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Abstract In this paper, we study in the framework of the
Gaussian model, the relaxation dynamics, and diffusion pro-
cess on structures which show a ring-shape geometry. In
order to extend the classical connectivity matrix to include
interactions between more distant nearest neighbors, we
treat the second derivative with respect to position by using
the three-point formula. For this new Laplacian matrix, we
determine analytical solutions to the eigenvalue problem.
The relaxation dynamics is described by the mechanical
relaxation moduli and for diffusion we focus on the behavior
of the residual concentration at the initial node. Addi-
tionally, we investigate the scaling behaviors of the mean
squared radius of gyration and of the smallest eigenvalue.
To calculate the residual concentration, we consider that
initially the whole material is concentrated only in one
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node and then it spreads over the ring. We compare our
results with the ones obtained from the incremental ratio
method. We observe that the results of the two methods
for the considered quantities are slightly different. At any
intermediate time/frequency domain, the results obtained by
using the incremental ratio method underestimate the ones
obtained by using the three-point formula. This finding can
turn important for many applications in polymer systems or
in other systems where diffusive motion occurs.

Keywords Diffusion equation - Three-point formula -
Eigenvalue problem - Residual concentration - Viscoelastic
relaxation

1 Introduction

In the analysis of polymer dynamics, one of the central
question is in which way the observed diffusion patterns and
the mechanical response relate to the underlying geometry.
This question has a long-standing history and is becoming
of increased importance as new polymeric materials with
more and more complex architectures are synthesized. Dif-
fusion, starting from pioneering studies of the nineteenth
century on, is one of utmost important topic in physics and
more in general in science [1-5]. Diffusion on different
types of structures was vastly explored in the last decades [6,
71]. In particular, this is a fundamental issue in systems with
discrete structures like many of the polymer systems [8] and
in systems where a continuum description must be reduced
to discrete description in order to avoid cumbersome calcu-
lations. As an example for the last, in soil physics, the soil
profile can be described through a finite volume approxima-
tion [9, 10] where the structure’s nodes account for distinct
portions of soil.
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On discrete systems, the Laplacian operator adopts a
matricial form which is described by the so called con-
nectivity matrix Ay (index 1 to show that only the nearest
neighbors interactions are considered). For a system con-
sisting of N nodes, the connectivity matrix is an N x N real
symmetric matrix, whose nondiagonal elements A;; are —1
if the ith and jth nodes are directly connected with a bond
and 0 otherwise; the diagonal elements A;; equal the num-
ber of bonds emanating from the ith node. Matrices which
describe connectivity are greatly used in different areas of
physics. For instance, the Hiickel matrix is used for deter-
mining the energy levels in PPP (MO) quantum calculations
[11], the Kirchhoff matrix in the study of resistor networks,
and the generalized Rouse matrix in the study of different
properties of the polymers [12—15].

Gaussian models are extremely important because they
allow one to treat the dynamical problem in the frame-
work of linear algebra. In the Rouse-type approach, which
assumes harmonic entropic forces between flexible near-
est neighbors repeated units (monomers), many static and
dynamic quantities (such as radius of gyration, mechani-
cal relaxation moduli (storage and loss modulus), averaged
monomer displacement, dielectric relaxation, residual con-
centration, probability to return to the origin) can be cal-
culated based on the eigenvalue spectrum of the matrix
structure describing the connectivity of the polymer. The
Rouse model [16, 17] was developed for linear poly-
meric systems and for these systems, the eigenvalues of
their connectivity matrices are determined analytically. The
impact of monomer’s connectivity on the physical proper-
ties of polymer structures leaded to the generalization of
the Rouse approach to a model which includes structures
with more complex geometries. In the literature, this model
has obtained the more technical term generalized Gaussian
structures or simply GGS [12—-15, 17]. The GGS model has
the same limitations, it does not account for the excluded
volume constraints and for the entanglements effects, but,
on the other hand, it allows one to explore very efficiently
the structural properties, as well as the dynamical properties
of arbitrarily connected polymer structures by making use of
the eigenvalues of the connectivity matrix. Furthermore, the
determination of the eigenvalues of the connectivity matrix
through iterative or semi-analytical methods offers the pos-
sibility to investigate the dynamics of polymer structures
consisting of huge number of monomers and at larger time
scales than those accessible in computer simulations. To our
knowledge, there are only few structures in the literature
for which the eigenvalues of their connectivity matrices can
be determined iteratively. These are the dendrimers [18, 19]
and their dual structures called the Husimi cacti [20, 21],
the dual Sierpinski gasket and its generalization to arbitrary
dimension [22-24], the Vicsek fractals with every function-
ality (also with trap) [25-27], multihierarchical structure
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VFRSDSG [28], the multilayered structure based on Vicsek
fractals [29], and special classes of small-world networks
[30] and scale-free networks [31]. For all these mentioned
structures, the connectivity matrices were built accounting
only nearest neighbors interactions, i.e., Aj. From the way
of constructing the connectivity matrix in the Rouse case,
where, as we said above, only the topological connectiv-
ity between nearest neighbors is considered meaning that a
bond between nodes i and j is accounted for by increment-
ing the diagonal elements A;; and Aj; by +1 and A;; and
A j; the by —1, we call this method as the incremental ratio
method.

To perform better approximations in evaluating deriva-
tives, one can use n-points formulas. In this work, we study
the mechanical relaxation and the diffusion on discrete rings
(or circles) by applying the three-point formula [32]. With
this method, we extend the classical Rouse connectivity
matrix to incorporate interactions between other more dis-
tant neighbors. We determine the eigenvalue spectrum of the
new Laplacian operator A3 (index 3 because of the three-
point formula). Remarkably, for this matrix, which is also
real symmetric, we succeeded to determine analytically its
full eigenvalue spectrum and eigenvectors, thereby avoid-
ing the numerical diagonalization. Based on the eigenvalues
obtained in the iterative manner, we study the relaxation
dynamics by focusing on the behavior of the mechanical
relaxation moduli and the diffusion process by investigating
the behavior of the residual concentration at the initial node
of motion. We noticed readable differences between the
results obtained by using the incremental ratio and the three-
point formula at intermediate time or frequency domains,
although scaling is present in both descriptions. Moreover,
these different features clearly appear independent of the
network size. Additionally, we also investigate the behav-
iors of the mean squared radius of gyration and of the
smallest eigenvalue. The main purpose of the investigation
of these additional quantities is to see if the scaling rela-
tions and the scaling exponents obtained in the Rouse-type
approach are still preserved by the introduction of interac-
tions between more distant neighbors. We observed a very
good agreement between the theory and the approximations.
The paper is structured as follows: In Section 2, we deter-
mine analytically the eigenvalue spectrum of A3 using the
approximation for the second-order derivative obtained by
implementing the three-point formula, which is described in
Appendix A. We compare the spectrum of A3 with the Ay
spectrum. In Section 3, we show the behavior of the resid-
ual concentration at the initial node with both techniques.
In Section 4, we treat the relaxation dynamics by comput-
ing the components of the complex modulus. In Section 5,
we show the results obtained for the mean squared radius of
gyration and for the smallest eigenvalue. In Section 6, we
resume the results and their implications.
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2 Diffusion Equation on Rings

Our aim is to describe standard diffusion on a discrete 1D
system with periodic boundary conditions, i.e., a ring con-
sisting of N nodes. The problem of diffusion in discrete
spaces is described by a system of first-order differential
equations which can be formally written in the following
fashion:

dfi

T —Afi, ey

where fj is a N-dimensional vector with the values given at
each node k and A is the discrete version of the Laplacian
operator.

First, we consider the classical formula derived by the
incremental ratio method, thus the matrix A, also known as
the adjacency matrix, denoted as Aj in the introduction, is
such that the diagonal elements are (Aj)xx = 2 for k =
1,..., N and the non-diagonal elements are (A1)y; = —1if
k = j £ 1and (Ay)g; = 0 otherwise. For this problem, the
eigenvectors and the eigenvalues are known from literature
[16] and equal

. 2k 4sin| (v )2kn
sin | n—— sin —n)—
N N

2 sin(ksr) cos [kn M}
N

qx(n)

(2
and

2%
Ak=2—2008<77[> with k=0,....N—1. (3

Now, we turn our attention to the second implemented
method: the three-point formula. The diffusion equation can
be written as

df (n)
dt

= f!(n), )

where the second-order derivative for node n, f/(n), is
given by (A11) of the Appendix. Inserting this equation into
(4) one obtains

df(n)
dr

%[f(n—4)+f(n+4)]

1
—5lf =3+ f(n+3)]
+Hfn =2+ f(n+2)]

1 17
+§[f(n—1)+f(n+1)]—§f(n). ®)

Knowing that the last equation should be written in a sim-
ilar way as (1), we deduce that the Laplacian operator A3
has the following properties: (A3);; = 17‘7, (A3)ji+1 = —%,
(A3)iiz2 = —1, (A3)ii+3 = 3, and (A3);jz4 = —q1¢. Thus,
the three-point formula method considers interactions until

fourth-order neighbor, different than the incremental ratio
method, which consider only the nearest neighbors inter-
action. Now, we need to solve the eigenvalue problem for
this new matrix A3 and to do this we follow the procedure
applied with great success in Refs. [18, 20, 21, 33]. We con-
sider the diffusion equation of a generical node 7, given by
(5).

One possible solution is written as

f) =" Crgr(n) exp(—it), 6)
k

where the Cy are n-independent constants, Ay are the eigen-
values of the matrix A3 defined above, and g (n) are its
eigenfunctions. By inserting (6) into (5), one gets

17 1
(§ _)\k)Qk(”) - E[‘]k(""'l) +qr(n—1)]
1
= lgx(n+2) + g (n—=2)] + E[qk(n +3) +qu(n —3)]

1
- R[Qk (n+4) + gx(n—4)]1 = 0. %)

One solution of the last equation is Ay = 0, which corre-
sponds to the totally symmetric eigenmode g = const for
all gs. The other solutions are obtained by observing that
the functions g (n) = cos(nyy) and gi (n) = sin(nyy) both
fulfill (7) when the eigenvalues A equal to

1 1
A = ?7 —cos(Yx) —2 cos(yr) +cos(3yry) — 3 cos(4yry).
(3)

We stop to mention that similar forms with this analyti-
cal expression for the eigenvalues have been also obtained
for the energy bands (eigenvalues of the Hamiltonian and
the overlap matrices) for 1D linear chain of atoms and for
periodic lattices of atoms calculated using the tight-binding
method [34, 35].

Now the eigenfunctions g can be expressed as lin-
ear combination of the two previous solutions, thus the
eigenfunctions can be written as

qrk(n) = A - cos(nyg) + B - sin(ny) 9)

where the v and the constants A and B will be determined
by making use of the periodic boundary conditions.

Here, for a ring, one should keep in mind that the first
node (n = 1) has additionally a direct connection with the
last node (n = N). Thus, the boundary condition makes that
the equation corresponding to the first node, obtained from
(7), to be given by:

17 1
(§ - Kk) qr(1) — 5[‘]/((2)4'%(1\/)]—[‘1/\'6) +aqr(N—1)]

1 1
+ E[C]k(4)+4k(N*2)] *E[‘Ik(SH’fIk(N —3)]=0.
10)
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In a similar way, making use of the periodic boundary
condition one can write for the last node (n = N):

17 1
<§ —M) qr(N) — E[Qk(l) +qr(N = 1)]
1
= [gk () + gr(N — 2)] + E[‘]k@) + gk (N —3)]

1
- %[Qk(“) +aq(N —4)]=0. 1)

We insert (8) and (9) into (10) and after some calculations
we obtain the values of the eigenfunctions gx:

1 1
qr(n) = T sin[(n—N+3)v¥] + 3 sin[(n — N + 2)Y]
1
—sin[(n — N + D] — 3 sin[(n — N) ]
e Sinl(r = Syl + 3 sinl(n ~ )y
17 . 3 1 . )
T3 sin[(n — 3)Y] — 3 sin[(n — 2)y]
1
+§ sin(myrg) + sin[(n + D] — sin[(n + 2) ]
—sin[(n + 3) Y] + % sin[(n + 4) Y]

—% sin[(n + 5)¥]. (12)

Now the eigenmodes given by (12) are inserted into
the second boundary condition, (11), and we obtain the
condition which ¥ should fulfilled

2 sinye — 22 §iny) — — sin(3y) + = sin(@y)
g Sinvi — 33 sin(2y g SinGvx g sin(4vi
— 2 iy — 2L sin(6vi) + — sin(Tv)

16 "V T 35 SOV T H a0 SIUV

— i sin(8yry) + L sin(9v) — L + sin[(N — 7)Y ]

16 256 256
15 3
~ 1g SN = 6)¥i] — 2 sinl(N = 5)Y]

29 . N4 27 . N _3
+ 3—2s1n[( — )wk]+ﬁsm[( —3)Y]

465_[N Dl 1 N
~ 53¢ SInl(N = DYl + 1o sin(NY)

4 N+1 3 N+2
— @sm[( + )Wk]wtism[( + 2) Y]

1 63
+ l sin[(N + 3)y] — » sin[(N + 4)v]
3 29
-1 sin[(N + 5)v¥«] + n sin[(N + 6)y]
1
- %sin[(N + Dl + T sin[(N + 8)y]

[
~ 356 sin[(N 4+ 9)yx] = 0. (13)

The values of ¥, which solve (13) are substituted in (8)
and provide the eigenvalues of the matrix Az. In Fig. 1, we

@ Springer
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Eigenvalue progressive number

Fig.1 Eigenvalue spectra of the Laplacian operator for aring of N =
9 nodes. The red squares correspond to the values of incremental ratio
method and the black circles correspond to the values of three point
derivative method

plot the eigenvalue spectrum of a small ring consisting of
N = 9 nodes for the two methods: the incremental ratio
and the three point formula. We represent with red squares
the eigenvalues obtained by implementing the first method,
(3), and with black circles the eigenvalues of the three point
formula method given by (8) and (13). On the x-axis, we
display the progressive number of the eigenvalues, namely
from the lowest eigenvalue to the highest, while the y-axis
corresponds to the eigenvalues. The highest eigenvalue is
greater by employing the three-point formula method, while
the lower non-zero eigenvalues are larger for incremental
ratio method. One can notice that for both methods, the
eigenvalues are twofold degenerated, except the first eigen-
value, Ay = 0. In order to visualize the eigenmodes, we
provide in Fig. 2 the eigenmodes for N = 10 for the
three-point derivative method. These modes are the same for
both methods, only their magnitudes and the corresponding
eigenvalues are different. For instance, the last eigenmode in
Fig. 2 corresponds to A & 2.58, while for incremental ratio
method corresponds to A & 1.38. It is important to stress
that the eigenvalue equal to zero is non-degenerated for odd
values of N, while for even values of N the three-point
formula gives two zero eigenvalues. For even values of N,
the incremental ratio method provides only one vanishing
eigenvalue, which corresponds to a situation where all the
nodes move in the same direction (see the first drawing of
Fig. 2). The second eigenmode shown in Fig. 2 corresponds
to eigenvalue A, = 4.0 for incremental ratio method and
exceptionally gives another vanishing eigenvalue for three
point formula method. All the other eigenvalues are dou-
ble degenerated and correspond to the situation when some
nodes are not moving.
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Fig. 2 Eigenmodes obtained by
deploying the three-point
formula method for a ring of

N = 10 nodes. The eigenmodes
corresponds to A1 = 0.0,

X2 = 0.0, and A3 & 4.82 (first
row from left to right) and

As ~ 0.49, A7 ~ 2.72, and

Lo & 2.58 (second row from left
to right)

3
Y,
X

z -

Let us consider now the eigenvalue spectra for larger
structures. In Fig. 3, we plotted the spectrum of the matrix A
for a ring of 10501 nodes obtained from implementing the
two methods: the incremental ratio (solid red line) and the
three-point derivative (solid black line). For a better compar-
ison, we plot the eigenvalues in progressive order, namely
from the lowest to the highest. One can easily notice that
the eigenvalues of the connectivity matrix A range from 0
to 4. This result agrees with the theoretical prediction, (3),
calculated in the limiting cases: k = 0 and k = N — 1,
for large N. The eigenvalue spectrum of the matrix Az has
an up boundary equal to Apax = %ﬁ. This value can be
found by writing (8) only as a function of cos y:

A =4 —4cosyy — 3 cos? Ui + 4 cos’ Yy — cos? Y, (14)

where we used some basic trigonometric transformations.
Minimizing the last equation, we found out that the highest
eigenvalue Anayx is reached for cos ¥y = %ﬁ
Remarkably, the spectrum of A3 can be divided in two
regions (except the two lowest eigenvalues): the first domain

Eigenvalue

0 1 L 1 L 1 L 1 L 1
0 2000 4000 6000 8000 10000

Eigenvalue progressive number

Fig. 3 Eigenvalue spectra of the Laplacian operator for a ring of
N = 10501 nodes. The red dashed line corresponds to the values of
incremental ratio method; the black solid line corresponds to the values
of three point derivative method

ARER
AU N

goes until the eigenvalue progressive number 6000 and
here the eigenvalues are lower than those of Aj, while in
the second region (higher than 6000) the eigenvalues of
A3z are higher. We stop to mention that similar results are
obtained for any size N of the structure. This behavior has
implications which will become clear in the next section.

3 Diffusion on Ring: Residual Concentration

As stressed in the first section, we focus on the diffusion on
structures and from the wealth of applications we choose to
study the behavior of the residual concentration at the ini-
tial node, C(t). In this article, we consider that the diffusion
of the particles occurs over structures which have a ring-
shape topology. We stop to note that this problem is from
the mathematical point of view strictly related to that of the
energy transfer and trapping [36-38]. As we proceed to dis-
cuss, the residual concentration problem studied here admits
a closed-form expression. Now, the residual concentration
at the initial node obeys the master equation

dC; N, oy
@) :Z T C;(t) — Z T;j | Ci(0), s)

j=1 j=1

where C;(¢) is the concentration at node i at time ¢, T;;
denotes the transfer rate from node j to node i, and the
prime excludes the case i = j from the sum. We assume
that all the microscopic rates to nearest neighbors are equal,
say k, and (15) becomes

N
% = —kZ "A;jCj(1) — kA; Ci (1), (16)
j=1
where the elements A;; correspond to matrix Ay for the
incremental ratio method or to Az for the three point for-
mula. The last equation can be rewritten in a simple matrix
form as

d
—-C(1) = —kAC(1) (17

@ Springer
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by introducing C(f) = (C1(t), C2(1), ..., Cn(®))T, where
T denotes the transposed vector.

The matrix A is real and symmetric and can be diagonal-
ized by using the following transformation

A =Q'AQ, (18)

where matrix Q consists of a complete, orthonormal set {q}
of eigenvectors of A, and A is a diagonal matrix which
has on its diagonal the eigenvalues A;(i = 1,...,N).
These eigenvalues are real and non negative, as noticed in
Section 2.

Equation (17) is solved by using (18). One has namely,
by setting S(r) = Q' C(t)

i _ i —1 _ —1 -1 _
7,50 =—QC(H) =—-kQAQQC(1) = —kAS(),
19)

which admits an immediate integration. In matrix form the
solution reads

C(r) = Qexp(—ktA)Q~'C(0). (20)

If all the particles are initially concentrated on node i,
C;(0) = §;;, one has at later times the concentration at node
n given by

N
Ca(t) =) Qum exp(—kthn)( Q™ i, @1

m=1

and the concentration of being at the initial site 7 is

N
Ci(t) =Y Qim(Q " mi exp(—ktin). (22)
m=1
One notices that a considerable simplification occurs by
averaging over all possible starting nodes

1 N 1 N N
< C(t) > = N;Ci(l) = ﬁ Z|: 1(Ql)miQim:|

i=

m=1

X exp(—ktin). 23)

Knowing that Q'Q = 1, it follows that the residual
concentration at the initial node is given by

N
1

<CO == X;exp(—ktki), (24)

1=
an expression which depends on all the eigenvalues A; of
the connectivity matrix A, but not on the eigenvectors Q.
Remarkably, since all nodes in a ring are topologically
equivalent, we deduce that C; () =< C(t) >, see [39], and
then

N
1
Cih) =+ 21: exp(—kiA;). (25)
1=
In other physical contexts, several forms similar to
(24) have been established: fluorescence depolarization by

@ Springer

quasiresonant energy transfer [20, 25, 36], the dynamics of
polymer networks under free-draining conditions [18, 33,
40-42], the quantum mechanical problem of coherent exci-
ton motion [43, 44]. In all these cases, the problem reduces
to the determination of the full eigenvalue spectrum of the
connectivity matrix Aj. This task can be performed numeri-
cally, but as we mentioned in Section 1, there are some cases
in which, by making use of the symmetries of the network,
show an analytical solution [18-31].

We can now evaluate < C(¢) >, (24), for very large
structures. In this way, we obtain the residual concentration
at the initial site after a time interval . We set k = 1 and
we display in Fig. 4 the concentration < C(¢) > for rings
with N = 10501. The black solid line shows the results
obtained by using the three point formula with the eigen-
values given by (8) and (13), the red dashed line denotes
the results obtained from the incremental ratio method, with
the eigenvalues given by (3). At long times, each curve ends
in a plateau, because concentration gets to be equal to all
the sites of the ring. In the long time limit, each site has
the concentration equal to 1/N. In the intermediate times
region, for both curves, we observe power-law behavior and
the values of the residual concentration obtained by the
three point formula are larger than the ones achieved by
the incremental ratio. The value of the slope obtained for
both curves in the intermediate domain equals —0.5. This
value was expected for the incremental ratio method [16,
45] due to the fact that the ring type structures as well the
linear chains can be considered as the simplest fractals with
the theoretical calculated spectral dimension d;; = 1. For
the three point formula, where the interactions are taken
into account up to the fourth nearest neighbor, the obtained
value of the slope is a novelty. Formally, the existence of

0 T
AF
A
O] 5
@)
v
2
g 3t
4k
5 1 . 1 . 1 . 1 . 1 .
-2 0 2 4 6 8
log, t

Fig. 4 Residual concentration at the starting node versus time. The
red dashed line corresponds to the values of incremental ratio method;
the black solid line corresponds to the values of three point derivative
method. Both axes are in logarithmic scale to base 10
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dlog, <C()>/dlog,t

log, t

Fig. 5 Derivatives of the curves showed in Fig. 4. For derivatives, the
same colors of the primitive curves were adopted. Both axes are in
logarithmic scale to base 10

a scaling behavior means that < C(¢) > is well repre-
sented by a power-law < C(r) >oc t~%3, the value of the
power-law exponent being related to the spectral dimen-
sion, i.e. ds; /2. For a better visualization of the differences
between the two methods, we plot in Fig. 5 the derivatives
% of the curves shown in Fig. 4. In the intermedi-
ate time region, immediately apparent is the constant slope
of —0.5 for both curves. For log1ot & 6.5, the residual con-
centration < C(¢) > shows a minimum in the slope equal
to —0.65, which was not observed for the incremental ratio
method. For times ¢+ &~ 1, we notice for the first method a
pronounced local minimum of slope equal to 0.6, which is
transformed into a sequence of one local minimum and one
maximum by implementing the three point formula.

In Fig. 6, we display in double logarithmical scale the
residual concentration at the starting node for different sizes
of the ring. Here, we focus on the rings with N = 10501
(solid black line), N = 1501 (red dashed line), and N =
151 (blue dotted line). We show only the results obtained
from the three-point formula. Again, what is immediately
clear is that in the intermediate time domain (which grows
by increasing the size of the ring) the decay is linear in the
chosen double logarithmical scale. The decay curves show
at long times a plateau with its value equal to 1/N, while
for all curves is observed a kink right before reaching the
equilibrium state.

4 Relaxation Patterns

Most measurements on polymers are not monitored in time
but in frequency domain. Given the novel experimental
methods by which parts of the polymer can be moved by
optical tweezers and through attached magnetic beads, we

1 . 1 . 1 . 1 . 1 .
-2 0 2 4 6 8

log .t

Fig. 6 Residual concentration at the starting node versus time starting
from the A3 Laplacian operator (see the text for details). The black
solid line corresponds to a ring with N = 10501; the red dashed line
is for N = 1501 and the blue dotted line is obtained for a ring of
N =151

are also interested in the mechanical relaxation. Under oscil-
latory shear, the response of the polymer system defines two
moduli, the storage or elastic modulus G’(w), and the loss
or viscous modulus G” (w). The two together make up the
complex modulus which characterizes the mechanical rela-
tion response of the polymer over a large frequency range.
For o > 0, these quantities are given by (see also Eq. 4.159
and 4.160 of Ref. [40]):

N

;oS (w/201;)?
TN L T opony 2
oy S i (@/20 %) on
@)= N 2T @/20m)"

For very dilute solutions, one has S = vkpT, where v is the
number of polymer segments(beads) per unit volume. The
A; are the eigenvalues. The vanishing eigenvalue (or eigen-
values for the three point formula case) are excluded from
the sum. For concentrated solutions, when the entangle-
ments effects are negligible, the two equations still hold, and
only the value of S changes. We also note that the factor 2
in the expression w/20 A; arises from the second moment of
the displacements involved in computing the stress required
in the evaluation of the complex modulus.

Figures 7 and 8 present the results obtained for the
mechanical relaxation moduli G'(w) and G”(w). We plot
the (26) and (27) in dimensionless units, by setting 0 =
1 and S/N = 1. In both figures, the ring size extends
from N = 5000 to N = 30,000. The solid lines cor-
respond to the results obtained with three point formula
and the dashed lines represent the results achieved using
the incremental ratio method. What appears immediately in
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N=5000 7
N=10000
N=20000

log, G’ (w)

log @

Fig.7 The storage modulus for ring polymers. The solid curves show
the results for three-point formula and the dashed lines correspond to
incremental ratio method

the double logarithmic scales of the figures are the limit-
ing, connectivity-independent behaviors at very small and
very high frequencies; for @ < 1 one has G'(w) ~ o’
and G”(w) ~  and for @ > 1 one finds G'(w) ~ &’
and G”(w) ~ w~'. Our main focus is again the region
between the very small and very large frequencies; this
in-between region appears for both mechanical relaxation
moduli (G’ (w) and G”(w)) as a straight line and is again
dominated by the value of the spectral dimension. In Fig. 7
for the three-point formula method, going from N = 5000
to N = 30000, we have a change in the slope from 0.505
to 0.501 and for the incremental ratio method the change
is from 0.517 to 0.506. In the same manner, in Fig. 8 for
the three point formula method, going from N = 5000 to
N = 30000 we have a change in the slope from 0.478

N=5000

N=10000
N=20000
N=30000

log, G ()
=

log ,®
Fig. 8 The loss modulus for ring polymers. The solid curves show

the results for three-point formula and the dashed lines correspond to
incremental ratio method

@ Springer

to 0.488 and for the incremental ratio method the varia-
tion is from 0.498 to 0.499. From the comparation of these
values with the theoretical expected dg;/2 = 0.5 results a
very good accuracy. We find systematically lower values
for the slopes of G”(w) than for G’(w). This is absolutely
in line with our findings in other systems, such as dual
Sierpinski gaskets [24], Vicsek fractals [26, 27], and mul-
tihierarchical structures [28]. If for the incremental ratio
method this power-law behavior and the exponent value was
expected, for the three-point formula method, the obtained
results are a novelty. They show that even if the interac-
tions are taken up to the fourth nearest neighbor, the solely
exponent of importance for the mechanical relaxation is
the spectral dimension and the geometry of the structure
is very well reflected by its dynamical behavior. Also, we
observe significant quantitative differences between the two
methods. In the intermediate frequency domain, for the
same N, the values of G’(w) and G” (w) obtained by using
the three-point formula method are larger than the ones
achieved by using the incremental ratio method. This differ-
ence increases by increasing the value of N; as one can see
from both figures, the values of G’(w) and G”(w) obtained
for N = 30000 by using the incremental ratio are almost
similar with the ones obtained for N = 20000 by using the
three-point formula.

5 Radius of Gyration

A basic structural feature of a polymer structure is its radius
of gyration. It is a measure of the size of the molecule. Here,
practically, we want to see if the consideration of the interac-
tions between more distant neighbors will affect the scaling
behavior of the mean squared radius of gyration and also
its values. In the framework of GGS model, the refs. [46—
48] have obtained for the mean squared radius of gyration,
in the free-draining case, an expression which depends only
on the eigenvalues of the discrete version of the Laplacian
operator. It reads as

I 1
<R}>= Z—, (28)

where A; are the eigenvalues of the discrete version of the
Laplacian operator A, [ is the averaged length of an isolated
bond in thermal equilibrium, and N is the total number of
nodes in the structure or, equivalently the size of the struc-
ture. The vanishing eigenvalue A1 = 0 is not taken into
account, the sum in (28) runs from the smallest positive
eigenvalue Ay, connected with the extension and topology
of the structure, to the largest eigenvalue Ay, determined by
the entropic spring constant and by the maximal number of
nearest neighbors of a bead.
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For fractal objects with spectral dimension less than 2,
the smallest eigenvalue, Amin, is inversely proportional to
the time, ¢, needed by a random walker to explore the whole
structure of size N. Using the Zimm-Stockmayer relation
[49] N ~ t%/2 where d, denotes the spectral dimension of
the structure, one obtains

Amin ~ 171~ N7, (29)
Inserting (29) into (28) one gets for fractals with d; < 2

2 (ds=2)/2
<Ry >~ A . 30)
Now, combining (29) and (30), the mean squared radius of
gyration reads

2—dj
<RE>~ N 3D
The scaling relation of the mean averaged radius of gyration
from (31) is identical to the one obtained by Cates [50].
Figure 9 shows the results for the mean squared radius of
gyration, given by (28) in which we set/ = 1. The black line
corresponds to the mean squared radius of gyration obtained
using the three-point formula with the eigenvalues given by
(8) and (13), respectively, the red dashed line corresponds to
the mean squared radius of gyration determined by using the
incremental ratio method with the eigenvalues given by (3).
In the figure, for both methods, we use rings ranging from
N = 10 to N = 10000. For rings with small sizes, up to
N = 30, the values of < R§ > determined with both meth-
ods are very akin. Then, increasing N, we systematically
obtain that the values of < Ré > calculated using the three-
point formula are larger than the ones of < Rf, > calculated
with the incremental ratio. In Fig. 9, both curves appear
as straight lines which clearly denote power-law behavior.
In the region extending from N = 100 to N = 10000,
we find that the value of the slope is 1.003 for < R; >

0 " PR | " PR | " PR |

10
10’ 10° 10° 10*

N

Fig. 9 Mean squared radius of gyration for ring polymers. The solid
black curve shows the results for three-point formula and the dashed
line corresponds to the incremental ratio method

10" 10> 10° 10*

N

Fig. 10 The smallest eigenvalue for ring polymers. The solid black
curve shows the results for three point formula and the dashed line
corresponds to incremental ratio method

determined by using the three-point formula and 1.000 for
< Ré > obtained by the incremental ratio method. Equaling
the exponent of (31) with the value of the slope, we deter-
mine the spectral dimension to be d; = 0.998 for three-point
formula and d; = 1.000 for incremental ratio method. The
agreement with the theoretical expected value dy;, = 1 is
excellent for both methods.

Figure 10 displays the behaviors of the smallest eigen-
value of the matrix A3 (black line) and of the matrix Ay (red
dashed line). The number of nodes in the ring extends from
N = 10 to N = 10000 and the scales of the figure are
double-logarithmic to base 10. For rings with small sizes,
up to N = 30, the smallest eigenvalue of the A3 is a lit-
tle bit larger than the smallest eigenvalue of the Ay. Then,
increasing the size of the ring, both smallest eigenvalues
of A3z and respectively Aj have almost similar values and
the curves overlap. In the double-logarithmic scales of Fig.
10, the curves are very smooth, fact which does suggest the
scaling. Linear approximations in the region N = 100 to
N = 10000 lead for both curves to the same value of the
slope, —2. Equaling the scaling exponent of (29) with the
obtained value of the slope, we find for the spectral dimen-
sion a value, d; = 1. Again, the accuracy is excellent when
comparing with the theoretical expected value ds; = 1.

6 Conclusions

In summary, in this work, we studied the relaxation dynam-
ics and the diffusion on rings by means of the finite volume
approximation to convert the continuum space into a system
consisting of N nodes. By making use of the three-point for-
mula, we generalized the connectivity matrix to incorporate
interactions up to the fourth nearest neighbor of a monomer.
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For this new Laplacian matrix, we developed an iterative
procedure for the determination of its eigenvalue spectrum.
Based on the eigenvalues obtained iteratively, we analyzed
the relaxation dynamics by investigating the behavior of the
mechanical relaxation moduli and the diffusion process by
focusing on the behavior of the normalized residual concen-
tration at the initial node. We compared our results with the
ones achieved by using the incremental ratio method. The
eigenvalue spectra of the two methods are quite different
except the vanishing eigenvalue and to the fact that all the
other eigenvalues are twofold degenerate. Despite the spec-
tral differences, both techniques present common features at
short and long times (or frequencies). Using the three-point
formula method, we have showed that even if the interac-
tions are taken up to the fourth nearest neighbor the solely
exponent of importance for the relaxation dynamics is the
spectral dimension and thus the geometry of the structure is
very well reflected by its dynamical behavior. Also, in the
intermediate frequency domain, the values of the mechan-
ical relaxation moduli calculated by using the three-point
formula are considerably larger than the ones determined by
using the incremental ratio method.

The intermediate time range shows a negative exponen-
tial decay with exponent equal to —0.5, as expected by a
standard Gaussian diffusion. Remarkably, diffusion simu-
lated through the three-point formula, which is related to a
better approximation, shows a higher concentration in the
intermediate time region. We can conclude that by measur-
ing the concentration at the initial node with the use of the
incremental ratio, we underestimate its value. This result
can have big relevance in experiments which require high
precision degree. Using the two techniques, we also stud-
ied the behaviors of the mean squared radius of gyration
of the rings and of the smallest eigenvalue of the Lapla-
cian operator. From the analysis of the behaviors of the
mean squared radius of gyration and of the smallest eigen-
value emerges clearly that the scaling relations are very well
preserved by the introduction of interactions between more
distant neighbors, based on three point formula method.

Acknowledgments M.G. acknowledges the financial support of the
CNPgq. A. J. thanks to Prof. Dr. Jens Uwe Sommer and to Dr. Michael
Lang for many fruitful discussions.

Appendix A: Three-Point Formula Method
for Derivatives

The three-point formula is a computational good alterna-
tive to the incremental ratio method when a calculation
of the derivatives of a function is required. To overcome
the problem of the truncation error, more evaluation points
should be used. To generalize the approximation formulas

@ Springer

for derivatives, a generalization of the Lagrange polynomi-
als is developed. Instead of using only two points (xo and
x1) to define a Lagrange polynomial f(x), a set of n + 1

distinct numbers xg, xi, X2, ..., X, 1S used:
f@) = Z Fo LG+ ST ) )
paard (n+1)! '
(AD)

for a generic function ¥ (x) in the interval (xo, x,), where
Li(x) is the k — th Lagrange coefficient. Differentiating
(A1) leads to:

£ =3 feLx) + Dy [(x —xp) - (x _xn):|

— (n+ 1!
nl (x —xp) -+ (x — xn)

X E@) + T

XD [/ E). (A2)

where D,[] is the derivative with respect to x.

This generalization is referred as (n+1)-point formula.
For futher details about this derivation and the treatment
of the error term, see [32]. Usually, higher is the number
of evaluation points greater the accuracy will be. However,
truncation error issues and expensive computational time
lead to the use of three or five points formulas. In the present
work, we focus on the three-points formula. Its derivation
begins with the definition of the three Lagrange coefficients
and their derivatives:

(x —x1)(x —x2) 2xX — x| — X2

L = L. =
o) (x0 — x1)(x0 — x2) o) (xo — x1)(x0 — x2)
(A3)
L) = (x — x2)(x — xo) L) = 2x —x0 — X2
(x1 — x2)(x1 — x0) (x1 — x0)(x1 — x2)
(A4)
Lo(x) = (x —x1)(x — x0) L’z(x) _ 2X — X0 — X1

(x2 — x0)(x2 — x1)
(AS)

(x2 — x1)(x2 — x0)

Substituting (A3), (A4), and (AS) in (A2), we obtain after
some manipulations the derivative of f

f1@) = fxo)Lo(x) + fr)Li(x) + f(2)Ly(x).

If we consider x; = xo + ih and & > 0, we obtain the so-
called forward derivative. We identify the point x; = x¢ +
ih with node n + i, with i being any integer variable; thus
node n corresponds to xg. For simplicity, we choose i = 1.

(A6)
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Choosing x = xg (or node n) and inserting the values of L/,
L, and L, into the last equation, we obtain the equation for
the forward derivative:

3 1
fror) = S F2fn+ D =S, +2).

Similarly, the expression of the backward derivative is
obtained by choosing x = x, and substituting in (A6), we
get after some algebraic calculations

(A7)

1 3
Frakr+2) =S =2f(1+ D) +5f(n+2).  (A3)
Renoting n + 2 with n this equation can be rewritten as
3 1
Frak) = 5£(0) =2f(n =D+ 2 f (1 = 2).

We can average the f }Or (n) and f; . (n) in order to have
the centered derivative

1 1
fem) = E[f}or(n) + fhack M1 = =2 fr=D

(A9)

+f(n+1)—%f(n+2). (A10)

Following the same procedure, we find an equivalent
expression for the second derivative, i.e.,

mey = Lopo _ay_ Lo _
fe) = {efr=34) =S fn=3)+ fln-2)
1 Y 1 |
+3 =D = 2 f) + S+ 1)

1 1
+f(n+2)—§f(n—3)+ﬁf(n+4). (A1D)
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