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Abstract In this study, we numerically calculate the spatial
profile of mechanical strain on self-assembled germanium
(Ge) quantum dots (QDs) grown on a silicon (Si) substrate.
Although the topic has been exhaustively studied, interest-
ing features have not been explained or even mentioned in
the literature yet. We studied the effect of the cap layer con-
sidering two cases: capped QDs (where a Si cap is present
above the Ge QDs) and uncapped QDs (where no Si is
present above the Ge QDs). We observed that Ge in the
capped QDs is more strained compared with the uncapped
QDs. This expected effect is attributed to the additional ten-
sion from the Si cap layer. However, the situation is opposite
for the Si substrate, it is more strained in the uncapped QD
because the Ge layer is less strained in this case. We also
calculated the band-edge alignment for the electrons and
holes.

Keywords Quantum dots - Mechanical strain - Uncapped
quantum dot - Capped quantum dot

1 Introduction

Mechanical strain plays an important role in electronic, opti-

cal, and transport properties of semiconductor quantum dots
(QDs) [1-3]. Epitaxial dots have a spatial strain profile
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caused by the mismatch of lattice parameters of the involved
materials. This strain creates an elastic energy which is one
of the determining factors in the formation of dots in the
Stranski-Krastanov [4] mode. The strain also changes the
potential profile experienced by charger carriers, necessary
to calculate the electronic eigenstates [5, 6]. Several meth-
ods to calculate the strain profile are available, which have
been successfully applied to semiconductor nanostructures.
The most used methods involve the continuous elasticity
[7, 8] or atomistic models [9, 10]. Several theoretical and
experimental works on germanium (Ge)/silicon (Si) QDs
can be found in the literature [11-14], although none of
them describes in detail the features of the strain and tension
in uncapped QDs.

In the present work, we studied the effect of the cap
layer on the mechanical strain on self-assembled Ge QDs
grown on a Si substrate (Ge/Si QDs). We calculated the
strain profile by numerically solving the equilibrium equa-
tions in the continuous elasticity model using finite element
method. The rest of this paper is organized as follows: in the
next section, we present the model and describe the param-
eters considered in the calculations. In Section 3, we show
the results of our simulations. In Section 4, we present our
conclusions.

2 Theoretical Model
2.1 Linear Elastic Theory

Axial symmetry is an approximation where a three-
dimensional structure is generated by the revolution of
a two-dimensional one. Dome (or lens-shaped) Ge QDs
[15, 16] belong to this case. This approximation requires
that all physical parameters of a crystalline lattice possess
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this symmetry, which means that all the relevant quantities
of the problem do not depend on the angular coordinate
¢ of the cylindrical coordinates (r, ¢, z). This approxima-
tion allows the problem to be solved in the two-dimensional
plane r, z for r > 0, and it is very useful because it consid-
erably decreases the computational cost of the simulations.

The model used in this work is based on the numerical
solution of the equilibrium equations of the linear elastic
theory [17, 18]. This theory is suitable for treating materials
with small strain and is based on the Hooke’s law, namely,
F = —kx. Using a two-order tensor for strain e;; and stress
oij, Hooke’s law is expressed as [19]:

Oy Ci1 C2C20 0 O ey

oy CnpCiiCi20 0 O ey

o |_|C2CnCn0 0 0 e; )
Oy 0 0 0 CyuO O ery

oy 0 0 0 0 Cyu0 ey

Lol L0 0 0 0 0 Cu]lewm

where C;; is the elastic constants matrix of a material with
cubic symmetry. Conversely, if the material has a cylindrical
symmetry, we need to perform a coordinate transformation
(equivalent to x — r and y — ¢) to obtain the Hooke’s
law in cylindrical coordinates. In addition, by consider-
ing axial symmetry approximation, no quantity has angular
dependence. Then, in cylindrical coordinates, we have

dv

% =0, 2)

Gr(p = U(ﬂZ = er<p = e(/)Z =

where v is the displacement in the y—direction. Therefore,
the Hooke’s law can be simplified as

or Ci1 CnCp2 0 er

op | _ | Cr2CnnC20 ey 3)
o; C2Ci2C11 0 e; |’

Oyz 0 0 0 Cu €rz

The stress tensor is defined in terms of the external force
as V-0;;+F = 0. Because we do not consider any displace-
ment in the center of the mass, we obtain F = 0; therefore

V .oy =0. @)
Substituting (3) into (4) yields
V. (CijSeij) =0, (5)

where the solution for the strain is represented as de;;. To
obtain this solution, we numerically solve the above differ-
ential equation (5) using the software Comsol Multiphysics.

@ Springer

2.2 Initial Condition & for the Strain

The components of the total strain are expressed as follows:

er = xé&r+dex
ey = X&p + bey
e; = X&;, + 8¢

e, = dey

where ¢; are the components of the initial value of the strain
needed to solve (5). The characteristic function x is defined
as:

1ifre 2Ge

ﬂﬂ:{OHreﬂg ©)

where §2Ge and §2s; refer to the space domains occupied by
Ge and Si, respectively. The purpose of x is to take into
account the assumption that the initial strain is zero in the
Si domain and constant and nonzero in the Ge domain. In
addition, the shear components of the initial strain are set to
zero, i.e.,

612 = Erp = £z = 0. @)

Hereafter, we show how to calculate the initial values. In
an epitaxial film containing QDs (with lattice parameter a;)
grown over a substrate (001) (with parameter ap,), the strain
in the plane is biaxial and given by the mismatch in lattice
parameter o, which is defined as [20]

am — 4j

a= (3)
a;

Here we used the following assumption:

& =&y = a. )

In this condition, the stress tensor can be approximated by:

or =0, =0. (10
Substituting (9) and (10) into the Hooke’s law yields [20]
Ci2
= 20—. 11
&z o Cii (11

2.3 Lattice Parameter and Stress Tensor

The strain e,(r, z) gives the relative variation in the distance
between nearest neighbors in the z—direction. In plane xy,
the strain is the average of the other two components:

1
ep(r,z) = E(er+e(p)~ (12)
The lattice parameter in plane xy is defined as [21]:

ar(r, z) = [1 + er(r, 2)] [xace + (1 = x)asil , 13)

where age and as; are the lattice parameters of Ge and Si,
respectively, and x is defined in (6). We also calculated the
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hydrostatic and biaxial components of the strain, which are
defined as [20]:

en(r,z) = e; +¢p (14)
and
ep(r,z2) = e, — ep, (15)

respectively. The hydrostatic component reflects the varia-
tion in the volume of the structure due to the strain. From
Hooke’s law, the stress tensor is expressed as:

oy Ci1 Ci2C120 xa + 8e,(r, 2)
op | | Ci2Ci1 C120 xo +Sey(r, z)
o | | C2Ci2Cu1 0 x&z +de(r, 2)
Oz 0 0 0 Cyu der (1, 7)

(16)
2.4 Band-Edge Alignment

The difference in gap energy of the materials (in our case,
Ge and Si) creates a band offset acting as potential well
for the carriers. We represent this potential by U, (for the
electrons in the conduction band (CB)), and by U, (for the
holes in the valence band (VB)). The hydrostatic compo-
nent ey, shifts this potential and the biaxial one e, brakes the
degeneracy of CB splitting the sixfold-degenerate A valleys
into the fourfold A(4) and twofold A(2). In VB, the biaxial
strain also splits the heavy and light hole bands. We write
@ A2 and @ a4 for the energy levels of the electrons and ¥y,
and ¥, for the energy levels of the heavy and light holes
[14]. Their dependency with the strain are given by

Da2(r, z, en, ep) = Uc(r, 2) + Cazlen, ep) (17)
Dpa(r, z, en, ep) = Uc(r, 2) + Caalen, ep) (18)
Ynn(r, z, en, ep) = Uy(r,2) + Vin(en, ep) (19)
Yin(r, z, en, ep) = Uy(r, 2) + Vin(en, ep) (20)

The confinement potentials are defined as

Uc(r,z) = Es+ xUsc
Uy(r,z) = xUsv
where E; = 1.17 eV is the energy gap of the Si at 0 K. The

contributions of the strain in each potential are written as
[22-24]:

2
Caolep, ep) = apey + gdeb

1
Caalen, ep) = apep — gdeb

A
Vin(en, ep) = 3 bey,

Ay
6

1 1
Vin(en, ep) = + Ebeb + E\/(AO — 9bep,)? + 8Apbey,

where an = a, — ay. The importance of these band-edge
energies is that they enter as input in the Schroedinger
equation in order to calculate the wave-functions of the car-
riers. Therefore, a minimum in the potential can represent a
localization of the wave function.

2.5 Calculation Parameters

With regard to the geometry of the QD, we relied on the
results obtained by Magalhes-Paniago et al. [25]. They
observed a dome-shaped geometry with average radius R =
32.3 nm and height H = 14.2 nm (Fig. 1). We also con-
sidered a quantum well (also called wetting layer) with
thickness L = 1 nm between z = 0 and z = L whereas the
QD is located between L < z < L + H. Using nanometer
(nm) as the units for space, the Si substrate comprises the
domains —500 < z < 500 and 0 < r < 500. The wetting
layer comprises 0 < r < 500 and 0 < z < 1. The cal-
culation was done only in the region » > 0. From (8) and
Table 1, we have

o= BT 9Ge g 039.

AaGe

3 Results

Figure 2a shows the spatial profile of the strain in plane
ep(r, z) on the color chart for the capped QD. A nega-
tive strain indicates that the distance between the atoms
has decreased. Because Ge has a lattice parameter that is
greater than that of Si, Table 1, the epitaxially grown Ge
layers have a negative strain in plane xy of the order of
approximately —4 %. Just as the Si layer compresses the
Ge QD, the Ge QD expands the Si layer, which is what
we observed in the Si layers immediately above and below
the Ge QDs where the strain reaches positive values higher
than 0.5 %.

Figure 2b shows the spatial profile of ep(r, z) for the
uncapped QD. The analysis follows the same trend: nega-
tive strain at the QD and positive one for the Si layer below

Si

Ge R

e
Vi

Fig. 1 Illustration of the dome-shaped geometry modeled as a spher-
ical cap. The dome is the top of a sphere whose radius is 43.8 nm

@ Springer
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Table 1 Constants and parameters of Si and Ge. The values were
obtained from Ref. [12]

Quantity Si Ge
aA) 5.431 5.657
Ci11 (101 Pa) 1.66 1.29
Ci2 (101 Pa) 0.64 0.48
Ca4 (10 Pa) 0.8 0.67

ac (V) —3.133 —1,786
ay (eV) -3.1 —4.54
d (eV) 8.6 9.4

Ao (V) 0.044 0.296

b (eV) —2.1 -2,86

the dot. However, the difference is that no Si layer is pre-
sented above the Ge QD, which results in a remarkable
distinction: the strain in Ge is lower in module, i.e., while
at the capped QD the strain is approximately —3 % at half
height, it is approximately —2 % at the uncapped QD. We
can understand this by considering that in the capped case,
both the substrate and Si cover compress the Ge. In the

a Capped QD
3
2
1
0
-1
-2
-3
-4

~10 -20 0 20
x (nm)
b Uncapped QD
25 3
20 ep(x,z) ez(x,z) | B

1

’é 0

=

N -1
-2
-3
-4

~10 -20 0 20
x (nm)

Fig. 2 Spatial profile of e,(r, z) (12) (on the left side) and e, (r, z)
(on the right side) for a capped QD and b uncapped QD. The strain is
multiplied by 100 to be expressed in % and the color scale bar is the
same for both graphics

@ Springer

uncapped case, only the substrate compresses the QD, and at
the superior interface, the Ge is free; thus, its original lattice
parameter tends to be reached more quickly. The behav-
ior is different in the Si substrate, which is more strained
under the uncapped dot. This condition can be understood
as a reaction of the Ge dot, which in turn is less strained
and possesses a more different lattice parameter that cre-
ates a larger strain on the Si layer. In the capped case, the
Ge dot is more strained, which makes its lattice param-
eter more similar to the Si layer, creating a small strain
on the Si layer.

The z—component of the initial strain is proportional
to the component in the plane but with an opposite sign.
When the first layer of Ge is bound to the Si layer, com-
pression exists in the plane of Ge, but no tension is present
in the z—direction perpendicular to the plane. Therefore,
the compression in the plane (e, < 0) implies an expan-
sion in the z—direction (e, > 0) as if Ge tries to keep
the volume of the unit cell constant. Figure 2a shows the
behavior of e, for the capped QD. One can see that a small
compression (e, ~ —0.5 %) exists in the Si layer under
the QD and a large expansion (e, ~ 2 %) exists inside
the QD in response to the compression in the plane. In

a a,(r2) (A)
5.45A 5.6
5.55
15.2 5.431A
55A 55
E)
g 5.45
[N
o 5.4
5431 A 5.35
545A
10 10 20 32335
7 (nm)
b a(rz) (A)
25
5.6
5.55
15.2)
5.5
—
é 5.45
£
N 55A
o 5.4
5431A| W5-35
545A
1% 10 20 32335
7 (nm)

Fig. 3 Spatial profile (in color) of the resultant lattice parameter in
the plane a;(r, z) (13). The blue lines indicate constant values of a;. a
capped QD. b uncapped QD. The color scale bar is the same for both
graphics
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the same manner, the Si cap layer also exhibits compres-
sion (~ —1 %). In the uncapped case, shown in Fig. 2b,
no Si cap layer exists to exert an additional stress on
the Ge QD, which makes the uncapped QD less strained
than the capped QD, especially near its top surface. This
condition makes the uncapped QD have a similar lattice
parameter to its bulk value. Consequently, the uncapped QD
exerts more tension on the Si substrate compared with the
capped case.

The lattice parameter in the plane (13) is shown in
Fig. 3a. As expected, the lattice parameter in the Ge is
smaller than its bulk value. At the top of the dot, a, reaches
the maximum value for Ge, which is 5.5 A. In the same
manner, in the Si above and below the dot, the parameter
is larger than its bulk value (5.431 A). In both regions, a;
reaches values greater than 5.45 A. Figure 3b shows the pro-
file of a; for the uncapped dot. The lattice parameter in Ge
attains higher values in the uncapped dot than that in the
capped one. For instance, at the top of the uncapped dot,
a; attains values exceeding 5.6 A. However, the maximum
value of the capped dot (5.5 A) is only the minimum value
of the uncapped dot. The Si also shows a difference. In the
uncapped dot, the Si below the dot attains higher parameters
of the order of 5.5 A.

a o (r.z) (GPa)

25 2

7 (nm)
b o (r,z) (GPa)
25 2 2
o0
15.2 P
E 2GPa -4
£
N -6
0
-8
-10
10 10 20 32335
7 (nm)

Fig. 4 Spatial profile (in color) of the tension in the plane op(r, z)
(21). a capped QD. b uncapped QD. The color scale bar is the same
for both graphics

Figure 4a presents the calculated stress tension in the
plane,

1
op(r, 2) = Z(0r + 0y), 2y

defined as analogous to e,. The components oy, oy, and
o, are defined in (16). Figure 4b shows oy (r, z) for the
uncapped dot. In the capped dot, the compressive tension
in Ge is greater than that in the uncapped one. Conversely,
in Si, the tension of traction (which tends to expand) is
greater at the uncapped dot than that in the capped one.
This is expected whereas in the capped dot, Ge undergoes
more compression and thus manages to exert less traction
(or tension of expansion) in Si at the capped QD.

Figure 5a, b shows U, and U, (black dashed line), poten-
tials without strain contribution. In this situation the electron
is localized in the Si layers (substrate or cap layer) while
the holes are confined in the QD. Figure 5a shows the
graphs of the electron energy levels A(2) and A(4) in the
CB along the z—axis. For the capped QD, the minimum
in the Si layer is in the A(2) band while inside the QD,
the minimum is in the A(4) band. The split of these two

LR
15 e

3
2 14 U r=20
S ¢
[0} Kig

1.3 *
i | Jte

- Dpg
121 I o

k
/
\

1.2 TR~
b '*.\\
1.0 - Ts.,
1vB Y

= 0.8 ~. _
% | '-.\_? s'\
% 06 v,
QC_) 1 e s
w 0.4 - U

oo ] -

10 5 0 5 10 15 20 25
z (nm)

Fig. 5 Band-edge alignment in the z—axis (r = 0). Solid lines refer to
the capped QD and dot-dashed lines represent the uncapped QD. The
silicon substrate is the region z < 0, the wetting layeris 0 < z < 1,
the QD is 1 < z < 15. a Conduction band (CB). Blue lines are @ 5p
(17) and red lines are @ a4 (18). Black dashed line is U.. The cap layer
is z > 15. b Valence band (VB). Red lines are Wy, (19) and blue lines
are ¥, (20). Black dashed line is U,
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bands are ~ 83 meV in the substrate and ~480 meV inside
the QD. In the uncapped case, the minima in the substrate
and inside the QD remain unchanged although the energy
split inside the QD decreases to ~ 336 meV. Additionally,
the band edge inside the uncapped QD has its minimum
in the base of it, near the substrate. Other interesting fea-
ture is that the A(4) minimum inside the uncapped QD is
Dpa(z = 2) — Dp2(z = —1) = 83 meV higher than the
A(2) minimum in the substrate. In the capped case, this
difference is only 14 meV. This means that the electron
wave-function (which is localized in the Si layer) can pene-
trate much less inside the uncapped QD than in the capped
one. A smaller penetration implies a lower superposition
with the hole wave-function. This can be important to under-
stand the different behavior of the band alignment (type I or
type II) already studied for this system [14, 26, 27].

Figure 5b shows the energy levels of the heavy and light
hole in the VB. An interesting feature is the energy split
of the bands, ¥, — ¥, at z = 7.5 nm, which is 384 and
240 meV for the capped and uncapped cases, respectively.
As the two holes are already confined within the QD, the
effect of the strain does not change considerably their eigen-
states. However, in experiments where an external strain
is applied, the two bands (hh and [h) shifts with different
speeds. In the uncapped case, an energy split smaller than
the above values can cause an anti-crossing of the two bands
[28] with a smaller external strain.

4 Conclusions

We have calculated the spatial profile of mechanical strain
in self-assembled Ge QDs grown on Si matrix. The Ge QD
experiences a compressive biaxial strain in the xy—plane,
which in turn creates a tensile strain on the z—plane. This
effect is less intense in the uncapped QD because only one
Si layer (substrate) compresses the Ge QD. Conversely, the
Si substrate and cap layer experiences tensile strain on the
xy—plane and compressive strain on the z—plane. In addi-
tion, the Si substrate is more strained in the uncapped case
because the Ge uncapped dot is less strained. All these
effects are reflected on the final lattice parameter and the
stress tensor. We also calculated the band-edge alignment
of the conduction and valence bands. The strain-induced
potentials suggest a smaller wave-function superposition in
the uncapped QD when compared with the capped one.
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