

The pioneer studies about the Grad-Shafranov reconstruc-
tion (GSR) technique were developed from 1996 to 2000
[10, 14, 26] and have been applied to recovering two-
dimensional (2-D) coherent magnetohydrostatic structures
from spacecraft data (AMPTE/IRM and UKS) inside mag-
netopause.

Another candidate for application of the GSR was the
magnetic flux-rope. The first paper written with this purpose
has been published by [15]. A second paper was pub-
lished by the same authors one year later [13]. The previous
manuscripts are the core of the GSR of magnetic flux ropes
in the solar wind (e.g., [22, 24]). Details of the reconstruc-
tion techniques employed by [13, 15] are the same described
in [10]. Sonnerup et al. [28] proposed some modifications in
the reconstruction method with the aim of extend to another
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applications, which were discussed, but not included in the
paper.

In addition, other works have used the GSR techniques
to study magnetic flux ropes in the solar wind and in the
magnetotail, using measurements from a single spacecraft
[3, 12, 16, 20, 30, 31], and also extending the analysis to
treat measurements from multiple satellites [7-9, 19, 21, 27,
29].

The limitations of the GSR method and its precision com-
pared to other flux rope fitting techniques were studied by
[1, 25]. The precision of GSR is affected when a spacecraft
crosses the structure with a high impact parameter or when
the structure is distorted [17]. For instance, improvements in
construction of residual maps and numerical differentiation
were studied by [17].

The aims of this paper are: first (revision), to group in a
single paper physical and mathematical considerations used
to obtain the GS equation, e.g., starting from the magneto-
static equilibrium equation (% p= J x E), or using kinetic
theory to obtain a specific form of the GS equation which
has analytical solution; second (original contribution), to
propose an improvement upon the numerical solution pro-
posed by [10]. Also, here we show the equations used to
calculate By, By, B;, p, P;, J;, and resulting contour plots,
which were not shown in previous works (only [19] showed
some contour plots). In summary, Sections 1 and 2 are
revision of earlier works; Sections 3, 4, and 5 are original
contribution of this work.

1.1 Physical Consideration to Obtain the GS Equation

We present a summary of the theoretical concepts to obtain
the GS equation (see physical-mathematical development of
the Grad-Shafranov equation in Appendix):

1. 2.5-dimensional structures with Zz—axis invariant,
d/0dz = 0 for any parameter.

2. The plasma gravity term is smaller than the magnetic
term, and the plasma beta is small, 8 < 1 (in L plane).
The plasma beta is the ratio of the plasma pressure,
p = nkpT, to the magnetic pressure, ppuqg = Bz/ZMO,
where n is number density, kp Boltzmann constant,
T temperature, B magnetic field, and po magnetic
permeability of the free space.

3. The gradient of the z-component of the vector potential
(%AZ) is always L to B.

4. 2.5-D magnetic structure of a stationary plasma
described by the balance of pressure force and magnetic
forces (j xB=V p), respectively, i.e., a magnetostatic
equilibrium.

5. A stationary plasma means that the velocity of the par-
ticles is less than the Alfvén velocity, v« vi, (va =

B/(/mop), where p is the plasma density).

@ Springer

6. VB, L (JLand By). )
VA, isin the xy—plane or | plane, VA, | 7.
8. p and A; are constants along a magnetic field line.

=~

The Grad-Shafranov equation is a Poisson’s equation,
i.e., a partial differential equation of elliptic type. The prob-
lem is depending on the initial condition and can be treated
as a Cauchy problem, though it is ill-posed, and can be inte-
grated numerically (e.g., [20]). The definition of ill-posed
problems follows from the definition of well-posed prob-
lems given in 1923 by J. Hadamard (see [5]). He believed
that mathematical models of physical phenomena should
have the properties that, (1) a solution exists, (2) the solu-
tion is uniquely determined, and (3) the problem is stable
on the spaces, i.e., the solution’s behavior changes continu-
ously with the initial conditions. The Dirichlet problem for
Laplace’s equation, and the heat equation with specified ini-
tial conditions, are two examples of well-posed problems.
Ill-posed problems can be defined as problems for which
at least one of the conditions above, which characterize
well-posed problems, is violated. Therefore, the GS solution
treated as a Cauchy problem is ill-posed because the third
condition is violated.

The manuscript is divided in five sections. A theoretical
revision using kinetic theory to obtain the GS equation and
its analytical solution is presented in Section 2. In Section
3, the methodology is presented. Section 4 discusses some
forms to solve numerically the GS equation. We are inter-
ested in improving the numerical solution. In Section 5, the
conclusions are shown.

2 Revision of Earlier Works

Kinetic theory can be used to obtain some analytical solu-
tions of GS equation, which will be explained at the first
part of this section. The analytical solution A(x, y) can be
visualized in a rectangular grid. Other physical parameters,
e.g., B, p, J;, P; and Pro,, Will be studied in the second
part of this section.

2.1 Theoretical Revision: Kinetic Theory to Obtain
Exact Solution of GS Equation

The Boltzmann equation with collision term can be written
as

fF, N 1) oo s o e 8f;
%—i—v-ij(r, v, )+a-Vy, fi(F, v, t)=<i> ,
coll

ot
ey

where @ = F/mj is the particle acceleration and m; its
mass. f; is the distribution function in phase space and is
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defined as the density of representative points of j-type par-
ticles of phase space, at instant ¢, with coordinates (7, v).
The notation operators V and V,, are:

S S 2
ax dy 0z

V, = % +§i+zi. (3)
Uy vy du,

The Vlasov equation is a partial differential equation that
describes the time evolution of the distribution function in
phase space and that directly incorporates the smoothed
macroscopic internal electromagnetic fields [2]. It may be
obtained from the Boltzmann equation (1) with the collision
term (8f;/6t)con €qual to zero, but including the internal
smoothed fields in the force term,

f/ +v- Vf]+—[Fm+q,(E +VxB)]-V, f; =0. (4)

Here, ﬁex, represents the external force, including the
Lorentz force associated with any externally applied electric
and magnetic fields, and E and B are internal smoothed
electric and magnetic fields due to the presence and motion
of all charged particles inside the plasma. In order that the
internal macroscopic electromagnetic fields E,- and I§l~ are
consistent with the macroscopic charge and current densi-
ties existing in the plasma itself, they must satisfy Maxwell
equations

V.E =+ )
€0
V.B =0 (6)
VxE 05, )
X = ——
! ot
.o - JE
VX B = pno J+€0? (®)

with the plasma charge density p and the plasma current
density J given by the expressions:

p(F, 1) =Y qjnj(F, 1)
J
-3 / £iG. 5, DdPv ©)
j v
j(?, 1) = Zanj(?’ t)ﬁj(F, 1)
J

— qu/vfj(?, v, Hd3v (10
| v

the summations are over the different charged parti-
cle species in the plasma. Here, u;(F, r) denote the
macroscopic average velocity for the particles of type j.
Equations (4) to (10) constitute a complete set of self-
consistent equations to be solved simultaneously [2].

2.1.1 Formal Solution to Equilibrium Viasov Equation

We may also arrive at the GS equation (66) using
kinetic theory, and following the work of [33] an
exact solution can be obtained. We will rewrite in this
subsection a part of the work of [33], changing the
magnetic field configuration. They used a 2D magnetic
field configuration (éi = Bic(x, )X + Bi,(x, y)y).
On the other hand, Sonnerup et al. [28] obtained the
GS equation starting from balance of pressure forces and
magnetic forces. They used a 2.5-D magnetic field con-
figuration (see Appendix). However, those manuscripts
have in common that both considered “Coulomb Gauge”
(% . Z,- = 0) and invariant axis (d/dz = 0), respec-
tively. Both theories are equivalent when a 2.5-D magnetic
structure is assumed (éi = Bi(x, )X + Biy(x, y)J +
Bi,(x, ¥)z). The methodology presented by [33] is not
affected when a 2.5-D magnetic structure (with 9/9z = 0) is
used.

A current sheet is confined to a surface which sepa-
rates two regions of oppositely directed magnetic fields.
For the investigation of a current sheet equilibrium, analyt-
ical methods and numerical simulations are used. The most
extensively used model is the analytical Harris model, for
which a distribution of electromagnetic fields is necessary.
The aim is to study plasma confinement by magnetic fields.
In this approximation, it is considered a particle system
with ions and electrons that are represented by the gaussian
functional form:

fj(Pj, Hj) = Njexp ((H] —V;P; +mjVj2/2)/Tj) ,
(11)

where species labeled j = {i, e} correspond to ions
and electrons, respectively. The multiplicative constants
Nj, V;, and T; are related to the number density n;, drift
velocity and isotropic kinetic temperature. Therefore, the

following conditions % =0, Ei = 0, and ﬁm =0
are satisfied. The class of kinetic current sheet equilibrium
to be discussed in the present subsection is a solution of
the equilibrium Vlasov kinetic equation derived from the

manuscript (4), (8), and (10):

V-V +(q;/m))F x B) - (3/dV]f;F, V)
% X Ei

0 (12)
nod, (13)
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In this configuration, the particle distribution depends on
two spatial coordinates, f; = fj(x, y, V). In (13), the left
hand side of the Ampere’s law is
VxB =VxVxA =V(V-A)—(V-V)A;

= —V2A; = uoJ. (14)

The problem is reduced to work with the z component of the
above equation. In summary,

azAiz(-xv Y) + 82Aiz(_x, )7) 2
9x2 dy?
= —poJz(x, Y)Z, 15

and canonical momentum and the total Hamiltonian are:

VZ(Ai (x, ¥)2)

Pi=mjv, +qjAi.(x,y), Hj =mjv*/)2. (16)

Combining (11) and (16), gives

- m;
fi(x, y,v) = Njexp (—#[v§+ v+ (v — V))?
J

29 VjAi (x, Y)]
m; '

(17
Combining (10), (15), and (17) gives

2 q;jViAi(x, y)
Vv Aiz = —M()Zquj'eXp <Tj
J

oo 2
x/ exp (—%) dvy
—c0 )

2 q;jViAi(x, y)

J
2Tj7T ZT/'T[ ©
X [—— | —— X (v, = Vj)
m; m; —00

. —V)?
X exp (—%) d(v, —Vj)
J

00 . —V; 2
+Vj/ exp (—M) d(v; — Vj)) ,
o 27;

q;ViAi;(x, y)\ 2T;m
T mj

VZAi; = —no ) Njgjexp (
i

2TjJT
0+ Vj . s
J

@ Springer

2 3/2 2T; 02
VA, = — E i —
1z MO j QJ (mj )

qjViAi (x, Y))

xNjVjexp( T
J

2 q;ViAi
V2Ai. = —mo qunojvj exp (TZ) (18)
J

where n; = ngjexp(q;V;Ai;(x, y)/T;) is the number
density, v% i = 2T;/m; is the thermal speed squared and
noj = 73/ zv% ;N is the maximum particle number density
at the current sheet center [33].

An important plasma property is the stability of its
macroscopic space charge neutrality. In this context, the
expression to calculate plasma density is

p(x,y) =Y qjnj(x,y)
j

= Z‘]jan exp (q;VjAi(x, y)/Tj)

J

—{deNpe €XP (_QeVeAiz(x» »/Te)

+qino; exp (q; ViAi(x, ¥)/Ti) (19)

The (19) becomes zero to |g.| = |gi| = q, noe = noi = no,
and V;/T; = —V,/T,. We thus assume such a condition
henceforth. Inserting the previous condition into (18) gives

ViT; VT, qVi
2
Ve = v (7 = 5 oo (%)

qVi qVi
—2pono(Te + Ti)Z—Tl_l exp <Tl_lAiz>

Yoon and Lui [33] have introduced two constants, B,-% =
2uono(T, + T;), L = 2T;/(gBioVi), where B;q is the
asymptotic magnetic field strength, and L is the charac-
teristic scale length associated with the current sheet. The
previous equation becomes

B; BiogVi 2A;
V2A,~Z=——'Oexp 4PioVi 28z .
L 2T;  Bio

The normalized vector potential, ¥ = —A;,/(LB;g), is
introduced.

AR Y P SilE (—2W)
— + — —= | = exp(—2W).
ax2 T 9y2 L Bi P

9? 9?
<a<x/L>2 i a(y/LV) Yo o0
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Table 1 First row, the first three authors who have proposed specific solutions of (21). The expressions of the generating function is shown in the

second row. The specific solutions are shown in the last row

Solutions: Harris? Fadeev® Kan®
8(®)= exp(§) f+VT+ P expd) exp(i£ — )

_ i 5 cosh[¥ (14+b/R%)] 9
v In(cosh Y) ln(fcosX—I—\/l—i-f coshY) —W
6]
°[4]

(18]
dR2 — x2 4 y?
Then, introducing dimensionless variables, X = x/L,  order to validate the numerical solution must be found an

Y = y/L, the equilibrium Ampere’s law, or Grad-Shafranov
equation, becomes

CR R
X2 + 37 exp(—2W). 2n
Thus, the problem of obtaining exact two-dimensional
current sheet equilibrium solutions is summarized to solving
the GS equation for W (X, Y).
The general solution in terms of complex variable, £ =
X 4+ ¢ Y, was obtained by [32]. He obtained the formal
solution to (21) as follows:

41g'1?

exp(—2¥) = ———,
(1+1gP?)°

(22)

where g’ = dg(&)/d§. There are infinite varieties of g(&)
in a purely mathematical sense, but not all choice will turn
out to be useful from a physical perspective [33]. The first
three proposals to solve the (21) using the Walker’s method
are shown in Table 1.

Previous solutions provide analytic expressions to study
plasma confinement by magnetic fields and the existence
of current sheets. The Harris solution is an exact one-
dimensional solution in which the magnetic field varies in
the z-direction and the current is in the y-direction [6].
Fadeev et al. [4] and [18] generalize the Harris solution to a
two-dimensional situation.

2.2 Method: Benchmark Case

We are interested in solving the GS equation as a function
of magnetic vector potential,

d B2
VA, = — = 23
z MOdAZ <p+2ﬂo) (23)

The above equation does not possess exact analytical
solutions, perhaps could be solved by numerical means. In

analytical solution to compare between them. Therefore, the
equilibrium Vlasov kinetic equation using gaussian func-
tional leads to the equilibrium Ampere’s law in function of
the normalized vector potential (see (21)).

If the (21) has a specific solution, then this solution
satisfies the GS equation when the right side term is

2
—[1;20711 <p + 2%0) = exp —2A, (henceforth, A, = A).

Finally, the Fadeed solution is selected to evaluate the
numerical method. Fadeed solution is characterized by
forming O-magnetic field lines or magnetic islands because
between every pair of magnetic islands there is a magnetic
null, or X point. This solution is selected because it coin-
cides with the magnetohydrostatic islands observed inside
the magnetopause by [10, 26].

Therefore, the GS equation, namely,

VZA(Z, ) = exp(—2A(F, 7)), 24)

can be used [33]. If we choose X and y along the current
sheet and to be perpendicular to the current sheet respec-
tively, then the analytical solution is (see Table 1, column
3h):

A(x,y) = In{&cos X + v 1 + &2 cosh y}. (25)

The pressure and B, distributions chosen are: p =
exp(—2A)/(3uo), and B, = exp(—A)/\/g. The parameter
a describe a string of nonlinear magnetic islands separated
by X-type neutral point [33]. The solution shown in (25)
was derived of the Harris model [6] by [4] (Fadeev solu-
tion). A map of the exact solution A(X, y) with &« = 0.225
is shown in Fig. 1.

Figure 1 plots (25) in a grid of X, = 0 and X4, =
51 with a total of 101 equidistant samples, separated by

Iwhere f =@, X =% Y =7and ¥ = AR, 7)

@ Springer
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4 = 56 30
2t 1 .4
-2 = .4
-
0 10 20 .30 40 50

X

Fig.1 Map of exact analytical solution (or benchmark solution). Field
lines are separated by equal flux

AX = 51/101, in the other axis Ay = 0.1AX with y,,;,, =
—5 and y,4x = 5. The analytical solutions to By, By, B;
are:

A /1 + @2sinh y
Bi == = = = — ~; (26)
9y a@cosk++/1+a2coshy
B — 0A asinx ) @7
Y 3%  @cosk++/1+a’coshy’
exp(—24A) 1

_ ©8)
3 V3(@cos ¥ ++/1+ &2 cosh y)

In Fig. 2, a total of 51 equidistant measurements of
each B;, By, B; (left panel), A(X, y) (right panel) versus X
at y = 0 are plotted. The dataset were interpolated using
cubic spline to obtain a total of 101 equidistant samples,
separated by AX, same as in [10].

We check the method to solve the GS equation using
the benchmark case given by [10] and recalculated by [20].
We want to explain all the procedure in detail, i.e., here are
shown some equations and graphs that do not appear in the
earlier manuscripts. .

qu testingA, a frame velocity \77 g — Vugr = 0.8x +
0.08y + 0.16Z onto the xy plane was selected, as was pro-
posed by [10]. The Xy coordinate system is rotated relative
to the xy system by an angle of 5.7° (tan~!(0.08/0.8) =
5.7°). To rotate a figure counterclockwise around the origin
by some angle, & = 5.7°, is equivalent to replacing every

0.4

T,BZ nT)

,By n

SJANNANNANN

{BXnT.
>

N RIATRVAVATATAVAY

X

Fig. 2 Plot of (Bj, Bj, B;, and A(x, y)) versus X at y = 0

@ Springer

point with coordinates (x, y) by the point with coordinates
(x, y):

X = xcosf — ysinf

y = xsinf + ycosf.

Thus, the coordinates (xy) are changed by new coordi-
nates xy in the exact solution, A(x, y):

A(x,y,0) = In{acos[X(x, y,0)]++ 1+ &2 cosh[y(x, y, O)]}.
(29)

The map of the solution (29) is shown in Fig. 3a. We
used a grid of x,,;, = 0and x;4,c = 51 with a total of
101 equidistant samples, separated by Ax = 51/101, in the
other axis Ay = 0.1Ax with y,;;, = —5and ypq = 5.
Also, seven plasma parameters can be written in the xy
coordinate system, i.e.,

dA  asin[X]sin6 4+ /1 + &2 sinh[§] cos 6

B, = , (30)
T dy & cos[*] + +/1 4 &2 cosh[¥]
B _ dA  asin[X]cos® — +/1 4+ G2 sinh[y]sinO
Y ox @ cos[x] + ~/1 + &2 cosh[¥]
31
B — fexp(=2A(x, y))
© 3
1
= ~ — — —, (32)
V3(& cos[x] + /1 + @2 cosh[7])
! (33)
P = ,
30 (@ cos[X] 4+ +/1 + @2 cosh[y])2
B? 1
P=p+ = — exp(—24), (34)
20 20
d(p+ B2/ 1
J. = (p+ B;/(2no)) — L epe2a, (35)
dA Mo
B> 1 B} + B} + B?
Protal = p+ 7— = —exp(-24) + ———,
2u0  3uo 2u0
(36)

A®*,0)
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Fig. 3 (a) Map of exact analytical solution, A(x, y) in xy plane.
The Xy coordinate system is rotated relative to the xy system by an
angle of 5.7°. Field lines are separated by equal flux. The other pan-
els show the exact solution in xy plane of the other seven plasma

where By, By, B; are the magnetic field components; p is
the plasma pressure; P; is the transverse pressure; J; is the
axial current; Proa is the total pressure; & = 5.7°; and the

(h)

parameters: (b) By; (¢) By; (d) B; (e) p with normalization 10°; ®) P,
with normalization 10°; (g) J; with normalization 10%; (h) Prorq; with
normalization 10°

parameter @ = 0.225 is a separation constant that deter-
mines the properties of the solution. The term “transverse
pressure” is used to define the pressure of plane transverse

@ Springer
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to z axis, i.e, the pressure in the xy plane. In this context, the
“transverse pressure” is anisotropic due to the field line cur-
vature and it is not the same on different reference frames.
However, the total pressure is always the same in any ref-
erence frame, any changes in B, must be compensated for
corresponding changes in B, and B, respectively. Also, in
this specific problem, the transverse pressure has a phys-
ical meaning when working with data sets measured by
a spacecraft. It only makes physical meaning to solve the
Grad-Shafranov equation in the deHoffmann-Teller (HT)
frame [10].

The maps of previous equations, from (30) to (36), are
shown in Fig. 3. Panel (a) is the map of exact analytical
solution, A(x, y) in xy plane. The other panels are the exact
solution in xy plane of the other seven plasma parameters:
(b) By; (¢) By; (d) B;; (e) p with normalization 103; (f) P;
with normalization 107; (g) J; with normalization 10°; (h)
Prorar With normalization 10°.

2.3 Numerical Solution

The numerical solution is useful to recover magnetic field
maps that describe 2.5-dimensional, coherent field struc-
tures observed in magnetopause crossing by the spacecraft.
The calculations required for the recovery consist of the
numerical solution of the Grad-Shafranov equation, using
as initial values magnetic field and plasma data collected by
a single spacecraft along a straight-line trajectory, produced
when structures are convected past it [10]. The focus of this
manuscript is not to use data from the spacecraft to recover
magnetic field maps. The aim is to work with the numerical
solution using as initial values magnetic field and plasma
data measured from the exact analytical solutions of Fadeed
method. So, we can compare the exact analytical solution
with the numerical solution to improve it.

We may write the second-order Taylor expansion [26] at
the y values away from the “spacecraft trajectory” with step
+Ay in the integration process. The calculation starts at y =
0 (step 1):

A
Alx, £Ay) = A(x,0) + (-) Ay +
8y x,0

+1(32A> (Ay)? 37
2 a2 » »°. 37

The function A(x, =Ay) has been determined from the
initial condition at points along the “spacecraft trajectory”
with y =0, i.e.:

X
A(x,0) = —/ By (x", 0)dx"
0

(0A/3y)x,0 = Bx(x,0).

@ Springer

Also, a single-valued function P;(A) is used to fit the
spacecraft data along y = 0, i.e., [d(p + B?/Zuo)/dA]x,o.
The second derivative in (37) can be evaluated from GS
(66), as in [10]:

32A 32A dP;(A(x,0))
=3) =-(55) -wtEEE o)
y x,0 8.x x,0 dA

Using finite differences with central scheme, one grid
point will be lost at each end of the data interval, resulting
in the rhombus-shaped integration domain, as was showed
by [26]. Hau and Sonnerup [10] extended the integration
domain to a rectangular box to do a second-order Tay-
lor expansion for forward and backward differentiation,
respectively (see Appendix):

(Ax)?

A\
ax2 ),
+0(Ax2) (forward(+) and backward(-)) (39)
A A1 —2A; + A
_ — +
ax2 ), (Ax)?
+0(Ax?) (central). (40)

2A; —S5Ai+1 +4Aix2 — Aixs n

The plot of P;(A) vs A can be fit by a third order poly-
nomial with exponential tails; differentiating it to put on the
right-hand side of the GS (38). Thus, (38) is ready to put into
(37) to calculate A(x, +=Ay) and start the new integration
step.

However, a smoothing procedure is applied upon the
solution of A, at each integration step, in order to reduce
spurious results:

1
Al = w(y)Ar + 5(1 —w(y))(A; + Az),
- 1
A = w(y)A; + 5(1 —w(y)(Ai—1 + Ajy1) and
- 1
Ay = w(y)An + 5(1 —w())(AN + AN), (41)

where the subscript i denotes position along x. The weight
w(y) is a chosen function of y, i.e.,

1 for y =0,
o) ={1-1 ’37,37’ for other, (42)
2/3 for y = |ymax|-

This approach suppresses growth at short wavelengths
but does not eliminate the development of singularities
associated with the longer wavelengths [10].

The B, values are found by By(x,*Ay) =
—(0A/0x)x +Ay using finite differences scheme (see
Appendix):

(0A/3x)i = (Ait1 — Ai_1)/2Ax) + O(Ax?) (43)
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The By values are obtained from the first-order Taylor
expansion to the next step of integration:

B.(x, £Ay) = B, (x,0) £ (82A4/0y%), 0Ay,

where we require again the GS equation (38).
Instep 2, y = £Ay,

dA
A(x, £2Ay) = A(x, £Ay) £ <—)

Ay 4 1 /924
X p— E—
YT \%y2

x, Ay
) (Ay)?,  (44)
X, Ay
By(x, +2Ay) = _(aA/ax)xﬂAy, 45)
By (x, £2Ay) = By(x, £Ay) £ (37A/3yD)r 14y Ay. (46)
And at step n, where y = +(n — 1)Ay:

0A
A(x,£nAy) = A(x,£(n — 1)Ay) £ (—)
Y / . +(m—1)Ay

1 (3%A )
XAy + = (Ay)= (47)
x,Ex(n—1)Ay

2\ ay?
By(x, £nAy) = — (aA/ax)xi,,Ay, 48)
B, (x,£nAy) = B,(x, £(n — 1)Ay)
£(07A/0Y7)x £(r-1)ayAY. (49)

{Bz, By, Bx}

(a)

0.4
0.3

)/10°

2 0.2

P,

0.1
0.0 +----coneneesesaencens TR

(©)

The GS equation is solved as a spatial initial value prob-
lem. The map of the numerical solution, A(x, y), can be
determined from the initial condition at point y = 0. The
plots of By, By, B; at y = 0 as function of x are shown in
Fig. 4a. Panel (b) shows the plot of A at y = 0 as func-
tion of x, while panel (c) represents the plot of the plasma
pressure, p(x,0). Figure 4d shows the curve of measured
values of P;(x,0) = (p + BZZ/2,LL0) versus their corre-
sponding A(x, 0) values; the curve fitting is P;(x,0) =
0.398 exp(—2A(x, 0)).

The map of numerical solution of GS equation is shown
in Fig. 5a. Figure 5 has the same format as Fig. 3 but it was
obtained from the numerical solution of Grad-Shafranov
equation. In all panels, the highest error observed is on the
bottom right corner. The numerical solutions have been plot-
ted with the improved resolution, which will be discussed in
the next section.

3 Methodology

In the integration of the GS equation, singularities with
large values of the potential arise after a certain number
of integration steps away from the original data line [10].
In the integration scheme of the GS equation (66), the
main problem is caused by the right hand term, d P;/d A,
because there is nonlinearity of the equation. The great

0 10 20 30 40 50
X
(b)
0.8
0.6
S04
E
0.2
0.0
0 1 2 3 4
A(x,0)
(d)

Fig. 4 Reconstruction of benchmark case with invariant (z) axis rotated around 6 = 5.7°. (a) By, By, B; at y = 0 as function of x; (b) A at
y = 0 as function of x; (¢) p at y = 0 as function of x; and (d) P; as function of A at y = 0, the curve fitting is Pr(A) = 0.398 exp(—2A)
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(e

Fig. 5 (a) Map of numerical solution, A(x, y) in xy plane. The Xy
coordinate system is rotated relative to the xy system by an angle
of 5.7°. Field lines are separated by equal flux. The other panels
show the numerical solution in xy plane of the other seven plasma

values of P; could create singular points, to make a correct
reconstruction. However, [17] reported that finite difference
approximation used to estimate 3°A/dx? is very unstable
when dealing with noisy data. They used a filter (smooth

@ Springer

(h)

parameters: (b) By; (¢) By; (d) B;; (e) p with normalization 10°; ®
P, with normalization 10%; (g) J, with normalization 10%; (h) Proral
with normalization 10°

noise-robust differentiators) development by [11] to sup-
press high-frequency noise. In this paper, we worked with
signals obtained from an analytical solutions, and thought
the noise should not be a problem. This section discusses
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some forms to solve the GS equation using the same
scheme, but with some modifications, proposed by [10].

The first step to improve the numerical solution of the
GS equation is to obtain the same solution as [10, Fig.1].
The previous result will be useful to validate the proposed
solution. Therefore, Fig. 6 is shown. In this figure, panel
(a) is the same graphic shown in Fig. 3a, i.e., map of exact
solution A(x,y); panel (b) is the numerical solution derived
from the initial condition, as shown in Fig. 4. The integra-
tion domain was extended to 51 points in the x axis and
from —5 to 5 in the y axis because in [10], the domain is
0 <x <40and —2.5 < y < 2.5. Panel (c) shows the con-
tours of constant error, (Acqre — Aexact)/{|Al), where (JA])
is the average of the magnitude of A over the map. Panel (d)
is a zoom of (c), so that it is equal to Figure 1 (bottom panel)
of [10].

We propose some changes in the resolution scheme of
the GS equation to improve the solution. We will be talking
about four methods:

1. (HS99 method) The solution is the same that was
explained in the paper of [10]. In that version, they
attempt to suppress the development of the singularities
associated with the shortest wavelengths by running a
filter (see Egs. 10 and 11 in that paper) in A(x, Ay) for

each integration step. The previous numerical solution
map with its contours of constant error map is shown
in the panels of Fig. 6. The more important informa-
tion is that here, B, (x, Ay) is not filtered (see Fig. 7b),
and in the difference scheme at each step, Ay second-
order Taylor expansion with second order of accuracy
was used.

2) (first method) At step n, where y = +(n—1)Ays; firstly,
A(x,x(n —1)Ay) and B, (x, =(n — 1) Ay) are filtered
respectively with HS99 filter; secondly, A(x, =(n)Ay)
is calculated using (47) and the finite difference scheme
shown in Appendix is used to calculate (32A/3x2);.

3) (second method) At step n, By(x,E£(mn — 1)Ay)
is not filtered while A(x,+(n — 1)Ay) is filtered.
A(x, £(n)Ay) is calculated using (47). The derivative
(8%A/9x?); is calculated numerically, using a central
difference scheme at each step Ay of the integration,
resulting in the rectangular box by writing it at the i
point, a second-order Taylor expansion with sixth order
of accuracy (see that above was used second order accu-
racy): (02A/9x?); = (9]_0Ai73 — Ao+ 3AL -
%Ai +3 A4 — Z%AiJrz + %Aﬂra)/(AX)z + 0(Ax?).

4) (third method) It is a combination of the first method
and second method, respectively.

&

()

Fig. 6 Contours of constant error, (Acaic — Aexacr)/{|Al), where (|A[)
is the average of the magnitude of A over the map. Error contours
are separated by 1 %. (a) Analytical solution map of A(x, y); (b)

(d
numerical solution map of A(x, y); (¢) contours of constant error;

(d) zoom of contours of constant error, idem shown in Figure 1
of [10]
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Fig. 7 (a) Map of exact analytical solution, By (x, y) in xy plane. The other panels show numerical solution maps of B,, where the following
methods are used: (b) HS method, (c¢) first method, (d) second method, and e third method

4 Results and Discussion

Figure 7a shows the exact solution map of B,. The panels
(b) and (d) show numerical solution map of B, without fil-
tering; in both panels “HS99 method” and ““second method”
are used, respectively. Panel (c) shows map of B, using the
first method (B, is filtered), and the numerical solution has
been improved. In panel (e), the third method is used, and it
improved the numerical solution. Grad-Shafranov equation
has the nonlinearity in the term d(P;)/d A; during the inte-
gration scheme, B, values are obtained from the first order
Taylor expansion,

By (x, £Ay) = By (x,0) £ (8A/9yH)x 04y, (50)

@ Springer

and the second derivative in the previous equation can be
evaluated from GS equation,

32A 32A dP(A(x, 0))
25) =-(55) -wtEEE 6
y x,0 3x x,0 dA

This justifies the need of filtering B, during the integration
scheme.

After obtaining the solution, the integration domain is
reduced to remove the influence of the boundaries. Thus,
in Fig. 8, the maps of A(x, y) are shown in a grid of 5 <
x < 45and —4.5 < y < 4.5. Each pair of panels from top
to bottom show (a) the exact solution map and (b) contours
of constant error, (Acaic — Aexact)/{|Al), using the HS99
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4 4 U
2 2 oj1
> 0 By e T
=2 —) o 0| _091@ (‘j a N o1
-4 -4 -1, -1 @ ﬁl 1
0 0 10 20 30 40 50
X
(b)
4 4
2
> 0 = 0
-2 -2
-4 -4
0 0 10 20 30 40 50
X
(d)
4 4 -, @ @ U ofs 63
0f3
2 2 0)3 o \ 93
> 0 Br
-4 -4
0 50
X
®
4 4
2
= 0 = 0
-2 -2
-4 -4
0 10 20 30 40 50 0 10 20 30 40 50
X X
(8 (h)
Fig. 8 Each pair of panels from top to bottom show: (a) the exact solu- first method and contours of constant error; (e, f) are similar to (¢, d)
tion map and (b) contours of constant error, (Acare — Aexact)/{|Al), but for the second method; (g, h) are similar to (¢, d) but for the third
using the HS99 method; (¢, d) the numerical solution map using the method
method; (c) and (d) the numerical solution map using the In Fig. 8, panels of contours of constant error (d, f, and g)

first method and contours of constant error; () and (f) have are compared with panel (b). The solution greatly improves
the same format that (c) and (d), but the second method is when the first method is used (see panel (d)). In particular,
used; (g) and (h) have the same format that (c) and (d), but  the solution is not improved when using the second method
the third method is used. (see panel (f)). The third method also improves the solution
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and is the best method (see panel (h)). In summary, the solu-
tion in the paper of [10] was improved with these proposals.
Other method to improve the GS solver is presented by the
authors [16, Appendix A].

The contribution proposed here is important because if
another filter is used, then need to use the methodology we
are proposing, i.e., during the integration scheme also B,
should be filtered. It is a fact that our approach, when com-
pared with HS99 method, reduces the errors at upper part
of A(x, y) contour plot. We found, in this context, that in
two manuscripts [16, 17], the numerical solutions of the GS
equation have been improved, but they did not propose filter
By.

5 Conclusion

The Vlasov equation is a partial differential equation that
describes the time evolution of the distribution function in
phase space. It may be obtained from the Boltzmann equa-
tion with the collision term (8f;/8t)coi €qual to zero, but
including the internal smoothed fields in the force term.
The solution to equilibrium Vlasov equation may be con-
structed of infinitely many possible choices. The gaussian
functional form (f; (P, H;)), from [6], was selected. This
is a function of the canonical momentum (P;) and the total
Hamiltonian (H;). The solution of f;(P;, H;) will satisfy
the current and charge neutrality only if ng, = no; = ng and
Vz/ T, = _Ve/ T..

The distribution function f; (with 3/dz = 0) is inserted
into the equilibrium Vlasov kinetic equation. Then, the equi-
librium Ampere’s law is obtained (see 18). Some constants
are introduced: Bg, X, Y, ¥, and L, where W is the nor-
malized vector potential. The GS equation is obtained in
function of it.

The general solution W (X, Y) in terms of complex vari-
able, £ = X +Y, has the form ¥ = (—1/2) In[4|g’|?)/(1+
|g|%)?] where g’ = dg(£)/d&. The previous is known as
the Walker’s solution. The problem is reduced in obtaining
the form of the generating function g(&). There are infinite
varieties of g(£) in a purely mathematical sense, but not
all choices will turn out to be useful from a physical per-
spective. The Harris’s model solution is ¥ = In(cosh Y).
The Fadeev’s model solution is ¥ = In(f cos X +
V1+ f% cosh Y).

Wechoose f =@, X = Xx,Y = y,and ¥ = A(x, y),
then the GS equation is transformed into VZA(X, §) =
exp(—2A(x, y)) and the analytical solution is A(X, y) =
In(@ cos ¥ + +/1 4+ @2 cosh ). The previous solution was
used as benchmark case to improve the numerical solution.

For testing, a frame velocity ‘77 H— Vygr = 0.8% +
0.08§ + 0.16Z onto the X ¥ plane was selected, as was pro-
posed by [10]. The Xy coordinate system is rotated relative
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to the xy system by an angle of 5.7°. The exact solutions
for the other physical parameters, i.e., By, By, Bz, p, P;, J;,
and P4 are obtained.

The GS equation is a Poisson’s equation, i.e., a partial
differential equation of elliptic type. The problem depends
on the initial condition and can be treated as a Cauchy
problem, although it is ill-posed or ill-conditioned, and can
be integrated numerically. We may write the second-order
Taylor expansion at the y values away from the virtual
spacecraft trajectory with step Ay in the integration pro-
cess. The map of the numerical solution, A(x, y), can be
determined from the initial condition at point y = 0,
ie., A(x, 0) = —f(;cBy(x”, 0)dx", By(x, 0), p(x, 0), and
[d(p + BZ/2410)/d Alx, o

In the integration of the GS equation, singularities with
large values of the potential arise after a certain number
of integration steps away from the original data line. In
the integration scheme, the development of the singularities
associated with the shortest wavelengths may be suppressed,
and a filter should be used about A values at each y value. In
the integration scheme of the GS equation, the main prob-
lem is caused by the right hand term, d P; /d A, because there
is the nonlinearity of the equation.

We proposed three modifications in the method to solve
numerically the GS-equation. The result of each method
is compared with the solution proposed by [10]. The
main improvement found in the GS resolution was the
need to filter B, values at each y value. This paper is
a review of the proposed methodology by [10] and clari-
fies some aspects that were not explained by the authors.
Note that other authors proposed to improve filter preci-
sion [16, 17]; however, these methods are not discussed
here.
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Appendix

Physical-Mathematical Development
of the Grad-Shafranov Equation

In the MHD theory, in 2.5-dimensional and stationary struc-
tures, the Lorentz force has to be balanced by a pressure

force. It is known as magnetostatic equilibrium:

Vp=1Jx B, (52)
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where J is the current density and p the plasma pressure.
We will solve this equation in a 2.5-D Cartesian Coordinate
System where z—axis is invariant (d/dz = 0 for any physi-
cal quantity). Hereafter, vectors in xy plane are denoted by
1, and (52) is given by

op. Jp. . - A > N
—px—l——py—l—Oz:(JL+JZZ)X(BL+BZZ>,
0x dy
ap . Odp, ~ 32 - N
op X+ — P =JZ(ZXBL)+(JLXZ)BZ
ax By

+J;B; (2 X 2) + jJ_ X EJ_'

In right-hand side, the first and second terms are into
xy (or L) plane, the third term is zero, and the fourth term
is a vector parallel to z-axis. However, the z- component of
the left-hand side is zero, then the z-component of the right-
hand side must also be zero, therefore J X B L = 0, this
is J il B 1. This causes the system to be force-free magnetic
field (e.g., [23]) out of the xy—plane, but the system is not
completely force-free magnetic field itself, there is a force
in the xy—plane to ensure the equilibrium. The (52) can be
written as
Vp=JxB =1 (2xBL)+ (L x2)B.. (53)

The expressions for J,Z and J | are searched using
Ampere’s law, as

%xé:uofzuo(fyrjzz). (54)
Hereafter, to simplify calculations, the magnetic field
will be wrltten as a function of vector potential A.Due to the
fact that V - B = 0, B can always be written as the curl of a
vector, therefore B V x A. This is because V - (V X A)
0. It is true that A is not unique, one may have to choose
a gauge. But in any case, the definition B = V x A holds
true with the assumption that the invariant direction is the z-
direction, and d/dz = 0. This actually means the choice of
a gauge, the so-called “Coulomb gauge* (% A= 0). In this
problem, A;(x, y) is used, the z-component of the vector
potential A. And the magnetic field vector should be written
as

B =V x (A(x, y)2) + B,z or (55)
B <3Az(x, y), 0A(x, y).  B.(x. y)> (56)
ay ax

A;(x, y) is directly related to the magnetic flux in the
xy-plane. The field lines in that plane are represented by
A;(x, y) = const [28].
We also have
B-VA.(x, y) = V x (A:2) - VA,
+B.%-VA, = 0and (57)
B-Vp=0. (58)

The previous equations implies that A, (henceforth,
A, = A) and p are constants along field lines.
The curl of B is

VxB=Vx(Vx(A2))+V x (B.2) (59)
= —V2A% + V[V . (A?)]+ VB, x 2 (60)
——
=0
Considering the (54) and (60),
1 V2A
JL+JZz_—VB X Zz——1,
Mo o
where
- 1 -
J, =—VB; x2, (61)
o
and
5 V2A,
Jo=-12z (62)
Ko

If the vectors J | and B 1 are parallel, as indicated in the
preceding paragraphs, then the vector %BZ is perpendicular
to J 1 and B 1, respectively. We recall that VA is in the xy
plane, i.e., VA L 2. With the following vector identity C x
(5 X E?) = 5([77 . 6) — E(B . 6‘) and using the equation
EL — VD x %, we have that:

Zx B} =2x(%Ax2)
VAG -2 —3(VA-2)
— VA, (63)

because VA L 2 Z,then z x B | 1s a vector in xy— plane
We use the (61) and the vector identity (D X E) x C =
E(D C) D(E C) to obtain the following result:

2 A l - Mo n
J1 xzB, = —(VB; x7) X ZB;
Ko

B.r1. > A S oA A
= = [Z(VBZ -2) — VB, (z- z)]
Ko
B; -
= ——VB,. (64)
Ko
Here, it was considered that %BZ L Z. Equation (64) rep-
resents a vector in the xy—plane. We make the substitution
of the (62), (63), and (64) into (53):

>oH

- - 1 - o
JxB=Vp=——(V*AIVA + B,VB,}. (65)
1o

As the vectors VA and %Bz are in xy—plane, then the
(65) represents a vector in the same plane. Since p and VB,
are constant along a field line and should be only functions
of A, the following expressions must hold

Vp = (dp/dA)VA and
VB, = (dB./dA)VA.
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Substituting into (65),

dp - 1 2 dB; -

—VA =——{[V-A]VA + B,—=VA},

dA o dA

multiplied by .VI?A’ and solve to V?A in the previous
equation

VZA  dp 1 dB;
wo  dA  2uo dA
Finally,
d B?
VA = —puo— < 66
uodA<p+2M0> (66)
= —poJz.

The (66) is known as Grad-Shafranov equation; note
that (24, where the right-hand side is an exponential), is a
particular case of the previous equation.

Finite Differences Scheme

The approximation of derivatives by finite differences plays
a central role in finite difference methods for the numerical
solution of differential equations. If the spacing Ax is con-
stant, using fourth-order Taylor expansion with x; = i Ax,
then a set of forward differences equations for A;;1, Aj42
and A; 43 is as follows:

1
A1 = A + AcliAx + EAxthxz
1 3 4
+8Amx|,~Ax + O(Ax™)
4
Aitr = A +2A.iAx + EAxthxz
8 3 4
+8Axxx|iAx +0(Ax )

9
Airz = A; +3A. i Ax + EAxxlisz
27 3 4
+€Axxx|iAx + O(Ax™).

The above equations can be written as a system of
equations:

1 1

gAm|,-Ax3 + AgliAx + EAxxliAf = Aiy1 — A + 0(AxY)
8 A3 . b A2 A g 4
6Axxx‘zAx +2Ax|1Ax + 2Axx|tAx = At+2 A; + O(Ax™)

27 3 9 ) 4
ZAxxx‘iAx‘ + 3Ax|,’AX + EAxxliAx = Ai+3 —A; + O(Ax7).

To solve the system, it can be written in matrix form:

1/6 1172 | Ajy1 — A + 0(AxY)
8/6 24/2 | Aiyr — Ai + O(AxY)
27/6 39/2 | Aiyz — Ai + O(AxY)
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After adding and subtracting rows of the matrix, the
system is:

/2 Ayl — A + O(AxY)
/2 8Aiy1 — TA; — Aija + O(Ax?)
U 5441 — 4Ai10 + Aips — 24 + O(AxY)

—
O O~
SN

Bo—

then the third row is the second-order Taylor expansion for
forward differentiation at point i:

(0%A/0x%); = A; — 5Ait1 +4Ai12 — Ai13)/(AX)?
+0(AxY) (67)

On the other hand, backward differences to A;_1, A;_2,
and A;_3, with x — xg = (—Ax, —2Ax, —3Ax) in i, are
respectively:

1
Aisg = A — AyliAx + EAxanxz

LA 4
6Axxx|tAx + O(Ax™)

4
Aimy = A —2A.|iAx + EAxthx2

8
—gAxxx|,-Ax3 + 0(AxY)

9
Ai —3A,i Ax + EAxquxz

27 3 4
_gAxxxh'Ax + O(Ax").

>
b
[

Similarly to the previous case:

[ —1/6 —1 12| Aji_1 — A; + O(AxY)
—8/6 —24/2 | Aj_» — A; + O(Ax?)
| —27/6 =3 9/2 | Ai_3 — A; + O(Ax™Y)
[ —1/6 =1 1,2 Ail—Ai+O(Ax4):|
0 6 —4/2 Ai_o—8A;_| +7A; + O(Ax%)
L 0 0 =1 [ A5 —4A;i 54541 —24; + O(Ax*Y)

then the third row is the second-order Taylor expansion for
backward differentiation at point i:

(0%A/8x%); = QA; — 5Ai_1 +4A;_2 — Ai_3)/(Ax)?
+0(Ax?). (68)

To obtain the central difference of second-order for A,
and Ay, at point i, we add and subtract the following
equations:

1
Aip1 = Ai + AyliAx + EAxthxz
1 3 4
+6Axxx|iAx + O(Ax™)
1
A1 = A — AxliAx + EAxxlisz

AL 4
6Axxx|tAx + O(Ax™)
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The results are:

(0

(0A/3x); = (Ais1 — Ai_1)/QAx) + O(Ax?) (69
2A/0x%); = (Aiy1 — 24; + Ai_1)/(Ax)?
+0(Ax?). (70)
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