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Abstract Transformation thermodynamics enriches our un-
derstanding of heat flow and makes it possible to manipulate
the heat flow at will, like shielding, concentrating and
inverting. The inverting of heat flow is the extreme one, which
has not been studied specifically yet. In this study we firstly
inverted the heat flow by transformation thermodynamics and
provided the formula for the transformed thermal conductivi-
ty. Finite element simulations were conducted to realize the
steady and non-steady inverting of heat flow, based on the
eccentric-semi-ring structures with natural materials. To do
the inverting of heat flow, a simple “L”-shape conductive
structure was proposed and verified with an infrared camera.
It is concluded that inverting heat flow can be done by both
complex engineering materials and some simple structures.

Keywords Transformation thermodynamics - Thermal
cloak - Heat flow - Metamaterials

1 Introduction

With the pioneering work of Pendry et al. and Leonhardt in
2006, the transformation optics grows a lot and has turned into
a subject of great interest since it not only provides a general
method in coordinate transformation but also provides an
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effective design tool for manipulating electromagnetic (EM)
wave [1-4]. In the past few years, transformation optics has
been well developed beyond the domain of EM wave to
many extensions in other fields, including acoustic wave
[5, 6], liquid wave [7], matter wave [8], and elastic wave
[9], etc.

However, the manipulation/control of heat flow, not like
the EM wave, is still in its infancy since heat propagates are
in a diffusive way. The ability to accurately manipulate/
control the heat flow has important implications beyond sci-
entific curiosity, and can potentially lead to the development
of thermal analogues of electronic transistors, rectifiers, and
diodes. In 2012, the concept of transformation thermodynam-
ics [10] that origins from the transformation optics, has
attracted attention and interests since then. The differences
between the transformation thermodynamics and transfor-
mation optics are obvious. From a theoretical point of
view, heat is not a wave in contrast to EM waves. Heat
conduction is governed by parabolic differential equations,
underlying that heat transfer is distinctly different from the
hyperbolic differential equations of wave propagation. For
instance, the basic phenomena such as reflection, scatter-
ing, polarization, or interference are common to waves but
do not occur in thermodynamics at all. In contrast to the
optical invisible cloak, the corresponding outcomes of
transformation thermodynamics mainly include thermal
cloak [10-16] and thermal concentrator [10]. In optical
invisible cloak, any objects that are placed in the hidden
region are undetectable from the outside. While heat still
diffuses into the hidden region of the thermal cloak, only
the temperature gradient is eliminated. In the thermal con-
centrator, heat is tuned to converge in the hidden region so
as to do the local heating or energy harvesting. Both the
thermal cloak and thermal concentrator can be done by pre-
engineering metamaterials or even by homogeneous
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Fig. 1 Schematic of cylindrical coordinate transformation. The /eff and
right boundaries denote the high and low temperature

natural available materials with special-designed structures
[11, 12]. Experimental achievements of such thermal cloak or
thermal concentrators have been reported recently. With trans-
formation thermodynamics we can artificially control the heat
flow at will. Some new heat transfer phenomena, like
shielding, concentrating, or even inverting the heat flow, be-
come possible, which were hard to imagine in the past [17].
Among these new phenomena, inverting the heat flow is the
extreme one, which may invoke the concept of apparent ther-
mal conductivity. The current studies on this phenomenon are
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limited on theory or not deep enough to understand/control the
inverting heat flow. How we can do and control this phenom-
enon remains a task to be further studied.

Here, we first discuss the phenomenon of inverting heat
flow with mathematic description and then describe the phe-
nomenon by finite element simulations with engineering ma-
terials. The transient experiments with an infrared camera
were conducted by a simple conductive structure. Detailed
discussions and explanations are presented.

2 Transformation Thermodynamics

In the absence of additional heat sources, heat flow diffuses
from a region of high temperature to a region of low temper-
ature spontaneously. Without heat source, the transient heat
flow is governed by Fourier’s law as
V-(—nVT)—i—pca—T:O, (1)
ot

where « is the thermal conductivity, 7 the temperature, p the
density, and ¢ the specific heat. Similar to the invariance of
Maxwell equations in the transformation optics, the heat con-
duction equations also possess the form-invariant characteris-
tic under coordinate transformations by varying the thermal
conductivity and specific heat:

'

o e, oo OT
V-(wVT)ercE:o, (2)
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Fig. 2 3D distribution and the corresponding 2D contour of the thermal conductivity in the transformed space: a ., b H;,),, and ¢ n;y = K;,x)
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Fig. 3 a 3D model of an eccentric-semi-ring-structure thermal cloak.
Two kinds of isotropic materials, i.e., copper and PDMS, are used to
fabricate the composite plate. b Its temperature profile. The left and
right boundaries are kept at 400 K and 300 K respectively. Heat is

with
. ARAT
" T detA]” 3)
and
Iy pc
- 4
PC = GelA]’ (4)

where A (=0(x',)",z')/0(x,y,z)) is the Jacobian matrix. This
lays the foundation of the transformation thermodynamics

Fig. 4 Transient behaviors of the
eccentric-semi-ring-structure
thermal cloak
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(b)
partly inverted by this structure in the inner region. The lefi legend
denotes the temperature distribution of the inner region; the right
legend denotes the temperature field outside. Red arrows denote the
local direction of heat flux. Green lines denote the isotherm in panel

and provides the guideline for the design parameters to
achieve extreme heat flux manipulation by an arbitrary coor-
dinate transformation. To invert the heat flow, as shown in
Fig. 1, we define the following coordinate mapping [18-20]:

¥=r, Z=z and 0 =0+7 eRegion I
b)~f(r) ~
¥=r, Z=z and 6’:6+7rf(7 €Region 1T,
OFION.

and 0 =6 eRegion III

(5)
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Fig. 5 Experimental observation (a) (b)
of the inverting heat flow
phenomenon through a simple
structure. a 3D model of the
fabricated structure. Two copper
“L”-shape structures are the
special conductive material, and
the rest part is made by PDMS. b
Temperature snapshot of the inner
region in the experiment taken by
an infrared thermal camera. ¢
Simulated temperature field of the
simple structure. d Temperature
field of the inner region in the
simulation. Red arrows denote the
local direction of heat flux. Green
lines denote the isotherm in panel
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where a and b are the inner and outer radii of the annular ~ function of radius » and here we let it be In(). According
thermal cloak, respectively. f{r) could be any continuous  to the coordinate transformation in Eq. (5), for any given

Fig. 6 Measured temperature
distributions at different time #: a
10s,b20s,¢30s,d40s,e50s,
and f 60 s. Left boundary is heated
while the right boundary is
cooled. “L”-shape structure is
made of copper, while the rest part
is made of PDMS

41.3

() r=20s (© t=30s
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azimuth angle 6, the transformed azimuth angle 6’ is ro-
tated. Substituting Eq. (5) into Eq. (3), the thermal

! ! !

Fox ﬁxy Kyz

! ! ! !’
K = /‘le ’ &%,y K/)//Z
Fox '%zy Kz

1 + 29 cost'sind’ + H2sin’6
= —%zcosﬂ'sinﬂ’—%‘(00520’—si1129')
0

conductivity tensor of the annular metamaterial between
r=a and r=b should be

—92cosd'sind — R (cos2 §'—sin¢' ) 0
1-29%cost sinf + 92cosd 0
1

where His a constant as i = % = m and the initial

thermal conductivity tensor is x = {(1) ﬂ . In such transforma-

tion, the determinate of A is unit, thus p'c¢ = ﬁ = pc. With
this transformation, we can invert the heat flow, but it is seen
from Eq. (6) that the thermal conductivity is angle-dependent,
which is quite hard to realize with natural materials. That is
why we have to seek the alternative methods to realize the
present phenomenon.

3 Results and Discussions

With the thermodynamics transformation techniques, we could
derive the desired distribution of the thermal conductivity ac-
cording to Eq. (6), in order to invert the heat flow. In our design,
the inner and outer radii of thermal cloak are 0.5 m and 1 m,
respectively. The thermal conductivity of the ambient material is
1 W/(mK), implying that the initial thermal conductivity tensor is
a unit matrix. The calculated 3D distribution and the correspond-
ing 2D contour of the thermal conductivity distribution in the
transformed space are shown in Fig. 2. It is seen that the thermal
conductivity distribution is rather complicated that the diagonal
components of the thermal conductivity tensor (. and /@’W), the
off-diagonal components (/@;Cy or f-z;x) are angle-dependent. As for
the magnitude, it is seen in Fig. 2 that the diagonal components
are positive in the whole angle; while for the off-diagonal com-
ponent, things are different. For some angle 6, /{W is positive,
while for some other angle 6, I{;,y is negative. As we known,
negative thermal conductivity cannot exist in nature according
to the second law of thermodynamics. Comparing the three
subfigures in Fig. 2, one may find something in common from
the 2D contours of thermal conductivity distribution. A rotated
distribution of thermal conductivity could be observed in the
three subfigures. And for the point whose £, is large, the corre-
sponding Ii;,y is small with n;cy in between. It is because of such
unique distribution of thermal conductivity that the inverted heat
flow phenomenon could be realized. However, two limitations
hinder the realization. One is the angle-dependent characteristics

that we cannot realize such unique distribution with natural ma-
terials. The other is the negative thermal conductivity that we
cannot find such “negative” thermal materials.

A feasible alternative to realize such inverted heat flow
phenomenon could employ the alternating layered natural ma-
terials. In such configurations, two kinds of materials are
needed throughout with thermal conductivities in different
magnitudes. Inspired by the concentric-ring-structure thermal
cloak [10], we used the eccentric-semi-ring-structure thermal
cloak to invert the heat flux here. As shown in Fig. 3a, the high
conductive material is copper (400 W/(m-K)) and the relative-
ly low conductive material is polydimethylsiloxane (PDMS)
(0.15 W/(m-K)). The left boundary was kept at 400 K while
the right boundary was at 300 K. The interfacial thermal re-
sistance between copper and PDMS was neglected. The soft-
ware package COMSOL Multiphysics was used to simulate
the corresponding temperature distribution of the structures in
Fig. 3a by solving the transient Fourier’s equation through
finite element methods (FEM).

As shown in Fig. 3b, the temperature field inside the inner
region is kind of rotated clockwise. Heat is conducted from the
left to the right outside the thermal cloak; but in the inner region,
heat is conducted from the right part to the left part (the heat flux
has component along the—x axis). This implies that the thermal
gradient changes its sign in the inner region. According to
Fourier’s law, g, = —r.4 4T where the subscript x denotes the
components along x axis. The heat flux component g, is gener-
ally considered as positive, but the temperature gradient d7/dx
changes its sign from negative to positive in the inner region. As
aresult, the thermal conductivity x, is negative! In fact, a thermal
term called as apparent thermal conductivity is invoked here
[21]. The paradox lies in the sign of heat flux. In this case, the
heat flux changes its sign as well, but people from the outside
still consider that heat is conducted from left to right and the sign
of heat flux is considered as positive from a macroscopic view.
The thermal conductivity is positive according to the second law
of thermodynamics, but the apparent thermal conductivity can be
negative. By such structure, the inverting heat flow comes from
the rotated temperature field. The transient behaviors of such
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structure were shown in Fig. 4. It is seen that with time elapses,
heat diffuses from left to right and the isotherms are bended away
from the thermal cloak structures. The inner temperature seems
uniform and the rotated heat flux is not obvious before /=80 s.
After =80 s, the inner temperature field becomes non-uniform
and the rotated heat flux was observed gradually. At /=200 s, the
temperature field becomes steady, similar as Fig. 3b.

The essence of thermal cloak lies in the anisotropic disper-
sion of thermal conductivity, and the different heat conduction
ability in different conductive materials/structures.
Understanding this, we may realize the inverting of heat flow
by some simple structures rather than complicated eccentric-
semi-ring structures. As shown in Fig. 5a, we design and fab-
ricate a simple structure, in which two copper “L”-shape struc-
tures act as the conductive material, and the rest part is made by
PDMS. The dimensions are 300 mm long, 200 mm wide, and
2 mm thick. The thickness of the plate is not significant for the
heat conduction problem of interest, but the thickness influ-
ences the strengths of artifacts. When the thickness is large,
the volume-to-surface ratio is big enough so that the heat con-
duction or convection to air can be neglected. However, too
large thickness may lead to a big thermal capacity which be-
comes difficult to quantify the heat source and cold source in
the experiment. Here, two water baths are chosen as the heat
source in the experiment: one is boiling water and the other is
ice water. Thickness of 2 mm is found to provide a good trade-
off. To further remove the influence of heat conduction or con-
vection to air, both the surfaces of the composite plate are
insulated by a thin layer of PDMS. To observe the overall
temperature profiles, it is better to use an infrared (IR) thermal
camera (FLIR SC620) rather than thermocouples since the lat-
ter just can obtain point temperature. The principle of the infra-
red thermal camera is based on Kirchhoff’s law, so setting an
accurate emissivity of the material surface is of great impor-
tance. Here, we used thermocouples to check the emissivity to
make sure that the overall thermal profiles are correct (=0.84 in
this study). The IR camera is connected to a computer and the
temperature distributions are recorded in real time.

The temperature field observed by the infrared thermal cam-
era is shown in Fig. 5b. Heat is conducted from the left to the
right, but due to the high thermal conductivity of copper (400 W/
(m-K)), the temperature on the right “L”-shape structure is
higher than that on the left near the inner region. Heat is con-
ducted from the right to the left in the inner region consequently.
As shown in Fig. 5c, heat is conducted from the left boundary to
the right boundary and the red arrows denote the direction of heat
flow. However, in the inner region, the heat flow is inverted and
conducts from right to left, which can be observed clearly in the
Fig. 5d. The measured temperature distributions at different time
t as indicated are shown in Fig. 6. It is seen that heat is conducted
faster in “L”-shape structure, thus the left “L”-shape structure has
higher temperature than the right one. With time elapses, the
temperature difference between the two “L”-shape structures

@ Springer

increases. From the experimental results, the inverting heat flow
is realized by this simple structure, which means heat flow can be
controlled even by simple structures rather than complicated
eccentric-semi-ring structures.

4 Conclusions

In this study we focused on the phenomenon of inverting heat
flow. Mathematic description, finite element simulations, and
experiments were conducted to validate the phenomenon. It is
found that although the inverting of heat flow could be done by
transformation thermodynamics, the local thermal conductivity
turned out to be negative and the distribution of thermal con-
ductivity is rather complicated and hard to perform in practice.
As an alternative, the inverting phenomenon could be made by
the eccentric-semi-ring thermal cloak. The essence of inverting
heat flow is to control the anisotropic dispersion of thermal
conductivity. Based on this understanding, we designed an
“L”-shape simple structure and experimentally observed the
phenomenon of inverting heat flow. It is concluded that the
phenomenon of inverting heat flow can be performed not only
by thermal metamaterials, engineering materials with complex
structures, but also by some simple structures.
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