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Abstract Pair ion plasma with a fraction of non-thermal elec-
trons is considered. We investigate the effects of the streaming
motion of ions on linear and nonlinear properties of
unmagnetized, collisionless plasma by using the fluid model.
A dispersion relation is derived, and the growth rate of stream-
ing instabilities with effect of streaming motion of ions and
non-thermal electrons is calculated. A qausi-potential ap-
proach is adopted to study the characteristics of ion acoustic
solitons. An energy integral equation involving Sagdeev po-
tential is derived during this process. The presence of the
streaming term in the energy integral equation affects the
structure of the solitary waves significantly along with non-
thermal electrons. Possible application of the work to the
space and laboratory plasmas are highlighted.

Keywords Pairion plasma - Streaming instability - Solitary

structure

1 Introduction

Pair plasma due to the equal mass of its constituent species
presents a scenario where it is possible to avoid asymmetric
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phenomena arising from large mass difference of plasma spe-
cies. Although electron-positron pair plasmas make a good ex-
ample of such plasmas and are of interest to physicists due to
their natural occurrences, dense pair ion plasmas are more sta-
ble [1]. Moreover, recent successes in producing pair ion plas-
ma (PI) in laboratory have also prompted the surge of activity in
the field. The experimental configuration of hydrogen pair plas-
ma (H', H") is presented in [2-4]. On the other hand, pair ion
plasma are also relevant in astrophysical settings [5].

To explain the experimental results, it is suggested that pair
ion plasma can contain a significant fraction of electrons. The
experimental results of Oohara et al. also motivate the research
on pair-ion-electron (p-i-e) plasma as it is expected that such
plasma could also be produced in the laboratory. Therefore,
linear and nonlinear wave structures are already investigated
in such p-i-e plasma by several authors [6-8].

Streaming motion of plasma particles may become im-
portant in a variety of situations, e.g., in solar atmosphere
[9, 10] and interstellar space [11], laser plasma interaction
[12, 13], and in some space plasma phenomena [14]. The
asymptotic study of the general solution of the dispersion
relation reveals the linear two stream instabilities which are
obtained in terms of three dimensionless parameters that
characterize the steady state of the plasma. Such analysis
determines (i) the analytical expression of the maximum
growth rate and the associated wave number, (ii) the domi-
nant different stability types of the parametric regions, (iii)
the analytical expression for instability threshold, and (iv)
the evolution in the character from one type to another type
[15]. The well-known forms of two stream instabilities for
electron ion (e-1) plasmas are the ion acoustic (IA) instability
[16, 17] (for low drift velocities) and the Buneman or reac-
tive instability [18] (for high drift velocities). A complete
and systematic picture of different characteristics and types
of linear streaming instabilities is presented in [19, 20].
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It is also interesting to study solitary structures in pair ion
electron plasma. Both refractive and compressive solitons are
observed at critical temperature of negative ions in [21].
Nakmura et al. [22] have studied the large amplitude solitary
waves with negative ions in multicomponent plasma with
experimental results of [22]. The linear and nonlinear behav-
iors of electrostatic waves in PI plasma are also investigated
n [8, 17]. Some acoustic solitary waves and double layers
with nonextensive, superthermal, and with non-thermal elec-
trons are studied for both planar and non-planar geometry by
Sahu et al. [23].

In this work, we investigate the effects of the streaming
motion of ions on linear and nonlinear properties of pair ion
plasma by using the plasma fluid model in unmagnetized,
collisionless plasma, and the formation and properties of sol-
itons. We derive the dispersion relation and calculate the
growth rate of the instability. Doped pair ion plasma are sup-
posed, which are not completely filtered, e.g., fullerene pair
ion plasmas (C**°) with some fraction of electrons. The effect
of non-thermal electrons on ion acoustic soliton in plasma
with adiabatic positive and negative ions are considered.
Qausi-potential approach is followed to study the characteris-
tics of the ion acoustic solitons.

This manuscript is organized as follows. In Section 2, the
basic equations and formulation of plasma dynamics are used
to derive the dispersion relation for the growth rate of the
streaming instability. In Section 3, we derive the growth rate
of two stream instability for counter streaming ions and one
stream instability for positive and negative ions. In Section 4,
we derive the energy integral equation with Sagdeev potential
which leads to the characteristics of soliton and solitary
waves. The results and discussions are presented in Section 5
and summary and conclusion in Section 6.

2 Basic Equations and Formulation

We consider a PI plasma composed of positive and negative
ions with non-thermal electrons. For instabilities analysis and
to investigate the nonlinear dynamics of the solitary waves,
we use the following one-dimensional hydrodynamic model
given by the equation of motion and continuity equations for
both positive and negative ions.

On; 6nj o(n;v))

= 1
ot v ° ox ox 0 (1)
v, ov; 10V or 3 on;
o Tt a0 @

The system is closed with the Poisson equation as

2
S (1 = 0 3)
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felv) =

Where j=positive ion (+), negative ion (—) and n; is
the density of positive (negative) ion normalized by the
background value njy, and v; is the positive (negative)

ion velocity normalized by ion acoustic speed C; =

(Te/m+)% where 7, is the electron temperature and m.
is the mass of positive ion. The electrostatic wave po-
tential ¢ is normalized by kz7T,/e. For adiabatic PI pres-
sure, we have p, =p;(n;/nj)’, where y="532, s the
polytropic index, with N being the number of degrees
of freedom, and p;o=n;0Kz7T; is the equilibrium PI pres-
sure. The ratio 6; = 7,;/T. represents the ions to elec-
tron temperature ratio. By using background quasi-neu-
trality, we have p=n,,/ni, and n_,/n,,=(1—u). The
time and space variables are normalized in terms of
plasma period w,!} = (mj/47rn+(,Z+e2)%, and Debye
length A\pg = (T e/47rn+nZ+ez)% respectively. To describe
the electron distribution with population of fast particles

[24, 25], we take the following
avt v?
4
Tl v

and integrating over the velocity space with dimensionless
potential ¢ gives the electron number density

no
Ba+1)+ \/27w2<

ne = neoe” (1-B¢ + 5¢°) (5)
Here, 3= +§'u, with « being the parameter which

determines the number of non-thermal electrons present
in the non-thermal plasma model. Linearizing the num-
ber density with n;=njo+n;; and v;=vj+v;, representing
n; and v;; with dependence exp ( iwt+ikx), we obtain
the followmg linearized equations

—(wkvjo)nji + njpkvy =0 (6)

) k2
e ; ¢ (7)
njo (W_k’Uj()) _36jnj0k2

K¢ = (1=p)n-y + pner—nyy (8)

and the linearized electron number density as
ne =1+ ¢(1-0) )

Using the Egs. (6-9), the following dispersion relation is
obtained

(1)

_(1=B)u 1 10
[(w—kv70)2—357k2] 2 + (10)

=1
(w—kv40)*—30.k?)
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3 Instability Analysis . et k[1+(145) (12430 )] B (12,36)
with 4, = =, By = 4u,0(1—ﬁ0) G = 4uu,:(1—.3) >
2
We now investigate the growth rate for one stream instability ~ D1 = Wﬁ) and A>=p(1-0), By=kpv_o+(1-0), C2=

by using the parameter of cold ion, i.e., v:o=0,=0

| — (1-p) (=B 1
(w—rkv)*—36-k>  K* w? 1
(w—kv)-30-k* K* w?
a 1

where a=(1-p1), \=kv_o, b = "2, and c=0 K. Instability
occurs when Eq. (12) has complex roots. It occurs when the
local minimum of flw) for 0<w<(x3c+\) is greater than 1.
The function flw) is plotted against w in Fig. 1, for arbitrary
values of a, b, ¢, and A. The function f{w) has singularity at w=
—1, and 2. For real and positive values of w, there are two
propagating or stable regions separated by one non-
propagating or unstable region.

3.1 Instability Analysis by Carden’s Method

Putting w=wr+iyin Eq. (11) and for plane waves analysis, the
amplitude of the waves is either growing or damping. For

KLu(? 0—38)(1—5)—1], D=k v_,. The coefficients 4>, B,
C,, D, are all real, so the Eq. (14) has three real roots; we can
then use these roots to reduce the cubic into quadratic equa-
tion. The Eq. (14) can be reduced to cubic without second

degree term by the substitution wg = Z—;%, and it reduces to

73 +3PZ +20=0, (15)

where P = 22— % and O0=2 4GB B By using the
34 943 24, 1 643 ' 2743

Carden’s rule, the root of Eq. 15 can be written as

Z= [\/PZ + QZ—QF—[\/P3 +0 + Qr

If we assume v_o=1,1=0.3,3=2,6_=0.2, then P°+(0*<0.
The solution for Z is then

1 etan (@)1

(16)

= —2v/—Pcos 3 0 (17)

Using P, Q and Z = wp + 33722 in (17), we then determine

the root of wy as

2
growing instability >0 and for decaying waves y<0. Com- @, = —3372 3% B—22
paring the real and imaginary terms of w, we have 2 2 9
c B\ _ (D, B B \?
C 1 . \/(ﬁ+ﬁ) _(ﬁJr ot +27/21§>
cos | —arctan
Y= \/Alwﬁ +Ble_7l_D1 (13) 3 Dz C2B2 Bg
“R CYN > T
24, 645 2745
A2w133 +Bzw§—C2wR +D2 = 0, (14) (18)
Fig. 1 Sketch of flw) as a ' ' ) ' | ' '
function of w using Eq. (12). The ol ]
arbitrary parameters used are A=
1,a=0.5,b=0.2, and ¢=0.3
4}k _
2t i
3
i
0 —
2k 4
4} 4
) -2 -1 ) 1 2 3 4
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Now the growth rate for streaming instability in pair-ion
plasma in this special case can be written as

2k=1 , 0.333%°
== 15kwg—
¥ \/4k wg + 0.15kwg o

—1.666k> (19)

Similarly, if we consider the negative ions as cold and at
rest (i.e., v_o=0_-=0) species, we will have the similar results
as of (18) and (19) for real and growth rate of the instability,
but when positive ions are streaming. These results show how
an increase in free energy of the plasma which is given by the
stream of the beams of ions leads to instabilities. This increase
in the free energy is responsible for plasma to be unstable. The
instabilities do not arise without free energy. The free energy
may come from anisotropic plasma pressure or streaming of
plasma particles with respect to each other. Here, in these
cases, the free energy is due to streaming of ions.

4 Formulation of Energy Integral Equation

We adopt the pseudo-potential approach for examining the
existence and properties of solitary structures. It is useful to
use the moving frame of reference £=x—Mt where M=u/c, is
the Mach number and u is the speed of the localized nonlinear
structure moving with the frame. Solving together (1) and (2)
with boundary conditions n.— 1, v.—0,p—0 at {&— =00, we
obtain a general solution for PI in terms of 2 as

1
nt o= —— |xo +/x2-120.M%, (20)
26,

where x.=M? . +30.F2Z.¢ with Mp.=M-u., is the Dopp-
ler Mach number. Following the idea of [24-26], we look for
solution 7. in the form

Fig. 2 Sketches of a wp and b FT

growth rate y as a function of
wave vector k for different values
of v , Using Egs. (18) and (19),
such that v_,=1 (solid line),= 1.2
(dotted line), and = 1.4 (bold line).
Other parameters are =0.012,
0,=0.2,0-=0.1, and 3=0.5
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1
ny :ﬁ[\/yﬂ:ﬁ} (21)
Using (20) in (21) will allow us to determine X and Y as
1
X =g [(MDi + \/35i) +ZZi¢] (22)

60

=1 [(MDi \/3‘61)2122@] (23)

Using (22) and (23) and after some standard algebraic ma-
nipulation leads to the following expressions for n. and n_

n, = 2% {(MD++ \/3_5:) —2244

+ {(Mm—ﬁ)z—zﬁ } (24)

1

o [+ VAT 5 220]

+ [(MD—\/ﬁY + 2z¢r (25)

Employing all the constituent densities from (9), (24), and
(25) into (3), after multiplication by ¢ and integration, leads to

the energy integral equation as

% <%>2 +V(¢) =0, (26)

where V(¢) is the pseudo-potential (or Sagdeev potential),
which can be expressed as

Fig. 3 Variation of growth rate y
as a function of £ for different
values of nonthermality of
electrons (3, using Eq. (19), such
that 3=0.55 for solid curve,
3=0.6 for dashed curve, and
3=0.65 for bold solid curve.
Other parameters are ;=0.012,
0,=0.2,0-=0.1, and v_,=1

PR S T T T R T—

1.0 1.5 20 25 3.0
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V(6) = p[l +38-¢" + 38e”(¢—1)-Be”]

+6\/IST+ [(MD++ \/ﬁf (MDF\/E)}} |
e i
(S/@% [(MD + ﬁ) (MD,_\/gﬂ

—

6\/36

tial (27) can be modified as
V(¢) = u[l=¢ ]

WW (MD+ + \/ﬁ> (Mm*\/ﬁ)}]

[ Mp +\/§ (Mnr\/iﬂ

Fig. 4 Behavior of the Sagdeev
potential V(¢) against ¢ (upper
panel) and the corresponding
soliton profile (lower panel) for
different values of positive ion
streaming v, such that v, ,=0.02
(solid line), = 0.022 (dotted line),
and = 0.025 (bold line). Other
physical parameters used are
©=0.012,4,=0.2,6-=0.1, 3=0.5,
v-,=0.01, and M=0.1

@ Springer

0.002

v {{(MD ) HM]% ) [ (MD\/g)szﬂz}

(27)
Now for isothermal electrons (G— 0), the Sagdeev poten-

{ MD++\/E 243 [(MD;\/E)%Z@F}

{ (Mo +/35) +2w]3 {(Marﬁ)zﬂmr}

(28)

Equation (27) can be regarded as an “energy integral
equation” of an oscillating particle of unit mass, with pseudo-

speed pseudo-position ¢, pseudo-time &, and pseudo-potential

e
(). The form of pseudo-potential could determine whether the

solitary wave or soliton of (27) exists or not. It is clear that V{(¢)=
0 and de =0 at ¢ = 0. In this case, solitary wave structure

exists if d(;z L <0 at ¢ = 0 so that zero as a fixed point is

unstable. All the specified conditions are satisfied. Besides that,
() should be negative between ¢=0 and ¢,,, where ¢,, is the
maximum (or minimum) value of ¢. The second condition is
known as soliton condition. It is seen that for lower sign from
(27), we have

PYM) g 2o (o

<0 29
Py M3, 35, MD 35 ()

For v,g=v_¢=v¢, which implies that Mp.=Mp_=Mp,
then Eq. (29) can be treated as a quadratic in Mp. By

—TT—TT

0.00
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V(M)
0*

1+ <1—%ﬂ (30)

where a=pu(6-1), b=3u(B—1)(d++6_)—p and c=9u(B—
1)0:0-—36-—3(1—p)d+. Equation (30) gives the lower limit
for M in the presence of non-thermal electrons, which corre-
sponds to the true 1A velocity in the given plasma model.

considering M=M; at = 0, we then get the following

relation

b
M? > M? = v+~
2a

5 Results and Discussions

For numerical evaluation of the growth rates and real frequen-
cies wp, we choose some typical parameters that are represen-
tative of some laboratory plasmas [2, 3]. n.~10"cm™, n.
~(10"-10"%cm™, T,~2eV and T.~(0.13-0.16)eV, 1=0.6,
5=1.18, 0,=0.3, §-=0.2, and for some arbitrary values of

Us,. Using these parameters, we solved Eqs. (13—19) numer-
ically and examined the effects of ions streaming and
nonthermality of electrons on ion acoustic waves.

Real frequency wy and growth rate variations with £ were
computationally analyzed from Eqgs. (18-19) for various
values of plasma parameters. Figure 2a shows the dispersion
relation (18) for negative ions streaming. The plot is drawn
for the root of wy as a function of wave vector & for different
values of v_,. It shows that for increasing values of v_,, the
real frequency wy decreases with decreasing trend against k.
While on the other hand, growth rate increases for increas-
ing values of v_, as shown in Fig. 2b. Which means that
due to streams of ions, the ion acoustic waves grow expo-
nentially and causes instability. Figure 3 indicates variation
of growth rate as a function of &, for different values of
nonthermality of electrons (. It shows the growth rate y
decreases with increased values of (. It predicts that
nonthermality is stabilizing the given mode in the system.

Fig. 5 Behavior of the Sagdeev
potential V(¢) against ¢ (upper
panel) and the corresponding
soliton profile against & (lower
panel) for different values of
negative ion streaming v _, such
thatv ,=0.01 (solid line), = 0.005

(dotted line), and = 0.018 (bold
line). All the other parameters are
the same as in Fig. 4 withv_,=
0.02

0.05 0.10 015 020 025 030

020

0.00
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Now to examine the existence regions and nature of IA soli-
tary waves excitation with streaming motion of ions in PI plasma,
the numerical solutions of Eqs. (26-27) have been analyzed
using the above-mentioned typical plasma parameters. The ef-
fects of ions streaming (v.,), ions temperature (d.),
nonthermality (/3), and concentration of electrons on the behavior
of A solitary waves are displayed in Figs. 4, 5, and 6. These
results shows that our present plasma model gives the compres-
sive soliton.

The Sagdeev potential curves and the corresponding solitary
wave profiles for different values of positive ion streaming v,
are plotted in Fig. 4. It is observed from the upper panel of
Fig. 4 that increased values of v, increases the depth of the
Sagdeev potential on the positive ¢—axis. The corresponding
solitary waves with higher amplitude with respect to v, is
shown in the lower panel of Fig. 4. It means that the positive
ion streaming is playing the role of energizing the soliton pro-
file. While on the other hand, the negative ion streaming is de-

energizing the soliton profile, with decreased Sagdeev potential
well and with lower soliton amplitude as shown in Fig. 5 (upper
and lower panel respectively). Streaming of ions are the sources
of free energy but the negative ion streaming is like the sink for
soliton formation in order to make the system conservative.

The Sagdeev potential curves and the corresponding solitary
wave profiles for various values of nonthermality of electrons 3
are drawn in Fig. 6. It is found from the upper panel of Fig. 6
that the profile depth of the Sagdeev potential decreases with 3
on the positive ¢p—axis. The corresponding solitary waves with
lower amplitude with increased values of (3 are shown in the
lower panel of Fig. 6. This entails that the nonthermality of
electrons is de-energizing the soliton, in the presence of stream-
ing ions. But the effect of deactivation is not that much signif-
icant for given 3 values, as obvious from the figure.

The increased value of electron concentration (1) decreases
the depth of Sagdeev potential and correspondingly enhances
the amplitude of solitary waves. This is respectively shown in

Fig. 6 Sagdeev potential V(¢)
(upper panel) as a function of
electrostatic potential ¢ (lower
panel) and the corresponding
soliton profile as a function of £
(lower panel) for various values
of nonthermality of electrons /3,

such that 5=0.5 (solid line), = 1.5
(dotted line), and = 3 (bold line).
All the other parameters are the
same as in Figs. 4 and 5

Y(@)

020
0.15F
0.10

005

0.00 L
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the upper and lower panel of Fig. 7. The increased value of p
raises electron thermal energy. Since ion acoustic waves are
pressure-driven waves, so the higher values of electron ther-
mal energy will definitely increase the height and will de-
crease the width of solitons.

6 Conclusion

To summarize, the results show how an increase in free energy
of the plasma which is given by the stream of the beams of
ions leads to perturbations. Due to these beams, perturbations
waves are growing and instabilities called streaming instabil-
ities occur. We have studied the positive and negative ions
streamings in PI plasmas in the presence of non-thermal elec-
trons. From these streaming instabilities, the knowledge of
growth rates has been presented here. The motion of the pos-
itive ion beam is the source of free energy, if it is not supported
continuously, the instability quenches itself after the beam has

slowed down to certain threshold which is determined by the
background particles. We have studied the growth rates as a
function of wave vector, and as the growth rates increase the
instabilities enhance otherwise damping of wave occurs. It has
been shown that growth rate decreases with (3.

We have also studied the effects of ions streaming (v.,),
ions temperature (d..), nonthermality (), and concentration of
electrons on the behavior of A solitary waves in Pl-electron
plasma. The electrons are assumed to follow a distribution
with a population of fast particles [27, 28]. The solitary waves
exist because of the counterbalance between nonlinearity in-
duced due to the streaming motion and the dispersion due to
the temperature effects. Using pseudo-potential approach, we
have derived an energy integral equation involving Sagdeev
potential. The presence of the streaming term in the energy
integral equation affects the structure of the solitary waves
significantly. It has been shown that positive and negative ions
streamings are acting opposite to each other on soliton profile.
Also, it has been observed that nonthermality of electrons is

Fig. 7 Effect of electron

concentration (u) on Sagdeev 0.002 —
potential (upper panel) and
soliton (lower panel) such that 0.001 |-

1=0.01 (solid line), = 0.015
(dotted line), and = 0.02 (bold

FT—T

L e e e e B e IS S S S S S S S S e e e

line). All the other parameters are .
the same as in Figs. 4 and 5 = o001}

—0.005 |
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de-energizing the soliton. In the present case, our analysis has
shown compressive soliton, where positive ions play a domi-
nating role in its formation. Our present results should be
useful in understanding the wave phenomena and associated
nonlinear electrostatic structures in the laboratory pair ion
electron plasmas.
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