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Abstract We study orbital entanglement production in a
chaotic cavity connected to four single-channel normal-
metal leads and one superconducting lead, assuming the
presence of time-reversal symmetry and within a random
matrix theory approach. The scattered state of two inci-
dent electrons is written as the superposition of several
two-outgoing quasi-particle components, four of which are
orbitally entangled in a left-right bipartition. We calculate
numerically the mean value of the squared norm of each
entangled component, as functions of the number of chan-
nels in the superconducting lead. Its behavior is explained
as resulting from the proximity effect. We also study statis-
tically the amount of entanglement carried by each pair of
outgoing quasi-particles. When the influence of the super-
conductor is more intense, the device works as an entangler
of electron-hole pairs, and the average entanglement is
found to be considerably larger than that obtained without
the superconducting lead.
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1 Introduction

Quantum correlations are at the very heart of quantum
physics [1] and of applications like quantum computing and
quantum cryptography [2]. The ability of quantum trans-
port devices to produce and manipulate entanglement has
been explored during the last years [3–16]. Several of those
devices produce orbital entanglement from scattering pro-
cesses taking place inside one of its parts. In a seminal work
[5], it was proposed to use a chaotic cavity as quantum
entangler. The system consists of a cavity ideally connected
to four one-channel normal-metal leads, two at the left and
two at the right. An electron leaving the cavity at either
the left or the right represents a qubit, and entanglement
between two qubits can be studied considering a left-right
bipartition.

The mean value and the variance of the concurrence, a
quantifier of entanglement, were initially calculated using
random matrix theory [5], followed by more complete sta-
tistical analysis [6]. Non-ideal contacts [7, 8] and spin-orbit
interaction [9] have also been considered. Constraints on
entanglement production imposed by the geometry of the
device were explored [10], and it was found that more
entangled states are less likely to be produced in general.
Recently, a quantum wire [11] and a Dirac billiard [12] were
also used as quantum entanglers.

Many normal-superconducting (NS) hybrid systems have
also been proposed as a source of entanglement [13–
16]. Entangled pairs of quasi-particles can be generated
after Andreev reflections which take place at the normal-
superconductor interface. In the present work, we propose
the use of a chaotic cavity connected to a superconduct-
ing lead as orbital entangler. Within random matrix theory,
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we study the generation probability of each pair of entan-
gled quasi-particles, and how this quantity and the amount
of entanglement are affected by the proximity effect. As
the influence of the superconductor is more intense, the
probability of producing one left-outgoing hole and one
right-outgoing electron is found to dominate over those
characterizing other entangled pairs, in the presence of time-
reversal symmetry. There is also a notable increase in the
production of entanglement, induced by the proximity effect
[17], when compared to normal cavities.

The paper is organized as follows. In Section 2, we
explain how the device is designed, and what is the struc-
ture of its scattering matrix. We also write the scattered state
as a function of the transmission properties of the system.
The mean value of the squared norms of entangled states
is analyzed in Section 3. Statistics of concurrence is stud-
ied in Section 4. We present its full distribution, as well
as its mean value and variance, for different values of the
number of open channels in the superconducting lead. We
summarize and conclude in Section 5. An additional section,
Appendix A is included to explain how to calculate the
scattering matrix of the system.

2 Design of the Device

The setup is represented in Fig. 1. A central chaotic cavity
is connected to five leads. Four leads are normal and have
only one open conduction channel; they are represented at
the left and right sides of the cavity and denoted by L1,

Fig. 1 (Color online) A chaotic cavity is attached to four normal leads,
denoted by L1, L2, R1 and R2, and one grounded superconducting
lead. Each normal lead has one conduction channel while there are Ns

open channels in the superconducting lead. A potential V is applied on
the left leads and the right leads are grounded

L2, R1, and R2. A superconducting lead with Ns chan-
nels is attached to the top of the cavity. A potential V is
applied on the left leads and the right ones are grounded.
The superconducting lead is grounded. Thus, an electrical
current crosses the device. Specifically, pairs of electrons
with energies between the Fermi energy EF and EF + eV

enter the cavity from the left leads. It is assumed that the
energy of the incident electrons is much smaller than the gap
� in the superconductor, eV � �. This implies that charge
transfer in the NS interface takes place only via Andreev
reflection [18]. One quasi-particle leaving the cavity by the
left/right leads represents a qubit. Since the device has only
one superconducting lead, the phase of the superconductor
is irrelevant. We also neglect temperature fluctuations.

2.1 Scattering Matrix

The potential V is small enough to neglect the dependence
on energy of the scattering matrix of the system, which is
denoted by SNS and has the following left-right structure:

SNS =
(

r̂ t̂ ′
t̂ r̂ ′

)
. (1)

The blocks r̂ (r̂ ′) and t̂ (t̂ ′) contain, respectively, the reflec-
tion and the transmission amplitudes for quasi-particles
coming from the left (right). Each block has its own
electron-hole structure, which is indicated with the hat
symbol. For example, the matrix r̂ is

r̂ =
(

ree reh

rhe rhh

)
. (2)

Moreover, each sub-block rαβ in the last equation is a 2 × 2
matrix, whose elements are the reflection amplitudes for the
leads L1 and L2. They are given by

rαβ =
(

r
αβ

11 r
αβ

12
r
αβ

21 r
αβ

22

)
. (3)

This is the channel structure. The other blocks have similar
structures.

The scattering matrix SNS carries the transmission prop-
erties of all the parts of the model. In particular, it contains
the scattering properties of the cavity, and the interface
between the cavity and the superconducting lead. How to
define the scattering matrix of each part of the system
and make their composition to obtain SNS is explained in
Appendix A.

Due to the underlying chaotic dynamic in the cavity,
the statistical properties of transport are universal and well
described by random matrix theory. Thus, the quality of
randomness is incorporated into SNS through the scatter-
ing matrix of the cavity, which is a unitary symmetric
matrix and can be taken as uniformly distributed in the
so-called Circular Orthogonal Ensemble. This ensemble is
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appropriate to model chaotic cavities ideally connected to
normal leads, in the presence of time-reversal symmetry
and spinless particles [19]. In our numerical simulations,
we generate these matrices using an algorithm of Mezzadri
[20].

2.2 Scattered State

The scattered state of two incident electrons can be
expressed as |�scat〉 = |�LL〉 + |�RR〉 + |�LR〉. State
|�LL〉 (|�RR〉) characterizes two quasi-particles being scat-
tered to the left (right). One quasi-particle scattered to the
left and the other one to the right is represented by the
state |�LR〉. There are two forms of entanglement, the so-
called occupation-number and orbital entanglement, which
are related to the scattered state. All the three components
contribute to the occupation-number entanglement, while
only the left-right component is responsible for the orbital
entanglement [21]. As we are interested in the latter, we will
focus on |�LR〉.

In order to give an explicit expression for this state, we
define the projector matrix

σ ′ = i σy ⊗
(

1 0
0 0

)
, (4)

where σy is one of the Pauli matrices defined in the chan-
nel space, and the second matrix in the right hand side
is a projector on the electron-hole space. The structure of
σ ′ accounts for the fact that the incident state is given by
two electrons coming from the left. It is also convenient to
define the fermionic operators Lα

j and Rα
j , which create a

quasi-particle of type α going out at the lead Lj and Rj ,
respectively, with energy ε if α = e and −ε if α = h

(EF < ε < EF + eV ). We also define

γ̂ = r̂σ ′ t̂ T , (5)

where t̂ T is the transpose of t̂ . Using the above objects, the
left-right states can be expressed in the following way:

|�LR〉 =
∑

jk;αβ

γ
αβ
jk Lα

j Rβ
k |0〉. (6)

In the last equation, |0〉 is the state without electronic exci-
tations. If the sum over j and k is performed, it leads to the
superposition |�LR〉 = ∑

αβ

|�αβ〉, where |�αβ〉 represents

the quasi-particle α getting out at the left, and β getting out
at the right.

3 Statistics of the Squared Norms

In this section, we focus on the probability of producing,
during a fixed time, a given number of entangled pairs α and
β. This probability is determined by the squared norm of the

state |�αβ〉, namely, N αβ = 〈�αβ |�αβ〉. Using Eq. 6, it can
be expressed as a function of the transmission properties of
the system through the following equation:

N αβ = Tr(γ αβ†
γ αβ). (7)

Let us discuss the underlying mechanism behind the
influence of proximity effects on transport properties. As
the number of open channels in the superconducting lead
increases, the probability of incident electrons to undergo
an Andreev reflection in the NS interface and thus to be
backscattered as holes to the left before “feeling” the chaos
of the cavity gets larger. As Ns → ∞, this probability
becomes unit, and the device works as if all electrons were
Andreev reflected upon arrival at the cavity [22].

A consequence of direct Andreev backscattering is an
increased number of holes leaving the cavity at the left, and
therefore a decreased transmission of any quasi-particle to
the right. This is verified in Fig. 2, where we present the
average value of square norms as functions of Ns . As Ns

grows, N ee
and N eh

monotonically decrease, because the
probability of an electron to be scattered to the left contin-

ually decreases. On the other hand, N he
and N hh

have a
non-monotonic behavior, initially increasing due to direct

Andreev backscattering. The quantity N he
decreases more

slowly than the other squared norms, which suggests that
scattering to the right is more probable for electrons than for
holes.

The dominance of N he
over the other entangled compo-

nents can be quantified by

Er = N ee + N eh + N hh

N he
. (8)

The behavior of Er is shown in Fig. 3, where Ns runs from
25 to 400. The decay follows a power law with exponent
approximately equal to −1. Notice that for Ns = 400, the

Fig. 2 (Color online) Mean values of the squared norms N αβ are rep-
resented for different numbers of open channels in the superconducting
lead. 105 samples were generated for each value of Ns
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Fig. 3 Function Er (in percent) for values of Ns varying from 25 to
400. Each dot was calculated using 5 × 103 random matrices

sum of the other components represents less than 5 % of

N he
. This means that for very large values of Ns , entan-

glement is almost entirely carried by pairs of left-outgoing
holes and right-outgoing electrons.

Direct Andreev backscattering does not occur if TRS is
broken, because a random phase is accumulated during the
process and so it is killed after averaging. An implication
of this is that in the presence of a magnetic field and for
Ns 	 1, the statistical distributions of N αβ are very similar
for any α and β. We corroborated this observation through
numerical simulations (not shown).

4 Statistics of Concurrence

The concurrence that characterizes the state |�αβ〉 is given
by [23, 24]

Cαβ = 2
√

Det(γ αβγ αβ†
)/Tr(γ αβγ αβ†

). (9)

In contrast with the result obtained for a generic normal sys-
tem [5], this expression depends not only on the eigenvalues
of the normal scattering matrix, but on its eigenvectors as
well.

Figure 4 shows the distributions of concurrence for Ns =
5, 25, and 100. They suggest that all pairs of left-right out-
going quasi-particles are entangled, but none of them is
maximally entangled. It is clearly seen that Che is the quan-
tity most sensitive to the presence of the superconductor.
However, variations are small for all the distributions when
Ns is large, which indicates convergence, as can be observed
in Fig. 5 where we show the average value and the variance
of the concurrence.

As the number Ns increases, there is a remarkable
enhancement in the production of entanglement for the

hole-electron component: Che
reaches values above 0.58,

Fig. 4 (Color online) Distributions of concurrence are represented for
Ns equal to a 5, b 25, and c 100. Each distribution was made using 106

random matrices

reflecting a considerable increase compared to the normal
case, where C ≈ 0.38 [5]. Note that the other three com-
ponents have only slight dependence on Ns . Moreover,
variations of Che from sample to sample are more concen-
trated around its mean value than for the other components.
The variance of this quantity decreases as Ns increases (see
Fig. 5b). We found that var(Che) oscillates around 0.053 for
large Ns . This value is slightly less than the variance for
the other components, as well as those found for a normal
cavity [5].
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Fig. 5 (Color online) a Mean value and b variance of the concurrence
calculated from 105 random matrices for each value of Ns

5 Conclusion

We studied orbital entanglement production in a chaotic
cavity connected to a superconducting lead, assuming time-
reversal symmetry in the system. Numerical simulations
were performed to statistically analyze the squared norm
and the concurrence of states describing an entangled pair of
outgoing quasi-particles. The behavior of the squared norm
for varying numbers of channels in the superconducting
lead was explained as a consequence of Andreev reflec-
tion. Even though the norms of the entangled components
decrease as the influence of the superconductor is stronger,
the squared norm of the state describing one left-outgoing
hole and one right-outgoing electron dominates, and thus
the device behaves as an entangler of electron-hole pairs.
In this regime, there is a notable enhance in the amount of
entanglement for that state, exceeding the value found for a
normal cavity.

Acknowledgments This work was partially supported by grant
2011/07362-0, São Paulo Research Foundation (FAPESP).

Appendix A: Calculation of the Scattering Matrix
of the System

In this appendix, we explain how to calculate the scatter-
ing matrix SNS after generating the random matrix that
describes the cavity, which will be denoted by S0. It will be
divided in blocks, in the following way:

S0 =
(

r0 t ′0
t0 r ′

0

)
. (10)

Each block has dimensions Ns × Ns , thus S0 mixes 2Ns

channels.
On the one hand, the interface between the cavity and

the superconducting lead is characterized by Ns conduction
channels. On the other hand, there are 4 open channels in the
interface between the cavity and the normal leads. There-
fore, we need to close the remaining Ns − 4 channels (it
is assumed that Ns > 4). This is done introducing a ficti-
tious barrier, which has a transparency very small (high) for
Ns −4 (four) channels. The scattering matrix that carries the
information of the barrier can be written as

Sc =
(

rc t ′c
tc r ′

c

)
, (11)

where all its blocks have dimensions Ns × Ns . We also
choose rc = r ′

c, tc = t ′c, and define

rc =
( √

	I4 0
0

√
1 − 	INs−4

)
, (12)

and

tc = i

( √
1 − 	I4 0

0
√

	INs−4

)
, (13)

	 being the transparency of the barrier, a number much less
than 1, and In the n × n identity matrix.

The interface between the cavity and the superconduct-
ing lead is described by a reflection matrix that encodes
Andreev reflections. As the phase of the superconductor can
be set equal to zero and the energy dependence is neglected,
the reflection matrix can be written in the electron-hole
space as [19]

rA = −i

(
0 INs

INs 0

)
. (14)

The factor −i in the last expression comes from the fact
that quasi-particles gain a phase of −π/2 in each Andreev
reflection.
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First, it is necessary to compose S0 and Sc, to obtain the
total normal scattering matrix SN . This is done using the
following equations:

rN = rc + tcMNr0tc, (15)

tN = i t0(INs + rcMNr0)tc, (16)

r ′
N = −r ′

0 − t0rcMNt ′0, (17)

t ′N = i tcMNt ′0, (18)

where MN = (INs − r0rc)
−1.

Finally, using Eqs. 14–18, the blocks of SNS in the
electron-hole space can be written as [19]

S ee
NS = rN − t ′N(r ′

N)∗MetN, (19)

S hh
NS = r∗

N − (t ′N)∗r ′
NMht

∗
N, (20)

S eh
NS = −i t ′NMht

∗
N, (21)

S he
NS = −i (t ′N)∗MetN, (22)

where Me = (INs + r ′
N(r ′

N)∗)−1 and Mh = M∗
e .

S eh
NS and S hh

NS are not necessary to calculate norm and
concurrence, because we consider the initial state given by
two electrons entering the cavity from the left.
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